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Sergiy Ovsienko

(01.05.1953 – 25.01.2016)

The famous Ukrainian mathematician Sergiy Ovsienko passed away
on January 25, 2016. It was a sorrowful event and a grievous loss for
the whole Ukrainian mathematical community, especially for those who
knew him closely. We knew him as a talented and original scientist, as an
outstanding teacher, as a kind and sensitive person, as a good friend.

Sergiy Ovsienko was born on May 1, 1953, in the family of teachers,
in the village Hermanivka, Obukhiv district. Though his parents were
philologists, they appreciated Sergiy’s abilities to mathematics. So in
1967 he entered the Republican physico-mathematical boarding school
attached to the Kyiv Taras Shevchenko University. His school teacher in
mathematics, Volodymyr Vyshensky, who was also an assistant professor
at the Chair of Algebra and Mathematical Logic, highly appraised the
abilities, persistence and motivation of the young boy and perhaps played
the crucial role in his formation. As a school student, Sergiy regularly
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participated in Republican and All-Union mathematical olympiads, always
being among the winners. In 1970 he graduated from the school with
the highest distinction (golden medal) and entered the Department of
Mechanics and Mathematics of the University. From his first years at the
University, Sergiy was among the best students and actively participated
in a lot of extra lectures and seminars, especially in algebra. Maybe, his
preferences were motivated both by the influence of V. Vyshensky and
by the personal charisma of professor Lev Kaluzhnin who was the head
of the Chair of Algebra and Mathematical Logic and gave him lectures.
Thus he took special courses in group theory, in representation theory, in
homological algebra, etc. His first investigations, included in his diploma
project, were devoted to a new branch of the theory of representations,
namely, matrix problems and representations of quivers. He managed to
construct analogues of reflection functors for representations of quivers
with one zero relation and thus transferred to them the results of Bernstein–
Gelfand–Ponomarev. One has to emphasize that to do so, he considered
not only representations of quivers with relations, but also introduced a
wider class of matrix problems, which cannot be formulated in terms of
representations of algebras. In 1975 Sergiy Ovsienko got Diploma (Master
degree) from the University and became a graduate student at the Institute
of Mathematics of the Academy of Sciences of Ukraine. His advisor there
was Andrei Roiter, the leader of the group of young mathematicians
working in representation theory. During his study there, Sergiy Ovsienko
obtained several deep and original results in the theory of matrix problems
and integral bilinear forms, as well as important results on classification of
such forms. He established (together with A. Roiter) the relations between
non-symmetric Tits form and homological properties of representations of
quivers (at the same time it was done by C.M. Ringel). Independently of
V. Kac he defined root systems for a wide class of integral quadratic forms
related to representations of quivers. He also proved the boundedness
of roots for weakly positive forms. These results played an essential role
in the development of the theory of matrix problems, which had just
originated from the works of Kyiv school. This theory always remained
in the center of his scientific interests and his input in its development
is impossible to overestimate. In 1978 Sergiy Ovsienko was awarded the
degree of Candidate of Sciences (an analogue of Ph.D.).

In 1982 Sergiy Ovsienko returned to the Department of Mechanics
and Mathematics of the Kyiv Taras Shevchenko University. First he
worked as a researcher and the head of a laboratory, and in 1988 he
started his teaching at the Chair of Algebra and Mathematical Logic,
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first as an assistant, then an associate and finally a full professor. He
was indeed an outstanding teacher, and a lot of his students remember
him as a person who has awaken in them an interest and abilities to
research in mathematics. In particular, he played an important, maybe
crucial role in the formation of of such graduates from the Kyiv algebraic
school as V. Bavula, V. Bekkert, I. Burban, V. Futorny, A. Khomenko,
V. Levandovsky, V. Mazorchuk.

An important event in his scientific career was the All-Union Alge-
braic colloquium of 1989 in Novosibirsk, where, for the first time at such
colloquia, there was a big number of foreign mathematicians. The results
presented there by Sergiy Ovsienko were indeed very deep and interesting.
Due to support of German mathematicians, especially of C.M. Ringel,
Sergiy Ovsienko obtained the Humboldt grant, so had possibility to visit
European universities and personally contacted a lot of leading scientists.
It certainly had a great influence on his further research. He also used
his contacts with European mathematicians to help the students of the
Kyiv Taras Shevchenko University to continue their study in the leading
European universities. In 2006 Sergiy Ovsienko was awarded degree of
Doctor of Sciences.

In this period Sergiy Ovsienko essentially broadened the area of his
research. In particular, he was the author of a lot of new ideas and meth-
ods in the representation theory of Lie algebras. Together with Yu. Drozd
and V. Futorny he introduced a new conception of Harish-Chandra sub-
algebras and Gelfand–Tsetlin modules. Further, in collaboration with
V. Futorny, and A. Molev he extended this theory to representations of
restricted Yangians and current algebras and also constructed Gelfand–
Tsetlin bases in finite W-algebras and shifted Yangians. His one of the most
prominent results was the proof of existence of Gelfand–Tsetlin modules
with arbitrary Gelfand–Tsetlin characters and finiteness of isomorphism
classes of such modules with a prescribed character. In connection with
these questions, he introduced (together with V. Futorny) the notion
of Galois orders and obtained deep results on their structure and rep-
resentations. They also proved the Gelfand–Kirillov conjecture for the
skew fields of fractions of finite W-algebras and gave a classification of
generic irreducible Gelfand–Tsetlin modules for such algebras (together
with A. Molev). Sergiy Ovsienko also obtained several essential results in
the theory of generalized Verma modules (together with V. Mazorchuk).
He also studied quasi-hereditary algebras and more general classes of
stratified algebras, where he collaborated with S. König, V. Mazorchuk,
C. Stroppel. He studied homological properties of such algebras, in par-
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ticular, constructed duality in their derived categories, generalized the
construction of Ringel dual, proved that in each quasi-hereditary algebra
there is a Borel subalgebra and it is Morita invariant. Together with
V. Lyubashenko, they obtained deep results on A∞-categories. They
also organized and conducted a seminar on derived categories and their
applications at the Institute of Mathematics.

Certainly, Sergiy Ovsienko continued his work in the theory of matrix
problems, first of all, in the study of representations of boxes, as one of the
most powerful tools in representation theory. Together with Yu. Drozd,
they considered Galois coverings of boxes and algebras, proved that Galois
coverings with torsion free Galois groups preserve representation types
of boxes and algebras and established relations of representations of the
original and the covering box or algebra in finite and tame cases. Following
Burt–Butler construction, he established deep relations of boxes with
quasi-hereditary algebras, and, using ideas of the theory of A∞-algebras
and DG-categories, gave a construction of a dual box. We are convinced
that the ideas of Sergiy Ovsienko in this area will have a great impact on
its further development.

The results of Sergiy Ovsienko as well as his original ideas were highly
appreciated by the world mathematical community. His numerous talks
at the scientific conferences and workshops through the world always
attracted deep interest of his colleagues. He actively collaborated with
the scientists from Germany, Sweden, Brazil and other countries.

The death of Sergiy Ovsienko has deprived us of a prominent scientist,
an outstanding teacher, sensitive and honest person, good and trusty
friend. His colleagues and students will always remember him.

V. Bavula, O. Bezushchak, V. Bekkert,
V. Bondarenko, I. Burban, M. Chernikov,

Yu. Drozd, A. Ganyushkin, R. Grigorchuk,
V. Futorny, V. Kirichenko, V. Levandovsky,
V. Lyubashenko, V.Mazorchuk, A. Oliynyk,

A. Petravchuk, V. Plakhotnyk, V. Sergeichuk,
Ya. Sysak, V. Vyshensky, A. Zhuchok, Yu. Zhuchok
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A criterion of elementary divisor domain

for distributive domains

V. Bokhonko, B. Zabavsky

Communicated by V. Mazorchuk

Abstract. In this paper we introduce the notion of the neat
range one for Bezout duo-domains. We show that a distributive
Bezout domain is an elementary divisor domain if and only if it is a
duo-domain of neat range one.

A problem of describing elementary divisor rings is classical and far
from its completion. The most full history of this problem and close to it
problems can be found in [4]. In the case of commutative rings there are
many developments on this problem in the case of noncommutative rings
it is little investigated and fragmented. A general picture is far from its
full description.

Among these results are should especially note a result of [5] which
shows that a distributive elementary divisor domain is a duo-domain.
Tuganbaev extended this result in case of a distributive ring [3].

In this paper we give a criterion when a distributive domain is an
elementary divisor domain.

We start with necessary definitions and facts. Under a ring R we
understand an associative ring with 1, and 1 6= 0. We say that matrices A
and B over a ring R are equivalent if exist invertible matrices P and Q of
appropriate sizes such that B = PAQ. The fact that matrices A and B are
equivalent is denoted by A ∼ B. If for a matrix A there exists a diagonal
matrix D = (di) such that A ∼ D and Rdi+1R ⊆ diR ∩ Rdi for every i

2010 MSC: 13F99.
Key words and phrases: distributive domain, Bezout duo-domain, neat ring,

clear ring, elementary divisor ring, stable range one, neat range one.
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then we say that the matrix A has a canonical diagonal reduction. A ring
R is an elementary divisor ring if every matrix over R has a canonical
diagonal reduction. If over a ring R every 1 × 2 (2 × 1) matrix has a
canonical diagonal reduction then R called a right (left) Hermite ring.

A ring which is both a right and left Hermite ring is called an Hermite
ring. We note that a right Hermite ring is a right Bezout ring that is a
ring in which every finitely generated right ideal is principal [1], [4].

A ring R is called clean if every element of R is the sum of an
idempotent and a unit. A ring R is called an exchange ring if for every
element a ∈ R there exists an idempotent e ∈ R such that e ∈ aR,
1− e ∈ (1− a)R. [2].

A ring R is called a ring of stable range one if for every a, b ∈ R such
that aR+bR = R there exists an element t ∈ R such that a (a+bt)R = R.

A ring R is called right (left) distributive if every lattice right (left)
ideal of ring R is distributive. A distributive ring is a ring which is both
right and left distributive ring [3].

A right (left) quasi-duo ring is a ring in which every a right (left)
maximal ideal is ideal. In the case of distributive right (left) Bezout rings a
connection with right (left) quasi-duo rings is established by the following
theorem.

Theorem 1. [3] The following properties are equivalent for a Bezout
ring R.

1) R is a distributive ring.
2) R is a quasi-duo ring.
3) From the condition aR+ bR = R it follows that Ra+Rb = R for

every elements a, b ∈ R.
4) From the condition Ra+Rb = R it follows that aR+ bR = R for

every elements a, b ∈ R.

Theorem 2. [5] Any distributive elementary divisor domain is a duo-
domain.

Definition 1. We say that a duo-ring R has neat range one if for every
a, b ∈ R such that aR+ bR = R there exists an element t ∈ R such that
a R/(a+ bt)R is a clean ring.

We note that every duo-ring of stable range one is a ring of neat range
one.

The following two theorems are the main result of this paper.

Theorem 3. Any Bezout duo-domain is an elementary divisor domain
if and only if it is a domain of neat range one.
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Theorem 4. Any distributive Bezout domain is an elementary divisor
domain if and only if it is a duo-domain of neat range one.

Theorem 3 is a consequence of Theorem 5 and Proposition 4.

Theorem 4 is a consequence of Theorems 2 and 3.

We prove the following result which will be useful in the forthcoming
research. Recall that a row (a1, . . . , an) of elements of a ring R is called
unimodular if a1R+ . . .+ anR = R.

Proposition 1. Let R be a right Hermite ring, then every unimodular row
(a1, . . . , an) with elements of the ring R can be completed to an invertible
matrix.

Proof. Since R is a right Hermite ring and a1R+ . . .+ anR = R, then

(a1, . . . , an)P = (1, 0 . . . 0) (1)

for some matrix P of order n over the ring R. Note that

P−1 = (pij).

From equality (1) we have

(a1, . . . , an) = (1, 0 . . . 0)P−1,

then a1 = p11, . . . , an = p1n and hence the row (a1, . . . , an) is the first
row invertible matrix P−1. The proposition is proved.

Proposition 2. A Hermite duo-ring R is an elementary divisor ring if
for such any elements a, b, c ∈ R such that aR+ bR+ cR = R there exist
elements p, q ∈ R such that (pa)R+ (pb+ qc)R = R.

Proof. Let R be an elementary divisor ring. Let aR+ bR+ cR = R. The

matrix A =

(
a b
0 c

)
has canonical diagonal reduction, i.e., there exists

invertible matrices P =

(
p q
∗ ∗

)
∈ GL2(R), Q ∈ GL2(R) such that

PAQ =

(
1 0
0 ∗

)
.

Hence we get that paR+ (pb+ qc)R = R. The necessity is proved.
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In order to prove sufficiency according to [1] it is enough to prove

that every matrix A =

(
a b
0 c

)
where aR+ bR+ cR = R has canonical

diagonal reduction. We see that (pa)R+(pb+qc)R = R for some elements
p, q ∈ R. Hence pR+ qR = R, as R is an Hermite ring and the row (p, q),
by Proposition 1, is adding to an invertible matrix P ∈ GL2(R).

Obviously, the matrix PA has canonical diagonal reduction. The
proposition is proved.

Proposition 3. Let R be a Bezout duo-domain. For every elements
a, b, c ∈ R such that aR + bR + cR = R the following conditions are
equivalent:

1) There exist elements p, q ∈ R such that paR+ (pb+ qc)R = R;
2) There exist elements λ, u, v ∈ R such that b + λc = v · u, where

uR+ aR = R, vR+ cR = R.

Proof. 1)⇒ 2) Let condition 1) be true. Then it follows that pR+qcR = R
and hence pR + cR = R. Since R is a duo-ring, Rp + Rc = R. Hence
vp+ jc = 1 for some elements v, j ∈ R. Then vpb− b = jcb = ct for t ∈ R.
Note that since R is a duo-ring, then t = jc, where jc = cj′.

Then v(pb + qc) = vpb + vqc = b + ct + vqc = b + ct + ck, that is
v(pb+ qc)− b ∈ cR, that is v(pb+ qc)− b = cλ for some λ ∈ R. We note
that such an element k exists, since R is a duo-ring. Namely, vqc = ck.
Hence vR + cR = R and uR + aR = R where u = pb + qc. We note
that the condition uR + aR = R follows obviously from the condition
paR+ (pb+ qc)R = R. Condition 2) is proved.

2)⇒ 1) We assume that exists an element λ ∈ R such that b+cλ = vu,
where vR + cR = R and uR + aR = R. Since vR + cR = R then
Rv +Rc = R and pv + jc = 1 for some elements p, j ∈ R.

We note that pR + cR = R. Then pb = p(vu− cλ) = (pv)u− pcλ =
(1−jc)u−pcλ = u−qc for an element q ∈ R. Hence u = pb+qc. Therefore,
(pb+ qc)R+ aR = R and pR+ cR = R. Since R is a Bezout duo-domain,
let pR+ qR = dR, where p = dp1, q = dq1 and p1R+ q1R = R such that
p1R+ (p1b+ q1c)R = p1R+ q1cR since pR+ cR = R and p1R+ q1R = R
then p1R+ (p1b+ q1c)R = R.

Hence (p1b+ q1c)R+ aR = R and (p1b+ q1c)R+ p1R = R and hence
p1aR+ (p1b+ q1c)R = R. Condition 1) is true.

The proposition is proved.

Remark 1. In Proposition 3 we can choose the elements u and v such
that uR+ vR = R.
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Theorem 5. Let R be a Bezout duo-domain. Then the following condi-
tions are equivalent.

1) R is an elementary divisor duo-domain;
2) For every elements x, y, z ∈ R such that xR+ yR = R there exists

an element λ ∈ R such that x + λy = vu, where uR + zR = R,
vR+ (1− z)R = R.

Proof. 1)⇒ 2) Let R be an elementary divisor domain. By Proposition 2,
then for every elements a, b, c ∈ R such that aR + bR + cR = R there
exist elements p, q ∈ R such that paR+ (pb+ qc)R = R.

We obtain Condition 2 of Proposition 3 to the elements a = z, b =
x, c = y(1− z).

It is complicated to prove the fact that from Condition 2) of our
theorem we obtain the condition that for every a, b, c ∈ R such that aR+
bR+cR = R there exist elements p, q ∈ R such that paR+(pb+qc)R = R.
Let bR + cR = dR and b = db1, c = dc1 where b1R + c1R = R. Since
aR+dR = R = aR+bR+cR = R then dR+aR = R hence 1−d1d ∈ aR
for an element d1 ∈ R.

2)⇒ 1) Put x = b1, y = c1, z = d1d. By Condition 2) of our theorem,
there exists an element λ1 ∈ R such that b1 + c1λ1 = vu1 where u1R +
(1− d1d)R = R, vR+ d1dR = R. Since (1− d1d) ∈ aR and also the fact
that u1R + (1− d1d)R = R, then u1R + aR = R. We show that u = u1d
hence uR+ aR = R. Let λ ∈ R be such that c1λ1 = λc1.

We have that b+ λc = (b1 + λc1)d = vu1d = vu. As vR + d1R = R
then vR+ dR = R. Remark that vR+ cR = vR+ dc1R = vR+ c1R as
b1 +λc1 = vu1, vR+c1R = R therefore vR+cR = R and this means that
Condition 2) of Proposition 3 is true. Therefore according to Proposition 3
we conclude that for every a, b, c ∈ R with aR+ bR+ cR = R there exist
elements p, q ∈ R such that paR+ (pb+ qc)R = R, that is according to
Proposition 2, R is an elementary divisor ring.

The theorem is proved.

Proposition 4. Let R be a Bezout duo-domain and c ∈ R \ {0}. Then
R = R/cR is a clean ring if and only if for every element a ∈ R there exist
elements v, u such that c = vu where uR+ aR = R vR+ (1− a)R = R,
uR+ vR = R.

Proof. Let R be a clean ring. According to [2], R is an exchange ring. Let
ā = a + cR. Then there exists an idempotent ē ∈ R̄ such that ē ∈ āR̄,
1̄− ē ∈ (1̄− ā)R̄. Since ē ∈ āR̄, e−ap = cs for elements p, s ∈ R. Similarly,
1−e−(1−a)α = cβ for elements α, β ∈ R. Since ē2 = ē, then e(1−e) = ct
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for an element t ∈ R. Let eR + cR = dR. Hence e = de0, c = dc0 for
elements e0, c0 ∈ R such that e0R+ c0R = R, hence e0(1− e) = c0t and
e+ c0j ≡ 1 for every element j ∈ R.

Denote that v = d, u = c0 we have c = vu. Since e = 1 − c0j, then
uR + eR = R. Since e = ap + cs, then uR + aR = R. We show that
vR+ (1− a)R = R. As 1− e+ (1− a)α = cβ and e = de0, c = dc0 hence
1− de0 + (1− a)α = dc0β and this means that d(e0 + c0β) + (1− a)α = 1,
thus dR + (1 − a)R = R that is vR + (1 − a)R = R. The necessity is
proved.

Let c = vu, where uR+ aR = R, vR+ (1− a)R = R. Let ū = u+ cR,
v̄ = v + cR. From the equality uR + vR = R we have ur + vs = 1 for
some elements r, s ∈ R. Hence vur + v2s = v and u2r + uvs = u and this
means that v̄2s̄ = v̄, ū2r̄ = ū.

Let v̄s̄ = ē, it is obvious that ē2 = ē and 1̄−ē = ūr̄. Since uR+aR = R,
we have ux + ay = 1 for elements x, y ∈ R. Hence vux + vay = v,
vuxs+ vays = vs.

Let va = av′ for some element v′. Hence vuxs+ av′ys = vs and this
means that āv̄′ȳ · s̄ = v̄ · s̄ that is āj̄ = ē for j̄ ∈ R that is ē ∈ āR̄. Similarly,
from the equality vR + (1 − a)R = R it follows that 1̄ − ē ∈ (1̄ − ā)R.
According to [2], R̄ is a clean ring. The proposition is proved.
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On representations of the group of order two

over local factorial rings in the weakly

modular case

Vitaliy M. Bondarenko, Myroslav V. Stoika

Communicated by V. V. Kirichenko

Abstract. We study representations of the group of order 2
over local factorial rings of characteristic not 2 with residue field of
characteristic 2. The main results are related to a sufficient condition
of wildness of groups.

Introduction

A group G is called wild over an commutative ring K, if the problem of
classifying its matrix K-representations contains the problem of classifying
the pairs matrices, up to similarity, over a field k. Otherwise, G is called
tame over K. When K is a field of characteristic p (p > 0), a finite group
G is tame if and only if its every noncyclic abelian p-subgroup has order
at most 4 [1]. In particular,

1) in the classical case, when the order of G is not divisible by p,
the group G is always tame and even has, up to equivalence, only finite
number of indecomposable representations;

2) in the modular case, when the order of G is divisible by p, the
group G has only finite number of indecomposable representations if and
only if its Sylow p-subgroup Gp is cyclic; when it is not, then G is tame
if and only if p = 2 and G2/[G2, G2] ∼= (2, 2).

2010 MSC: 20C15, 20C20, 16G60.
Key words and phrases: free algebra, factorial ring, maximal ideal, perfect

representation, wild group.
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For commutative rings such problem, in general case, is not solved. The
first work in this direction is due to the first author [2]. If one talks about
integral domains, then in the weakly modular case, i.e. when the order of
G is not divisible by the characteristic p of a ring K but is divisible by
the characteristic of the residue field [3], a criterion of wildness of G over
a local ring K was obtained, in particular, in the following cases:

1) K = Z ′
p is the ring of p-adic rational numbers [4];

2) K = Rp is the ring of integers of a finite extension Fp of the field
p-adic rational numbers [5];

3) G is a p-group, K is a ring of formal power series in n variables
over a complete discrete valuation ring of characteristic 0 with residue
field of characteristic p [6].

Wildness of p-groups of order greater than p was studied in [6] for
p > 2 and in [7, 8] for p = 2. Note that the smaller order of the group,
the harder to find conditions of its wildness.

In this paper we study the case when the order of G is equal to 2.

1. Formulation of the main results

Let K be a local integral domain with maximal ideal R and residue
field k, and G be a group. A matrix representation Γ of G over the free
(associative) K-algebra Σ = K〈x, y〉 is said to be perfect if from the
equivalence of the representations Γ⊗ T and Γ⊗ T ′ of G over K, where
T, T ′ are matrix representations Σ over K, it follows that T and T ′ are
equivalent modulo R. Following Yu. Drozd [9, pp. 70-71] we call the group
G wild over K if it has a perfect representation over Σ1.

Recall some definitions on integral domains.

A prime element, or simply a prime, of an integral domain K is, by
definition, a non-unit (non-invertible) element c such that whenever c|ab
for some a, b ∈ K, then c|a or c|b. The element εc with ε to be a unit is
called associated to c.

A factorial ring K is an integral domain in which every non-zero non-
unit element x can be written as a product of prime elements, uniquely
up to order and unit factors. The number l(x) of the prime factors of x is
called the length of x.

1The problem of allocation of wild objects (relative to different equivalences) has
long been one of the main problems of modern representation theory. Besides classical
objects (groups, algebras, rings, etc.) there are such well-known objects as directed
graphs (quivers) and posets, both with various additional conditions (see, e.g. [10] – [13]
for graphs and [14] – [21] for posets).
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By different prime elements of K we mean non-associated ones.
The aim of this paper is to prove the following theorem.

Theorem 1 (on six twos). Let G be the group of order 2 and K a local
factorial ring of characteristic not 2 with residue field of characteristic 2.
If K has 2 different primes and l(2) > 2, then G is wild.

Corollary 1. Let G be a (finite or infinite) group with a factor group to
be a finite 2-group, and K be as in Theorem. Then G is wild.

2. Auxiliary propositions

In this section K is a local integral domain with maximal ideal R.

Lemma 1. Let 2 = t1 t2 t (in K), where t1, t2 are different primes, t ∈ R,
and let

t21x+ t22y + t1t2z = 2w (1)

for some x, y, z, w ∈ K. Then x ≡ y ≡ z ≡ 0 (mod R).

Proof. From 2 = t1 t2 t and (1),

t2(t2y + t1z − t1tw) = −t21x (2)

whence t2|x and therefore x ≡ 0 (mod R). Let x = t2x
′. Then we have

from (2) (after reducing by t2 and elementary transformations) that

t1(z + t1x
′ − tw) = −t2y

whence t1|y and t2|z + t1x
′ − tw; consequently y ≡ z ≡ 0 (mod R).

Lemma 2. Let 2 = t21t (in K), where t1 is a prime, t ∈ R, and let

t21x+ t22y + t1t2z = 2w (3)

for some x, y, z, w ∈ K and a prime t2 6= t1. Then x ≡ y ≡ z ≡ 0
(mod R).

Proof. From 2 = t21 t and (3),

t1(t1x+ t2z − t1tw) = −t22y (4)

whence t1|y and therefore y ≡ 0 (mod R). Let y = t1y
′. Then we have

from (4) (after reducing by t1 and elementary transformations) that

t1(x− tw) = −t2(z + t2y
′)

whence t2|x− tw) and t1|z + t2y
′; consequently x ≡ z ≡ 0 (mod R).
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3. Proof of Theorem

Let G =
〈
g| g2 = e

〉
. It is natural to identify a matrix representations

T of Σ = K〈x, y〉 over K with the ordered pair of matrices T (x), T (y);
if these matrices are of size m×m, we say that T is of K-dimension m.
Then, for a matrix representation Γ of the group G over K (see above the
definition of a wild group) and T of K-dimension m, the matrix (Γ⊗T )(g)
is obtained from the matrix Γ(g) by change x and y on the matrices T (x)
and T (y), and a ∈ K on the scalar matrix aEm, where Em is the identity
m×m matrix.

From the conditions of the theorem it follows immediately that

1) 2 = t1t2t with t1, t2 to be different primes and t ∈ R, or

2) 2 = t21t with t1 to be a prime and t ∈ R.

Consider first case 1).

We prove that the representation Γ of G over Σ of the form

Γ : g →




1 0 0 t1t2 t21 x 0
0 1 0 t22 t1t2 t21 y
0 0 1 0 t22 t1t2
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1




is perfect.

Let T = (A,B) and T ′ = (A′, B′) be matrix representations of Σ over
K of a K-dimension n. Then

(Γ⊗ T )(g) =




En 0 0 t1t2En t21A 0
0 En 0 t22En t1t2En t21B
0 0 En 0 t22En t1t2En
0 0 0 −En 0 0
0 0 0 0 −En 0
0 0 0 0 0 −En




=

=

(
E3n t21M(A,B) + t22N + t1t2E3n

0 −E3n

)
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and

(Γ⊗ T ′)(g) =




En 0 0 En t21A
′ 0

0 En 0 t22En En t21B
′

0 0 En 0 t22En En
0 0 0 −En 0 0
0 0 0 0 −En 0
0 0 0 0 0 −En




=

=

(
E3n t21M(A′, B′) + t22N + t1t2E3n

0 −E3n

)
,

where

M(A,B) =




0 A 0
0 0 B
0 0 0


 , M(A′, B′) =




0 A′ 0
0 0 B′

0 0 0




and

N =




0 0 0
En 0 0
0 En 0


 .

Assume that the representations Γ(A,B) and Γ(A′, B′) are equiva-
lent, i. e. there exists an invertible matrix C such that (Γ ⊗ T )(g)C =
C(Γ⊗ T ′)(g). So we have the equality

(
E3n t21M(A,B) + t22N + t1t2E3n

0 −E3n

)(
C1 C2

C3 C4

)
=

=

(
C1 C2

C3 C4

)(
E3n t21M(A′, B′) + t22N + t1t2E3n

0 −E3n

)
,

(5)

where the partition of

C =

(
C1 C2

C3 C4

)

on blocks is compatible with those of (Γ⊗ T )(g), (Γ⊗ T ′)(g).
The equality (5) is equivalent to the following ones:

C1 + t21M(A,B)C3 + t22NC3 + t1t2C3 = C1,

C2 + t21M(A,B)C4 + t22NC4 + t1t2C4

= t21C1M(A′, B′) + t22C1N + t1t2C1 − C2,

−C3 = C3,

−C4 = t21C3M(A′, B′) + t22C3N + t1t2C3 − C4.
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In turn, these equations are equivalent to the equations C3 = 0 and

t21(M(A,B)C4−C1M(A′, B′))+t22(NC4−C1N)+t1t2(C4−C1) = −2C2.

By applying Lemma 1 to all scalar equations of the last matrix equation,
we easily see that

M(A,B)C4 ≡ C1M(A′, B′) (mod R),

NC4 ≡ C1N (mod R), C4 ≡ C1 (mod R),

or equivalently,

M(A,B)C1 ≡ C1M(A′, B′) (mod R), (6)

NC1 ≡ C1N (mod R). (7)

From C3 = 0 it follows that the block C1 of the (invertible) matrix C
is invertible. Put

C1 =



C11 C12 C13

C21 C22 C23

C31 C32 C33




and write (7) in the expanded form:



0 0 0
En 0 0
0 En 0






C11 C12 C13

C21 C22 C23

C31 C32 C33


 ≡

≡



C11 C12 C13

C21 C22 C23

C31 C32 C33







0 0 0
En 0 0
0 En 0


 (mod R)

(the partition of C1 on blocks is compatible with those of N). From this
we have




0 0 0
C11 C12 C13

C21 C22 C23


 ≡



C12 C13 0
C22 C23 0
C32 C33 0


 (mod R),

whence C12 ≡ C13 ≡ C23 ≡ 0 (mod R), C11 ≡ C22 ≡ C33 (mod R),
C21 ≡ C32 (mod R), and therefore

C1 ≡



C11 0 0
C21 C11 0
C31 C21 C11


 (mod R) (8)
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with C11 being invertible modulo R.

From (6) and (8),




0 A 0
0 0 B
0 0 0






C11 0 0
C21 C11 0
C31 C21 C11


 ≡

≡



C11 0 0
C21 C11 0
C31 C21 C11







0 A′ 0
0 0 B′

0 0 0


 (mod R)

,

or equivalently



AC21 AC11 0
BC31 BC21 BC11

0 0 0


 ≡




0 C11A
′ 0

0 C21A
′ C11B

′

0 C31A
′ C21B

′


 (mod R).

From this, in particular, we have

AC11 ≡ C11A
′ (mod R), BC11 ≡ C11B

′ (mod R),

as required.

Now consider case 2.

In this case we take as a perfect representation Γ of G over Σ the
representation of the same form as in case 1) with t2 to be any prime
element different from t1 (it exists by the condition of the theorem). Then
the proof is analogously to that in case 1), but it is need to use Lemma 2
instead of Lemma 1.
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Representations of nodal algebras of type E

Yuriy A. Drozd, Natalia S. Golovashchuk

and Vasyl V. Zembyk

Abstract. We define representation types of nodal algebras
of type E.

Introduction

Finite dimesional nodal algebras were introduced in [7] as finite dime-
sional analogues of nodal orders considered in [2, 4]. In this paper and in
papers [8, 12] their represention types (finite, tame or wild) were studied.
Unfortunately, as the second author noticed, some results of [12] were
incorrect. In this paper we improve them using the technique of coverings
from the papers [3, 6] and a lemma on representations of quivers with
relations which seems to be of independent interest. Namely, in each
considered case we construct a Galois covering Ã of the algebra A (in
the sence of [3, 6]) with Galois group Z. Then, according to [6], A and
Ã are of the same representation type. In most cases Lemma 2 reduces
the description of representations of Ã to those of some quiver, which
gives the answer. Moreover, this Lemma implies that the supports of
indecomposable representations of Ã are bounded. Hence, according to [3],
in finite or tame case all representations of A are just the natural images
of those of Ã. Therefore, in these cases we also obtain a description of all
representations of A.

2010 MSC: 16G60, 16G10, 16G20.
Key words and phrases: nodal algebras, representation type, quivers.
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1. Definitions and results

We consider finite dimensional algebras over an algebraically closed
field k. Recall the definition of nodal algebras [7].

Definition 1. An algebra A is called nodal if there is a hereditary
algebra H such that

1) H ⊃ A ⊃ radH = radA
2) lengthA(H ⊗A U) 6 2 for any simple left A-module U .

We say that the nodal algebra A is related to the hereditary algebra H.

As any finite dimensional algebra is Morita equivalent to its basic alge-
bra [1,5] and, moreover, an algebra is nodal if and only if its basic algebra
is nodal, we only consider basic algebras A, i.e. such that A/radA ≃ km

for some m. We present such algebras by quivers with relations as in [1,5].
A basic nodal algebra can be obtained from

We say that a nodal algebra A is of type E if it is related to a hereditary
algebra which is Morita equivalent to the path algebra H of a Dynkin
quiver of type E or of a Euclidean quiver of type Ẽ. If A is basic, it can be
obtained from H by a sequence of glueing and blowing up vertices [7, 11].
Recall that glueing vertices i and j is said to be inessential if one of these
vertices is a sink, while the other is a source. It is known that inessential
glueing does not imply representation type [7].

We use the following numeration of the vertices and arrows of quivers
of types E and Ẽ (independently of their orientations):

E6 : 4

1
α

2
β

3

γ

5
δ ε

6

E7 : 4

1
α

2
β

3

γ

5
δ ε

6
ξ

7

E8 : 4

1
α

2
β

3

γ

5
δ ε

6
ξ

7
η

8
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Ẽ6 : 6′

4

θ

1
α

2
β

3

γ

5
δ ε

6

Ẽ7 : 4

7′ σ
1

α
2

β
3

γ

5
δ ε

6
ξ

7

Ẽ8 : 4

1
α

2
β

3

γ

5
δ ε

6
ξ

7
η

8
µ

8′

The following theorems describe representations types of nodal al-
gebras of type E. If the orientaions of arrows are not prescribed on the
pictures, they are arbitrary and do not imply the reprsentations type.

Theorem 1.1. Let a nodal algebgra A be isomorphic or anti-isomorphic
to an algebra obtained from a quiver of type E with one of the following
operations and some inessential glueings:

1) glueing verices 1 and 3 in the quiver E6 of the form

4

1
α // 2

β // 3

γ

OO

5
δoo ε

6

or

4

γ

��
1

α // 2
β // 3

δ // 5
ε

6

2) glueing vertices 1 and 5 in the quiver E6 of the form

4

1
α // 2

β
3

γ

δ // 5
ε // 6
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3) glueing vertices 2 and 6 in the quiver E6 of the form

4

1
α // 2

β // 3

γ

5
δ ε // 6

4) glueing vertices 2 and 7 in the quiver E7 of the form

4

1
α // 2

β // 3

γ

5
δ ε

6
ξ // 7

5) glueing vertices 3 and 7 in the quiver E7 of the form

4

γ

��
1

α
2 3

βoo δ // 5
ε

6
ξ // 7

Then A is reresentation finite.

Theorem 1.2. Let a nodal algebgra A be isomorphic or anti-isomorphic
to an algebra obtained from a quiver of type E with one of the following
operations and some inessential glueings:

1) glueing vertices 1 and 3 in the quiver E7 of the form

4

1
α // 2

β // 3

γ

OO

5
δoo ε

6
ξ

7

2) glueing vertices 1 and 6 in the quiver E7 of the form

4

1
α // 2

β
3

γ

δ
5

ε // 6
ξ // 7

3) glueing vertices 2 and 4 in the quiver E6 of the form

4

1
α // 2

β // 3

γ

OO

5
δ ε

6
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4) glueing vertices 2 and 5 in the quiver E6 of the form

4

1
α // 2

β // 3

γ

δ // 5
ε // 6

5) glueing vertices 2 and 8 in the quiver E8 of the form

4

1
α // 2

β // 3

γ

5
δ ε

6
ξ

7
η // 8

6) glueing vertices 3 and 7 in the quiver E7 of the form

4

1
α

2
β // 3

γ

OO

δ // 5
ε

6
ξ // 7

7) glueing vertices 3 and 8 in the quiver E8 of the form

4

γ

��
1

α
2 3

βoo δ // 5
ε

6
ξ

7
η // 8

Then A is tame (of infinite representation type).

Theorem 1.3. If a nodal algebra A of type E is neither isomorphic nor
anti-isomorphic to an algebra occuring in Theorems 1.1 or 1.2, it is wild.

2. Main lemma

The proof of the theorems from Section 1 is substantially based upon
the following result.

Lemma 2. Let the quiver Γ of an algebra A be a union of three parts
Γ+, Γ− and L such that:

1) Every intersection Γ+ ∩ Γ−, Γ+ ∩ L and Γ− ∩ L consists of a unique
vertex o which is a sink in the quiver Γ+ and the source in the
quiver Γ−.
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2) L is a chain (a quiver of type Ak) and has at most one arrow starting
at o and at most one arrow ending at o (for instance, o is a source
or a sink in L).

3) If α is an arrow of Γ+ ending at o and β is an arrow of Γ− starting
at o, then βα = 0 in A.

4) If λ+ is an arrow of L ending at o and λ− is an arrow of L starting
at o, then λ−λ+ = 0 in A.

If M be an indecomposable representation of A, then either M(α) = 0 for
every arrow α from Γ+ ending at o or M(β) = 0 for every arrow β from
Γ− starting at o.

Proof. Note that L is of the shape

a · · · o+
λ+ // o

λ− // o− · · · b

Let M(o) = M1 ⊕M0, where M1 =
∑
α Imα, where α runs through all

arrows of Γ+ ending at o. Then β(M1) = 0 for all arrows β of Γ− starting

at o. With respect to this decomposition λ+ =

(
λ1

+

λ0
+

)
and λ− = ( λ1

−
λ0

− )

so that λ1
−λ

1
+ + λ0

−λ
0
+ = 0. If we decompose the restrictions of M onto

the parts of L between a and o+ and between o− and b, the columns of
λ+ and the rows of λ− split onto several blocks:

λ+ = λ− =

The number of columns in λ+ and the number of rows in λ− equal
the lengths of the corresponding parts of L. The horizontal subdivision
of λ+ and the vertical subdivision of λ− correspond, as above, to the
decomposition M(o) = M1 ⊕M0. As one can replace any vector v from a
basis of M0 by v + u, where u ∈M1, one can replace any row (say, i-th)
from the upper part of λ+ by a sum of this row and a multiple of some
row (say, j-th) from the lower part. Doing it, one also has to subtract the
same multiple of the i-th column of the matrix λ− from its j-th column.
Moreover, one can arrange the columns of λ+ (and the rows of λ−) so
that one can add a multiple of any column from a vertical block to any
column of the block which is on the right (respectively, add a multiple of
any row from a horizontal block to any row from a block below). Using
these transformations and the condition λ−λ+ = 0, one can decompose
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M1 = M11 ⊕M10 and M0 = M01 ⊕M11 so that the matrices λ+ and λ−

become of the form:

λ+ =




λ11
+

0

λ01
+

0


 λ− =

(
0 λ10

− | 0 λ00
−

)
,

where the subdivision of the rows of λ+ is the same as the subdivision
of the columns of λ− and the first two rows (columns) are from λ1

+

(respectively, from λ1
−), while the other two are from λ0

+ (respectively,
from λ0

−). Evidently, if M is indecomposable, at most one of the spaces
Mij can be non-zero. It implies the claim of the lemma.

3. Proofs

We prove Theorems 1.1–1.3 simultaneously, considering all sorts of
glueing vertices in quivers of types E and Ẽ. One can easily see that any
blowing up vertices in these quivers gives a wild algebra.

Recall that a Galois covering [3, 6] of an algebra A given by a quiver
with relations (Q,R) consists of an algebra Ã given by a quiver with
relations (Q̃, R̃), a homomorphism of algebras Ã→ A given by a homo-
morphism of quivers φ : Q̃→ Q preserving relations and a free action of
a group G (the Galois group of this covering) on the quiver Q̃ such that
the preimages of vertices and arrows of the quiver Q under the map φ
coincide with the orbits of this action. For any representation M of the
algebra Ã one can consider the induced representation φ∗M = A⊗ÃM
of the algebra the A. The Galois group G also acts on the category of
representations of Ã and φ∗M ≃ φ∗N if and only if N ≃ Mg for some
g ∈ G. Note that usually the algebra Ã is infinite dimensional and the
quiver Q̃ is infinite. They say that Ã is representation support bounded if
there is a number C such that #{v ∈ Ver Q̃ | M(v) 6= 0} 6 C for every
finite dimensional representation M of the algebra Ã.

Recall the main results about representation types of Galois coverings
from [3,6].

Theorem 3.1. Let Ã is a Galois covering of an algebra A with Galois
group G

1) If Ã is representation finite, so is A and vice versa. Moreover, in
this case every indecomposable representation of A is isomorphic to
φ∗M for some indecomposable representation M of Ã.
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2) Let the group G be torsion free. If Ã is tame, so is A and vice versa.
Moreover, if Ã is tame and representation support bounded, every
indecomposable finite dimensional representation of A is isomorphic
to φ∗M for some indecomposable representation M of Ã.

We only consider several typical cases of glueings including one which
seems the most complicated. All other cases are similar (as a rule, simpler).

Case 1. Glueing vertices 1 and 3.

We can suppose that the arrow α starts at the vertex 1. Depending
on the orientation, we have several possibilities of essential glueings which
do not give an algebra that is evidently wild. They are (for E6):

1.1.
4

1
α // 2

β // 3

γ

OO

5
δoo ε

6

Then A is given by the quiver with relations

4

2
β

66 3
α

vv

γ

OO

5
δoo ε

6 αβ = 0, αδ = 0.

There is a Galois covering Ã of A with Galois group Z given by the quiver

4

2
β // 3

α

��

γ

OO

5
δoo ε

6

4

2
β // 3

α

��

γ

OO

5
δoo ε

6

4

2
β // 3

γ

OO

5
δoo ε

6
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with the same relations αβ = 0, αδ = 0 for all α, β, δ. Here and later on
we denote vertices and arrows of Q̃ by the same letters as their images in
Q and suppose that the described quiver repeats infinitely up and down.

Using Lemma 2 in two subsequent vertices 3, we can make zero the
arrows β, δ, then α. We obtain the quiver of type E7 which is representation
finite. Hence, Ã is representation finite and so is A.

The same observations for the quiver E7 leads to a quiver of type
Ẽ7 which is tame. Moreover, they show that Ã is representation support
bounded.

In case of the quiver Ẽ6, Q̃ has a wild subquiver without relations

•

•

• • • • • •

Therefore, in this case Ã and A are wild. The same is the case of other
Dynkin and Euclidean quivers.

1.2.

4

γ

��
1

α // 2
β // 3

δ // 5
ε

6

Then A is given by the quiver with relations

4

γ

��
2

β

66 3
α

vv δ // 5
ε

6 αβ = 0, αγ = 0.
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There is a Galois covering Ã of A with Galois group Z given by the quiver

4

γ

��
2

β // 3
δ //

α

��

5
ε

6

4

γ

��
2

β // 3
δ //

α

��

5
ε

6

4

γ

��
2

β // 3
δ // 5

ε
6

with relations αβ = 0, αγ = 0.
Using Lemma 2 in two subsequent vertices 3, we can make zero the

arrows β, γ, then α. We obtain the quiver of type E8 which is representation
finite. Hence, Ã is representation finite and so is A.

In case of the quiver E7 we obtain, as a subquiber of Q̃ the wild quiver
without relations.

•

• • • • • • • • •
Therefore, in this case Ã and A are wild. The same is the case of other
Dynkin and Euclidean quivers.

1.3.
4

γ

��
1

α // 2 3
βoo δ // 5

ε
6

Then A is given by the quiver with relations

4

γ

��
2 3

β

hh
α

vv δ // 5
ε

6 αγ = 0, αδ = 0.
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There is a Galois covering Ã of A with Galois group Z given by the quiver

4

γ

��
2 3

βoo

α

��

5
δoo ε

6

4

γ

��
2 3

βoo

α

��

5
δoo ε

6

4

γ

��
2 3

α

��

βoo 5
δoo ε

6

2

with relations αγ = 0, αδ = 0. It contiains a wild subquiver without
relations

•

• • • • · · · • •
with arbitrary long branch to the right.

1.4.
4

1
α // 2

β // 3

γ

OO

δ // 5
ε

6

Then A is given by the quiver with relations

4

2
β

66 3
α

vv

γ

OO

δ // 5
ε

6 αβ = 0.
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One esaily sees that Q̃ also has a wild subquiver without relations, so Ã
and A are wild. All the more so they are in other Dynkin and Euclidean
cases.

Thus we see that all cases of glueing vertices 1 and 3 which are
representation finite or tame are listed in Theorems 1.1 and 1.2, while all
other cases give wild algebras, as claimed in Theorem 1.3. One can also
easily verify that any additional essential glueing leads to a wild algebra.

Case 2. Glueing vertices 2 and 5.

If both arrows α and β end at the vertex 2 and the glueing is essential,
it gives an algebra which is evidently wild. So we can suppose that they

have the orientation 1
α // 2

β // 3 . Then there are two possibilities
of essential glueings which do not give an algebra that is evidently wild.
They are (for E6):

2.1. (Perhaps, the most complicated case.)

4

1
α // 2

β // 3

γ

δ // 5
ε // 6

Then A is given by the quiver with relations

6 4

1
α // 2

ε

OO

β
((
3

γ

δ

hh εα = 0, βδ = 0.
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There is a Galois covering Ã of A with Galois group Z given by the quiver

6 4

1
α // 2

ε

OO

β // 3

γ

6 4

1
α // 2

ε

OO

β // 3

δ

WW

γ

6 4

1
α // 2

ε

OO

β // 3

δ

WW

γ

with relations εα = 0, βδ = 0.
Using Lemma 2 in two subsequent vertices 2, we can make zero the

arrow β, then δ. It gives the quiver

• • •

•

ε
__

•βoo

γ

δ // •

ε
??

•
α

??

•
α

__

with relations εα = 0. If we reduce the matrices corresponding to α, ε
and γ, the rows of the matrices corresponding to β and δ subdivide into 3
parts and their columns subdivide into 2 parts. Moreover, one can make
elementary transformations in every horizontal stripe (independently)
and in every vertical stripe simultaneously in β and δ. Moreover, one
can also add columns and rows from one part tp those of another part
according to the following picture:

β :

δ :

//

��

��
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It is the problem of representations of a pair of posets (2) and (3, 3)
in the sense of [9, 10], which is tame. Therefore, Ã and A are tame and Ã
is representation support bounded.

If we start with the quiver Ẽ6, we obtain in the same way representation
of the pair of posets (3) and (3, 3), which is a wild problem. Hence Ã
and A are wild. Analogously, in all other Dynkin and Euclidean cases we
obtain wild algebras.

2.2.

4

1
α // 2

β // 3

γ

δ // 5 6
εoo

Then A is given by the quiver with relations

6

ε

��

4

1
α // 2

β
((
3

γ

δ

hh βε = 0, βδ = 0.

There is a Galois covering Ã of A with Galois group Z given by the quiver

6

ε
��

4

1
α // 2

β

��

3
δoo

γ

6

ε
��

4

1
α // 2

β

��

3
δoo

γ

6

ε
��

4

1
α // 2 3

δoo

γ
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with relations βε = 0, βδ = 0. It contains a wild subquiver without
relations

• •

• • • • •

Hence Ã and A are wild. All the more, it is so for all other Dynkin and
Euclidean quivers.

Thus, the only case when glueing 2 and 5 is not wild is case 4 from
Theorem 1.2 and all other cases are wild. One can also easily verify that
any additional essential glueing leads to a wild algebra.

Case 3. Glueing vertices 3 and 7.

We consider the quiver E7 and suppose that the arrow ξ ends at 7.
There are the following variants of essential glueing which do not give an
algebra that is evidently wild:

3.1.

4

γ

��
1

α
2 3

βoo δ // 5 6
ε ξ // 7

Then A is given by the quiver with relations

4

γ

��
1

α
2 3

βoo δ // 5 6
ε

ξ

hh βξ = 0, δξ = 0.



Yu. Drozd, N. Golovashchuk, V. Zembyk 31

There is a Galois covering Ã of A with Galois group Z given by the quiver

4

γ

��
1

α
2 3

βoo δ // 5 6
ε

4

γ

��
1

α
2 3

βoo δ // 5 6
ε

ξ

^^

4

γ

��
1

α
2 3

βoo δ // 5 6
ε

ξ

^^

with relations βξ = 0, δξ = 0.

Using Lemma 2 in two subsequent vertices 3, we can make zero the
arrows β, δ, then ξ. We obtain the quiver of type E8 which is representation
finite. Hence, Ã is representation finite and so is A. One easily sees that
for all other Dynkin and Euclidean quivers the same consideration gives
a wild quiver.

3.2.

4

1
α

2
β // 3

γ

OO

δ // 5 6
ε ξ // 7

Then A is given by the quiver with relations

4

1
α

2
β // 3

γ

OO

δ // 5 6
ε

ξ

hh γξ = 0, δξ = 0.
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There is a Galois covering Ã of A with Galois group Z given by the quiver

4

1
α

2
β // 3

γ

OO

δ // 5 6
ε

4

1
α

2
β // 3

γ

OO

δ // 5 6
ε

ξ

^^

4

1
α

2
β // 3

γ

OO

δ // 5 6
ε

ξ

^^

with relations γξ = 0, δξ = 0.

Using Lemma 2 in two subsequent vertices 3, we can make zero the
arrows γ, δ, then ξ. We obtain the quiver of type Ẽ8 which is tame. Hence,
Ã is tame and so is A. Moreover, Ã is representation support bounded.
One easily sees that for all other Dynkin and Euclidean quivers the same
consideration gives a wild quiver.

3.3.

4

1
α

2 3
βoo

γ

OO

5
δoo 6

ε ξ // 7

Then A is given by the quiver with relations

4

1
α

2 3
βoo

γ

OO

5
δoo 6

ε

ξ

hh βξ = 0, γξ = 0.
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There is a Galois covering Ã of A with Galois group Z given by the quiver

4

1
α

2 3
βoo

γ

OO

5
δoo 6

ε

4

1
α

2 3
βoo

γ

OO

5
δoo 6

ε

ξ

^^

4

1
α

2 3
βoo

γ

OO

5
δoo 6

ε

ξ

^^

with relations βξ = 0, γξ = 0. It contiains a wild subquiver without
relations

•

• • • • · · · • •

with arbitrary long branch to the right. Hence the algebras Ã and A are
wild. The same is if we start from another Dynkin or Euclidean quiver.

Thus we see that all cases of glueing vertices 3 and 7 which are
representation finite or tame are listed in Theorems 1.1 and 1.2, while all
other cases give wild algebras, as claimed in Theorem 1.3. One can also
easily verify that any additional essential glueing leads to a wild algebra.

Just in the same way we check all other cases of gluing, which accom-
plishes the proof of Theorems 1.1, 1.2 and 1.3.
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Galois orders of symmetric differential operators

Vyacheslav Futorny∗ and João Schwarz∗∗

Dedicated to the memory of Sergey Ovsienko

Abstract. In this survey we discuss the theory of Galois
rings and orders developed in ([20], [22]) by Sergey Ovsienko and the
first author. This concept allows to unify the representation theories
of Generalized Weyl Algebras ([4]) and of the universal enveloping
algebras of Lie algebras. It also had an impact on the structure theory
of algebras. In particular, this abstract framework has provided a
new proof of the Gelfand-Kirillov Conjecture ([24]) in the classical
and the quantum case for gln and sln in [18] and [21], respectively.
We will give a detailed proof of the Gelfand-Kirillov Conjecture in
the classical case and show that the algebra of symmetric differential
operators has a structure of a Galois order.

1. Motivation

Throughout the paper k will denote an algebraically closed field of zero
characteristic. All considered rings are algebras over k. In representation
theory one often considers the following question: given an embedding
of algebras Γ ⊆ U , relate representations of U and Γ. The functors
of restriction and induction are very powerful tools in this study. In
particular, in the representation theory of Lie algebras a concept of
a Harish-Chandra module relates the universal enveloping algebra of
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a reductive Lie algebra U and the universal enveloping algebra of its
reductive subalgebra Γ [9]. On the other hand, when Γ is the universal
enveloping algebra of a Cartan subalgebra, one obtains the so called
generalized weight representations. The classification of irreducible weight
modules whose weight spaces are finite dimensional was done in [13]
and [31]. The problem remains open in general. To approach this problem,
Drozd, Futorny and Ovsienko introduced the category of Gelfand-Tsetlin
modules over U(gln) with respect to the Gelfand-Tsetlin subalgebra (a
certain maximal commutative subalgebra) ([10]). This approach was
inspired by a remarkable paper of Gelfand and Tsetlin ([24]) which gave
a construction of irreducible representations of gln using as a basis a
combinatorial object — Gelfand-Tsetlin tableaux, very much in the spirit
of the representation theory of the symmetric groups [26]. A similar idea
was used by Okunkov and Vershik in [37]. Using the natural embedding
of Sm−1 in Sm one introduces a subalgebra analogous to the Gelfand-
Tsetling subalgebra in the gln case. Namely, in this case U is kSn and Γ
is the maximal commutative subalgebra generated by the Jucys-Murphy
elements:

(1i) + . . .+ (i− 1 i) i = 1, . . . , n.

Then SpecmΓ parametrizes the irreducible representations of Sn, and
the Young tableaux can be recovered.

For an account of the recent research in this area, including gener-
alizations for Lie algebras of types B, C and D, see [34]. An excellent
exposition of the classical material can be found in [41].

To understand better the phenomena of the Gelfand-Tsetlin formulas,
the notion of an astract Harish-Chandra subalgebra and Harish-Chandra
module were introduced for an arbitrary associative algebras in [11]. In [20]
it was noticed that using the Gelfand-Tsetlin formulas one can embed
U(gln) into the skew group ring over a field L (a similar construction was
also done by Khomenko [28]), where L is a finite Galois extension of the
field of fractions of the Gelfand-Tsetlin subalgebra.

The appearence of skew group rings is also a phenomenon in the
representation theory of another class of algebras - the Generalized Weyl
Algebras [4]. In particular cases of the first Weyl Algebra and U(sl2)
(see [6]), and their quantum analogues, it is known that their irreducible
modules are completely described modulo a classification of irreducible
elements in certain skew polynomial rings in one variable over a skew
field.



V. Futorny, J. Schwarz 37

The main motivation of the development of this theory was an evolu-
tion of the ideas in [11] in the “semi-commutative” case for a pair of an
associative algebra and its commutative subalgebra, and understanding
of the role of skew group rings in the representation theory of infinite
dimensional algebras. A key concept introduced in [20] is a notion of a
noncommutative Galois order for skew monoid rings (cf. [33], Chapter 5).
Known examples of Galois algebras include:

• Generalized Weyl algebras over integral domains with infinite order
automorphisms, which include algebras,such as the n-th Weyl al-
gebra An, the quantum plane, the q-deformed Heisenberg algebra,
quantized Weyl algebras, the Witten—Woronowicz algebra among
the others;
• The universal enveloping algebra U(gln) with respect to its Gelfand—

Tsetlin subalgebra.
• It was shown in [16], [19] that shifted Yangians and finite W -

algebras associated with gln are Galois orders with respect to the
corresponding Gelfand—Tsetlin subalgebras;
• Certain invariant rings on the differential operators on the torus [20].

Representation theory of Galois orders was developed in [22]. In
the case of gln the Galois order structure of the universal enveloping
algebra led to a significant breakthrough in its representation theory in
the remarkable paper [38].

2. Basic definitions

Let R be a ring, M a monoid acting on R by ring automorphisms.
Consider the skew monoid ring R ∗M. Let G be a finite group acting on
M by conjugation:. We can define an action of G on R ∗M as g(rm) =
g(r)g(m), g ∈ G, r ∈ R, m ∈M. We denote the ring of invariants by the
action of G by K.

Any element of R ∗M can be written in the form x =
∑
m∈M xmm.

Define supp x as the set of those m ∈M for which xm is not zero.
From now on we will restrict ourselves to the following case: R will be a

field L, a finite Galois extension of a fieldK such that G = Gal(L,K). The
monoid M will be assumed to have the following property: if m,m′ ∈M

and their restrictions to K coincide, then m = m′.

Definition. A finitely generated Γ-ring U embedded in K is called a
Galois ring over Γ if KU = KU = K.

Note that Γ is not required to be central in U .
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3. Structure of Galois rings

In this section we recall the structure theory of Galois rings follow-
ing [20]. A very useful characterization of Galois rings in the following

Proposition 1. [[20], Proposition 4.1] Assume that a Γ-ring U ⊂ K =
(L ∗M)G is generated by u1, . . . , uk. If

⋃k
i=1 supp ui generates M as a

monoid then U is a Galois ring. In particular, if LU = L ∗M then U is
a Galois ring.

Theorem 1 ([20], Theorem 4.1). Let U be a Galois ring over Γ in K,
S = Γ \ {0}. Then

• U ∩K is a maximal commutative subalgebra in U and the center of
U ∩KK.
• S is a left and right Ore denominator set, and the localization of U

by S both at the left and the right are isomorphic to K.

Definition. A Galois ring is called a right (left) Galois order over Γ if
for every right (left) finite dimensional K vector space W ⊂ K, W ∩ Γ is
a finitely generated right (left) Γ-module. If it is both left and right, we
will simply say Galois order.

We have the following caracterization of Galois orders.

Proposition 2. Let U is a Galois ring over Γ.
• If Γ is noetherian and U a left (right) projective Γ-module then U

is a left (right) Galois order.
• If Γ is a finitely generated domain over k and U a Galois order

over Γ then Γ is a Harish-Chandra algebra in U .

4. Noncommutative Noether’s Problem and the Gelfand-

Kirillov Conjecture

In this section we show how the theory of Galois rings can be used
to prove the Gelfand-Kirillov Conjecture for gln. The noncommutative
version of the the classical Noether’s problem will also be required.

Definition. Let V be a finite dimensional vector space, of dimension
n over k, G a finite subgroup of GL(V ). It acts on S(V ∗) by k-algebra
automorphisms: g.f(v) = f(g−1v), g ∈ G, f ∈ S(V ∗), v ∈ V . After
fixing a basis of V , S(V ∗) can be identified with k[x1, . . . , xn], where
x1, . . . , xn are the duals of the basis elements in V ∗. Automorphisms of
the polynomial algebra arising this way will be called linear.
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Hence the group G acts also on the field of rational functions K =
k(x1, . . . , xn) by extension. Then one can ask:

Noether’s Problem ([36]). IfG is a finite group of linear automorphisms,
when KG is a purely transcendental extension of k?

The following are some important cases when the Noether’s Problem
has a positive solution:

• n = 1, n = 2 or n = 3 (these are classical results due to Luroth,
Castelnuovo and Burnside).
• When V is a direct sum of one dimensional G-submodules. In

particular, for abelian G (Theorem of Fischer).
• The action of G by pseudo-reflections (by the Chevalley-Shephard-

Todd Theorem)
• for alternating groups A3, A4 and A5 (by Maeda), permuting vari-

ables as usual. The question remains open for n > 5.

There are also counter-examples to the Noether’s Problem, cf. [40], [15].

We will introduce now the Noncommutative Noether’s Problem for
the Weyl algebra, An(k) with generators xi, ∂i, i = 1, . . . , n, subject to
the relations xixj = xjxi, ∂i∂j = ∂j∂i and ∂ixj − xj∂i = δij for all i, j.
Recall that An(k) is a left and right noetherian simple domain which
admits a total ring of fractions (skew field), Fn(k), called the Weyl field.
For our purposes it will be useful to identify the Weyl algebra with the
ring of differential operators on the polynomial algebra in n variables.

Let A be a finitely generated commutative, regular k-algebra. Then
the ring of differential operators D(A) on A is the subalgebra of Endk(A)
generated by the k-linear derivations of A and the scalar multiplications
la that sends x → ax, ∀a ∈ A. The set of multiplications gives an
isomorphism of A with a subring of D(A), allowing A to be viewed as a
subring of it.

For our purposes it will be useful to identify the Weyl algebra with the
ring of differential operators on the polynomial algebra in n variables. Let
V a finite dimensional vector space of dimension n, G be a finite subgroup
of GL(V ). As previously, this induces an action on S(V ∗) = k[x1, . . . , xn].
This action can be extended to the ring of differential operators on
S(V ∗): if d is such an operator, g.d(x) = g(d(g−1x)), where x ∈ S(V ∗).
This induces a k-automorphism of the Weyl algebra An(k). Such k-
automorphisms will be called linear.

The following Noncommutative Noether’s Problem was formulated by
Alev and Dumas, [3].
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Noncommutative Noether’s Problem. For a finite group of linear
automorphisms G, when Fn(k)G is isomorphic to Fn(k)?

Some cases with known positive solution for the Noncommutative
Noether’s Problem are:

• For n = 1 or n = 2 and arbitrary G (Alev, Dumas, [3]).
• When V is a direct sum of one dimensional G-submodules (Alev,

Dumas, [3]).
• When G acts by pseudo-reflections (Eshmatov, Futorny, Ovsienko,

Schwarz, [12]).

Positive solution of the Noncommutative Noether’s Problem in the
context of the structure theory of Galois rings provides a new proof of
the celebrated Gelfand-Kirillov conjecture for the gln and sln cases.

The Gelfand-Kirillov conjecture [24] states that if g be a finite di-
mensional algebraric Lie algebra then the skew field of fractions of the
universal enveloping algebra U(g) is isomorphic to a Weyl field over a
purely transcendental extension (of finite transcendence degree) of k. The
important cases with a positive solution are:

• g = gln, sln or nilpotent [24];
• g is solvable [5], [27], [32];
• g has dimension at most 8 [2].

The first counter-example to this conjecture was found by Alev, Ooms,
Van den Bergh in [1]. For simple finite dimensional Lie algebras the
question was almost solved by Premet [39]: the conjecture is true for
algebras of type A and G2, unkown for type C and false for all other
types.

We are going to present two proofs of the Noncommutative Noether’s
Problem in the case of the symmetric group. One of them is a simplified
version of the proof found in [16] and [12], while the other is elementary —
it involves only the Cramer’s rule.

Let ∆ = (
∏
i<j(xi − xj))2 . It is clearly an Sn-invariant element and

Fn(k) = FracAn(k)∆, the skew field of fractions of the localized algebra
by ∆. In the following we denote the polynomial algebra in n variables
just by Λ for the sake of simplicity. The following holds:

Proposition 3.
• Let S be any multiplicatively closed set in Λ. Then D(ΛS)=(D(Λ))S.
• (D(Λ)∆)Sn ∼= ((D(Λ))Sn)∆.
• (Λ∆)Sn = (ΛSn)∆.
• FracAn(k)Sn ∼= (FracAn(k))Sn.
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Proof. The first item follows from Theorem 15.1.25 of [33]. For the second
statement note that if d ∈ (D(Λ)∆)Sn , then d1 = ∆kd ∈ D(Λ)Sn for some
k > 0. The third item is proved similarly. The fourth statement follows
from [35], Theorem 5.3(4).

Now we need the following crucial lemma:

Lemma 1. (D(Λ∆))Sn = D(ΛSn

∆ ).

Proof. First we follow [12]. Recall that if X is a normal irreducible affine
variety and G a finite group of automorphisms that acts freely on X then
D(X)G ∼= D(O(X/G)) (cf. [8]). This applies to Sn acting on Λ∆, and
hence the lemma follows.

Now we show how to obtain this result algebraically. Note that Sn has
no non-trivial inner automorphisms. Therefore, An(k)Sn

∆ is simple by [35],
Corollary 2.6.

Let σi be the i-th symmetrical polynomial in x1, . . . , xn, i = 1, . . . , n,
ΛSn = k[σ1, . . . , σn] ⊂ Λ. Let M be the n× n matrix whose ij’s entry is
∂j(σi), and let J be it’s determinant.

Claim. J =
∏
i<j(xi − xj).

Indeed, J has degree n(n−1)/2. Clearly,
∏
i<j(xi−xj) divides J . Since

both have the same degree we have J = a
∏
i<j(xi−xj) for some scalar a.

Note that in both polynomials the monomial xn1x
n−1
2 . . . xn appears with

coefficient 1. So a = 1.
Let d ∈ D(Λ∆)Sn , and f ∈ ΛSn

∆ . For all π ∈ Sn, π(d(f)) = (π.d)(πf) =

d(f), that is, d(f) also belongs to ΛSn

∆ . In this way, by restricting the

domain, we have a ring homomorphism φ : D(Λ∆)Sn → D(ΛSn

∆ ). We
need is to show it is an isomorphism. The injectivity follows from the
simplicity of D(Λ∆)Sn , as shown above. We discuss the surjectivity of φ.
The ring D(ΛSn

∆ ) is generated over ΛSn

∆ by ∂′
1, . . . , ∂

′
n such that ∂′

i(σj) = δij ,
i, j = 1, . . . , n. Hence, it is enough to construct Sn-invariant differential
operators d1, . . . , dn : Λ∆ → Λ∆, whose restriction onto ΛSn

∆ coincide with
∂′

1, . . . , ∂
′
n above.

Let

Ei =




0
...
1
...
0



,
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be a vector of size n, with 1 in the position i and 0 elsewhere, and let

Fi =




fi1
...
fin




be a solution of the system MFi = Ei. By the Kramer rule, fij ∈ Λ∆,
1 6 i, j 6 n.

Let di =
∑n
k=1 fik∂k. We have di(σj) = δij , and that di ∈ D(Λ∆) =

D(Λ)∆. What is left is to show that di is Sn-invariant.
It is sufficient to show that for any π ∈ Sn we have πfij = fiπ(j) for

1 6 i, j 6 n, since π(∂i) = ∂π(i). We shall use the Kramer’s rule. Let vi
be the vector 



∂i(σ1)
...

∂i(σn)


 .

It is clear that π(vi) = vπ(i) and

fij =
det(v1, . . . , Ei, . . . , vn)

det(v1, . . . , vn)
,

with Ei in the j’s position.
Then

πfij =
det(vπ(1), . . . , Ei, . . . , vπ(n))

det(vπ(1), . . . , vπ(n))

= sign(π) det(v1, . . . , Ei, . . . , vn)/ sign(π) det(v1, . . . , vn),

now with Ei in the position π(j). This clearly equals fiπ(j).

Now we are in the position to prove the Gelfand-Kirillov conjecture.

Proof of the Gelfand-Kirillov conjecture. The Galois ring structure of the
universal enveloping algebra U(gln) over the Gelfand-Tsetlin subalgebra
Γ implies the embedding of U(gln) into the tensor product

AS1
1 ⊗AS2

2 ⊗ . . .⊗A
Sn−1

n−1 ⊗ k[t1, . . . , tn]Sn ,

where Ak is a certain localization of the k-th Weyl algebra Ak. Since
(Fk)

Sk ≃ Frac(ASk

k ) ≃ Fk by the Noether’s Problem, we have that

Frac(U(gln)) ≃ F1⊗ . . .⊗Fn−1⊗k(y1, . . . , yk) ≃ F (n(n−1)
2

⊗k(y1, . . . , yk),

that U(gln) is birationally equivalent to Am over k(y1, . . . , yn), m =
n(n− 1)/2 (see [18], Proposition 5.2 for details).
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5. Symmetric differential operators

Let ti = ∂ixi ∈ An(k), i = 1, . . . , n. It is well known that k[t1, . . . , tn]
is a maximal commutative algebra of An(k), and An(k) is a free left and
right module over k[t1, . . . , tn] (which can be seen, for example, using
the theorem from [17]). In this section we construct a new example of a
Galois order given by the algebra of symmetric differential operators. Set
Γ = k[x1, . . . , xn]Sn .

Theorem 2. Γ is a Harish-Chandra subalgebra of An(k)Sn and An(k)Sn

is a Galois order over Γ.

Proof. By the result of Levasseur and Stafford ([29], Theorem 5) we
have that An(k)Sn is generated as an algebra by k[x1, . . . , xn]Sn and
k[∂1, . . . , ∂n]Sn . Denote K = FracΓ and L = Frack[x1, . . . , xn]. Let Zn

be generated by δ1, . . . , δn, acting on L in the following way: δi(tj) = tj −
δij . Consider an action of Sn on Zn by conjugation, and set K = (L∗Zn)Sn .
Recall that An(k)Sn is simple. Hence we have an embedding

An(k)Sn → K

induced by the homomorphism An(k)→ L ∗Zn, which sends xi to δi and
∂i to tiδ

−1
i .

Consider the elements x1 + . . .+ xn and ∂1 + . . .+ ∂n. Their images
in K have supports that generate Zn as a monoid. So, by Proposition 1,
An(k)Sn is a Galois ring over Γ. Moreover, the canonical embedding of Γ
modules

An(k)Sn → An(k)

splits, with inverse being the symmetrizer map 1
n!

∑
π∈Sn

π. Since An(k)
is free over k[t1, . . . , tn], and the latter algebra is free over Γ we have that
An(k)Sn is a left and right projective Γ module. Applying Proposition 2 we
conclude that An(k)Sn is a Galois order over Γ and Γ is a Harish-Chandra
subalgebra.

We finish with the following conjecture.

Conjecture. An(k)Sn is a free left (right)- module over Γ.

Remark. One way to prove the conjecture above would be to use the
analog of the Kostant theorem from [17]. For that one would need to show
in particular that the associated graded algebra of An(k)Sn is a complete
intersection ring. However, we were communicated by Gregor Kemper,
that this fails already for n = 3.
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Abstract. A finite dimensional Jordan algebra J over a
field k is called basic if the quotient algebra J/RadJ is isomorphic
to a direct sum of copies of k. We describe all basic Jordan algebras
J with (RadJ)2 = 0 of finite and tame representation type over an
algebraically closed field of characteristic 0.

1. Introduction

Jordan algebras were first introduced by P. Jordan, J. von Neumann
and E. Wigner in the early 1930’s in the search of a new algebraic setting
for quantum mechanics [10]. A Jordan algebra J is a commutative algebra
such that for any a, b ∈ J

(a2 · b) · a = a2 · (b · a).

In their fundamental paper the authors classified all finite-dimensional
formally real algebras. In particular, they showed that any simple formally
real finite-dimensional Jordan algebra is either an algebra of Hermitian
matrices H(A) over a composition algebra A, or a so-called Jordan algebra
of non-degenerated bilinear form J(V, f); for more details see [9, Corollary
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V.6.2]. Later on, A.Albert developed a structure theory of finite dimen-
sional Jordan algebras over arbitrary field of characteristic 6= 2 [1] (see
also the book [9]).

The fundamentals of representation theory of Jordan algebras were
developed by N.Jacobson [8, 9]. He introduced Jordan bimodules, defined
their enveloping algebras and described representations of simple Jordan
algebras. Jacobson used Eilenberg’s definition for bimodules in the variety
of algebras, as in [2]. In this approach, the notion of the universal multi-
plicative enveloping algebra proved to be very useful. Jacobson introduced
the universal multiplicative enveloping algebra U(J) of a Jordan algebra
J as a quotient of the tensor algebra T (J) by the certain ideal defined by
Jordan representations of J . The fundamental property of the universal
algebra U(J) is that the category of Jordan bimodules J-bimod over J is
isomorphic to the category U(J)-mod of left modules over the (associative)
algebra U(J). Moreover, Jacobson showed that for a unital Jordan algebra
J we have the following decomposition of U(J)

U(J) = U0(J)⊕ U 1
2
(J)⊕ U1(J),

where each direct summand is an ideal of U(J), with U0(J) being a one-
dimensional algebra which corresponds to the trivial J-module, U 1

2
(J) is

the universal associative enveloping algebra, corresponding to so-called
special or one-sided bimodules, and finally U1(J) is the unital univer-
sal multiplicative enveloping algebra, corresponding to unital bimodules.
(For more details look Proposition 3.3 and Proposition 5.1, [12] ). As a
consequence, we have a decomposition

J-bimod = J-bimod0 ⊕ J-bimod1
2
⊕ J-bimod1

of the category J-bimod into a direct sum of the three corresponding
subcategories.

Furthermore, Jacobson showed that for any finite-dimensional Jordan
algebra J the algebra U(J) is of finite dimension as well. Finally, he
described the enveloping algebras U 1

2
(J) and U1(J) and the irreducible

J-bimodules for all finite dimensional simple Jordan algebra J . It turned
out that for any simple algebra J both U 1

2
(J) and U1(J) are semi-simple

algebras, thus both have only finite number of irreducible non-isomorphic
Jordan bimodules and are completely reducible. Since the categories
U(J)-mod and J-bimod are isomorphic, the same is valid for J-bimod.
To describe the universal enveloping algebras for algebras of Hermitian
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matrices, Jacobson used the Coordinatization Theorem and classification
of bimodules over composition algebras, [9, VII, 1-2], while for a Jordan
algebra of bilinear form J = J(V, f) the enveloping algebras U 1

2
(J) and

U1(J) turned out to be the Clifford algebra and the meson algebra defined
by a bilinear form f , respectively, see[9, VII,4-5].

Until recent time, there were no results which would describe bimodules
for any class of Jordan algebras other then semi-simple algebras. In 2002
Serge Ovsienko was visiting São Paulo University, and the authors decided
to look on representations of non-semisimple finite-dimensional Jordan
algebras. One of the most known tools in the representation theory of
finite-dimensional associative algebra A is to construct a quiver Q with
relations R such that A-mod is Morita equivalent to the path algebra
k[Q] modulo the ideal generated by relations R. Moreover, all finite-
dimensional associative algebras can be divided into three types: finite,
tame and wild. For the first two classes one can provide a complete
description of indecomposable finite-dimensional left modules. We define
a representation type of Jordan algebra as being a representation type of
the corresponding associative universal enveloping algebra. Our objective
was to describe all finite and tame Jordan algebras.

We started with considering basic Jordan algebra J of small dimension,
calculating U(J) as a quotient tensor algebra modulo relations (2)–(3).
Our first examples and basic relations between Jordan algebra and its
quiver were result of intensive repeated calculations. Ovsienko suggested
to consider a class of algebras which proved to be very useful in the case
of associative algebras, namely algebras J with (RadJ)2 = 0. Although
long but straightforward method allowed us to describe finite and tame
basic Jordan algebras in this class.

Unfortunately, for arbitrary non-basic Jordan algebra J to calculate
U(J) and then find basic algebra Morita equivalent to U(J) was much
harder task, and we were forced to find (and fortunately found) new meth-
ods, relaying on Jordan theory rather than associative one. Generalizing
Jacobson’s Coordinatization Theorem, we described Jordan algebras J
such that (RadJ)2 = 0, semi-simple part of J is a direct sum of algebras
of Hermitian matrices of order > 1, for which U 1

2
(J) is of finite or tame

representation type, see [11]. In [9], Kashuba and Serganova, using a
connection between Jordan and Lie algebras (the famous Tits-Kantor-
Koecher construction), classified Jordan algebras J , such that semi-simple
part of J is a direct sum of algebras of bilinear form and U1(J) is of finite
or tame representation type.
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In this paper we describe all basic Jordan algebras J with (RadJ)2 = 0
of finite and tame representation type by calculating the basic algebra U(J)
and then constructing its quiver. It was a starting point of our project
in 2002–2003, which eventually was not included in [11]. By writing it
we want to recall all joy and pleasure we had while working with Sergey
Adamovich Ovsienko.

In Section 2 we present both definition and basic properties of Jordan
bimodules over J and define the universal enveloping algebra U(J). We
also define the representation type of Jordan algebra and recall how to
construct the quiver with relations corresponding to a basic associative
algebra. In Section 3, we start with the technical lemma which describes
relations between the elements of J in U(J) based on the Peirce decom-
position of J . Then we describe quivers for two basic Jordan algebras
J ii and J ij such that both algebras have the dimension of the radical
equals to one (one could think of these examples as "cells"). We finish Sec-
tion 3 with the theorem classifying finite and tame basic Jordan algebras
with (RadJ)2 = 0. Finally, Section 4 is the Appendix where we collect
the results from the representation theory which we use to determine
representation type of quivers.

2. Jordan bimodules and the universal

enveloping algebras

We work over an algebraically closed field k of characteristic 0. Let J
be a Jordan algebra over k, M be a k-vector space endowed with a pair
of linear mapping r : M ⊗k J →M , m⊗ a 7→ m · a and l : J ⊗k M →M ,
a⊗m 7→ a ·m. Then we consider k-algebra Ω = J ⊕M with the following
multiplication ∗ : Ω× Ω→ Ω

(a1 +m1) ∗ (a2 +m2) = a1 · a2 + a1 ·m2 +m1 · a2, (1)

for a1, a2 ∈ J , m1,m2 ∈M . We will say that M is a Jordan bimodule over
J if Ω is a Jordan algebra with respect to ∗. Following [8], the (two-sided)
action of the Jordan algebra J on the bimodule M can be rewritten
as a (one-sided) action of the associative algebra U(J), the universal
multiplicative envelope of J . The algebra U(J) can be constructed in the
following way. Consider the free associative k-algebra F 〈J〉 generated
by the vector space J , and let I be the ideal of F 〈J〉 generated by the
elements

abc+ cba+ (a · c) · b− a(b · c)− b(a · c)− c(a · b), (2)
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a(b · c)− (b · c)a+ b(a · c)− (a · c)b+ c(a · b)− (a · b)c, (3)

where a, b, c ∈ J and a · b, ab denote the products of a, b in J and in
F 〈J〉, respectively. Put U(J) := F 〈J〉/I. Then one may endow every
left U(J)-module M with the canonical structure of J-bimodule via
a ·m = m · a := (a+ I)m, a ∈ J,m ∈M . This defines an isomorphism of
the category of Jordan bimodules over J and the category of associative left
modules over U(J). Moreover, by [8] if dimkJ <∞ then dimkU(J) <∞,
i.e. U(J) is a finite-dimensional associative algebra (with 1).

Let A be a finite dimensional associative k-algebra with 1, and denote
by k〈x, y〉 the free associative algebra in x, y. Then we say that A has

• a finite type if there are finitely many isomorphism classes of inde-
composable A-modules;
• a tame type if it is not of finite type and for each dimension d there

exists finitely many one-parameter families F1, . . . , FN , such that
every indecomposable module of dimension d is isomorphic to a
module from some Fi;
• a wild type if there exists an A–k〈x, y〉-bimodule M , finitely gen-

erated and free as a k〈x, y〉-module, such that the functor N 7→
M ⊗k〈x,y〉 N from k〈x, y〉-mod to A-mod keeps indecomposability
and isomorphism classes.

The following theorem allows us to classify algebras with respect to
their representation type.

Theorem 2.1. [4] A finite dimensional algebra A has either finite or
tame or wild type.

Having in mind the above isomorphism J-bimod ≃ U(J)-mod, we
will say that a finite dimensional Jordan algebra J is of finite, tame or
wild type if it is true for the finite dimensional associative algebra U(J).
By the Theorem 2.1, every finite dimensional Jordan algebra has either
finite or time or wild type.

Now we recall briefly the notion of a quiver for associative algebra.
For further details and examples we refer to [11].

An associative algebra A is called basic or Morita reduced if
A/RadA ≃ kn for some positive integer n. Two algebras A and B
are called Morita equivalent if the categories A-mod and B-mod are
equivalent. In any class of Morita equivalent algebras there exists a basic
algebra and it is unique up to isomorphism.

Recall that a quiver Q is defined as a set of vertices Q0 and a set of
arrows Q1 together with two mappings s, e : Q1 → Q0 which send an
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arrow to its start and end vertex correspondingly. For any basic algebra
Λ we define its quiver Q = Q(Λ) in the following way. Let Λ = S ⊕RadΛ,
where S ≃ kn is the semi-simple part of Λ and RadΛ is the Jacobson
radical. Choose a set of orthogonal primitive idempotents e1 + · · ·+en = 1
and denote by kij = dimkej(RadΛ/Rad2Λ)ei. Then the vertices of Q are
labelled by the set of idempotents Q0 = {1, . . . , n} and from vertex i to
vertex j lead kij arrows.

Reciprocally, one can construct the path algebra k[Q] starting with
a quiver Q. This algebra has a basis formed by the set of orthogonal
idempotents Q0 and all oriented paths in Q, that is, the sequences x1 . . . xk,
xi ∈ Q1, k > 0 such that s(xi) = e(xi+1), i = 1, . . . , k − 1. The product
of two paths x1 . . . xk and y1 . . . ys is the path x1 . . . xky1 . . . ys if s(xk) =
e(y1) and zero otherwise. If e ∈ Q0 and x ∈ Q1 then ex = x if e(x) = e
and zero otherwise; similarly xe = x if s(x) = e and zero otherwise.

Now we return to original associative algebra A. Let Λ be a basic
algebra which is Morita equivalent to A and Q(Λ) be its quiver, then
there exists an epimorphism

π : k[Q(Λ)]։ Λ (4)

(see [5]). Let I ⊂ kerπ be the set of generators of the ideal kerπ, then
the pair (Q, I) is called the quiver with relations corresponding to A. It
follows from (4) that k[Q(Λ)]/〈I〉 ≃ Λ. The main use of quivers with
relations is that the category A-mod is equivalent to the category of
representations of the corresponding quiver with relations. Once again,
we reduce the problem of describing modules over associative algebra to
studying modules over its quiver. There are plenty techniques in order to
determine the representation type of a quiver, as well as number of results
for different classes of finite dimensional associative algebras (for example,
for local algebras [15], for algebras with the radical squared zero [6], for
special biserial algebras [7]).

3. Representation type of Jordan basic algebras

Recall that for any a, b ∈ J we write a · b for their product in J ,
while by ab we denote their product in U(J). Any finite-dimensional k-
algebra J may be written as a direct sum of a semi-simple Jordan algebra
S(J) and the radical RadJ of J (i.e. the unique maximal nilpotent
ideal of J), J = S(J) ⊕ RadJ . Denote by QJ(J) := Q(U(J)) and by
QiJ(J) := Qi(U(J)), i = 0, 1.
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Theorem 3.1 ([11, Teorem 2.3]). Let J# = J+k1 be the algebra obtained
by the formal adjoining of the identity element to J then the category J-
bimod is isomorphic to the category of unital modules J#-bimod1 of J#.

Thus, without loss of generality we will suppose that J has an identity
element c.

Next we recall the Peirce decomposition of Jordan algebra relative to
idempotent or system of idempotents.

Theorem 3.2 ([9, III.1]). Let e be an idempotent in J then we have the
following decomposition into a direct sum of subspaces

J = J1 ⊕ J 1
2
⊕ J0,

where Ji = {x ∈ J | x · e = ix}, for i = 0, 1
2 , 1.

This decomposition is called the Peirce decomposition of J relative to
idempotent e. The multiplication table for the Peirce components Ji is:

J2
1 ⊆ J1, J1 · J0 = 0, J2

0 ⊆ J0,
J0 · J 1

2
⊆ J 1

2
, J1 · J 1

2
⊆ J 1

2
, J2

1
2

⊆ J0 ⊕ J1. (5)

Furthermore, we have the following generalization: if J is a Jordan
algebra with an identity element c which is a sum of pairwise orthogonal
idempotents ei, i.e. c =

∑n
i=1 ei, we have the refined Peirce decomposition

of J relative to idempotents {e1, . . . , en}:

J =
⊕

16i6j6n

Jij (6)

where Jii = {x ∈ J | x · ei = x} and Jij =
{
x ∈ J | x · ei = x · ej = 1

2x
}

.

The multiplication table for the Peirce components is:

J2
ii ⊆ Jii, Jij · Jii ⊆ Jij , J2

ij ⊆ Jii ⊕ Jjj ,
Jij · Jjk ⊆ Jik, Jii · Jjj = Jii · Jjk = Jij · Jkl = 0,

(7)

where the indices i, j, k, l are all different.
In the following proposition we recall the Peirce decomposition of

U(J) inherited from the Peirce decomposition of J .

Proposition 3.3 ([12, Prop 5.1]). Let J be a Jordan algebra and U =
U(J) be the universal multiplicative envelope of J and let c be the identity
element in J .
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(i) Put C0 = (c − 1)(2c − 1), C1/2 = 4c(1 − c), C1 = c(2c − 1),

where 1 denotes the identity element in U(J). Then the Ci, i = 0, 1
2 , 1 are

central orthogonal idempotents in U , moreover C0 + C 1
2

+ C1 = 1 which

implies the following decomposition of U(J) into the direct sum of ideals
U = UC0 ⊕ UC1 ⊕ UC1/2.

(ii) Let e1, . . . , en be orthogonal idempotents in J such that
∑
ei = c.

Then the elements

Cij = 4eiej , Cii = ei(2ei − 1), C0i = 4ei(1− c)

are pairwise orthogonal idempotents in U such that
∑

i6j

Cij = C1,
∑

i

C0i = C1/2.

We put also C00 = C0 to have an orthogonal sum 1 =
∑n
i,j=0Cij.

(iii) If the idempotents ei are central then Cij are central in U and U
is a direct sum of ideals CijU .

The proof follows from (2)-(3), the second relation for ei, ei, ej , i 6= j
provides that ei and ej commute in U(J). They also imply the following
relations between Cij and ek in U(J)

C0iei = 1
2C0i, Ciiei = Cii, Cijei = 1

2Cij ,
C0iek = 0, Ciiek = 0, Cijek = 0,

(8)

here all i, j, k are different.
Now suppose that J is a basic Jordan algebra, i.e. is a direct sum of

basic field k. Write S(J) ≃ km = ke1 + · · ·+kem Then by Lemma 5.3 [11]
we know that S(U(J)) = U(S(J)), i.e. the semi-simple part of U(S(J))
is isomorphic to the subalgebra generated by the images of elements of
semi-simple part S(J) of J together with 1 ∈ U(J), thus U(J) is basic
associative algebra and {Cij |0 6 i 6 j 6 m} is the complete set of
primitive orthogonal idempotents. In particular it follows that any basic
Jordan semi-simple algebras is of finite representation type.

Suppose further that (RadJ)2 = 0, then RadJ is completely deter-
mined by S(J)-bimodule structure of RadJ , or equivalently by its Peirce
decomposition relative to {ei|1 6 i 6 m}.

We start with some technical lemma, following two crucial examples.

Lemma 3.4. Suppose that J = ke1 + · · ·+ kem +Rij, Rij = (RadJ)ij.
(i) Let a ∈ Rij, b ∈ Rkl with (i, j) 6= (k, l), then a and b commute

in U(J).



I . Kashuba, S. Ovsienko, I. Shestakov 55

(ii) Let a ∈ Rii then a and ek, 1 6 k 6 m commute in U(J).
(iii) Let a ∈ Rij then a and ek, k 6= i, j commute in U(J).
(iv) Let a ∈ Rii, then we have the following decomposition of a in U(J)

a = C0ia+ Ciia+
∑

1 6 j 6 m,
i 6= j

Cija (9)

(v) Let b ∈ Rij, i 6= j, then we have the following decomposition of b in
U(J)

b = CiibCij+CijbCjj+CjjbCij+CijbCii+C0ibC0j+C0jbC0i (10)

Proof. Since (i, j) 6= (k, l) there exists t such that et acts differently on a
and b. Then equation (3) for et, a, b guarantees that ab = ba. If a ∈ Rii
the same relation for ek, ek, a gives eka− aek + 2δi,kaek − 2δi,keka = 0,
thus we obtain (ii). The argument for (iii) is analogous.

If a ∈ Rii, by (ii) [ek, a] = 0 for any 1 6 k 6 m, therefore CijaCkl = 0
unless i = k, j = l. Relation (2) gives

(2c− 1)(c− 1)a = C00a = 0, (2ek − 1)eka = Ckka = 0,

2ekca− 2eka = −1

2
C0k = 0, k 6= i.

Thus (9) follows.
Finally suppose that b ∈ Rij , analogously to (iv), C00b = 0. Further by

(iii) we have that [ek, b] = 0 for k 6= i, j, therefore from (8) it follows that
ClkbCst = CstbClk = 0 for any (s, t) 6= (l, k). When k 6= i, j relation (2)
for ek, ek and b provides Ckkb = 0, while for ek, ei and b we obtain

4ekeib+ 4beiek − 2bek = Cikb+ bCik − 2bek = 0.

It follows that CtkbCtk = 0, 0 6 k 6 m. We continue to eliminate
summands in the Peirce decomposition of b. For ei, b, ej the relation (2)
results in

2eibej + 2ejbei − bei − bej = 0,

then CiibCii = C0ibC0i = CiibC0i = C0ibCii = 0, the same equations hold
if we substitute j instead of i. Moreover we also obtain that CiibCjj =
CjjbCii = 0. Changing the order of the elements in (2) we get

2eiejb+ 2bejei − bei − bej = 0

and consequently C0ibCjj = CjjbC0i = C0jbCii = CiibC0j = 0 and (10)
follows.
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Now we will define the representation type of basic Jordan algebras
with dim RadJ = 1. There are only two non-isomorphic algebras J ii =
ke1 + · · ·+ kem +Rii, and J ij = ke1 + · · ·+ kem +Rij , for i 6= j.

Example 3.5 (Representation type of J ii). Let 〈a〉 = RadJ ii, then from
Lemma 3.4, (iv) it follows that the arrows of Q1J(J ii) are ai := Cija,
b := C0ia and c := Ciia. To calculate the relations, write (2) for a, a, ej
if j 6= i: a2ej = 0, while a2(ei − 1) = 0. Then a2

i = Cija
2 = 0 and

b2 = C0ia
2 = 0, while (2) for a, a, a gives a3 = 0 therefore c3 = 0. The

quiver QJ(J ii) is the union of isolated points and the following quivers
corresponding to idempotents Cij , C0i and Cii respectively,

•

ai

�� •

b

�� •

c

�� (11)

with the relations a2
i = b2 = c3 = 0. By Proposition 4.1(vi) Jordan algebra

J ii is of finite representation type.

Example 3.6 (Representation type of J ij). Let 〈b〉 = RadJ ij , then from
Lemma 3.4, (v) it follows that the arrows of Q1J(J ij) are

f := C0ibC0j , g = C0jbC0i, h = CijbCjj ,
k = CjjbCij , l = CiibCij , m = CijbCii.

To calculate the relations, we again write (2) for ei, b, b and obtain b2 =
eib

2 + b2ei, which yields C0ib
2C0i = C0jb

2C0j = Ciib
2Cii = Cjjb

2Cjj = 0.
Therefore, we have

gf = fg = hk = ml = 0.

Now consider

Cijb
2Cij = Cijb(Cii + Cjj)bCij = lm+ kh.

On the other hand, (2) for b, ei, b gives 2beib = b2. Substituting (10) for b
and multiplying it by Cij we obtain

Cijb
2Cij = 2CijbeibCij = 2Cij(bCjj + bCii)ei(Ciib+ Cjjb)Cij

= 2CijbCjjbCij = 2kh.

and we have the relation kh = lm. The quiver QJ(J ij) is the union of
isolated points and the following quivers corresponding to idempotents
C0i, C0j , Cii, Cij and Cjj correspondingly

•
f

)) •
g

ii •
l )) •
m

ii
h )) •
k

ii I = 〈fg, gf, hk,ml, kh− lm〉 (12)
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By Proposition 4.1 (vi) k[Q]/〈I〉 is of tame representation type and
so is J ij .

Theorem 3.7 (Representation type of basic Jordan algebras J with
(RadJ)2 = 0). Let J = ke1+· · ·+kem+RadJ be basic Jordan algebra with
(RadJ)2 = 0 and let RadJ =

∑
16i6j6mRij be the Peirce decomposition

of RadJ relative to e1, . . . , em. Then

i) J has finite representation type iff J is semi-simple Jordan algebra.
ii) J has tame representation type iff RadJ 6= 0, for any i, j dimRij 6 1;

if i 6= j and dimRij = 1 then dimRii = dimRjj = 0 and, finally,
for any j ∑

i6=j

dimRij 6 2.

Proof. By [9] any semi-simple Jordan algebra has finite representation
type. Both algebras J ii and J ij are of tame representation type, then
from Proposition 4.1, (i) if RadJ 6= 0, algebra J is of wild or tame
representation type.

Next from Remark 5.3, [11], it follows that if J1 = ke1 + · · ·+ kem +
RadJ1, J2 = ke1 + · · ·+kem+RadJ2 and J = ke1 + · · ·+kem+RadJ1 +
RadJ2 then

Q1J(J) = Q1J(J1) ⊔Q1J(J2). (13)

First we will prove that if J if of tame type then dim RadRij 6 1 for
any i, j ∈ {1, . . . ,m}. Suppose dim RadRij > 2, then if i 6= j from (13)
it follows that QJ(J) contains the following subquiver Q′ corresponding
to the vertices Cii, Cij and Cii

Q′ : • ,, ��• ,, ��ll`` •ll`` D(Q′) :

•

��''

•

��xx ''��

•

xx��• • •

By Theorem 4.2 the quotient algebra k[Q′]/Rad2(k[Q′]) is of wild
representation type thus, by Proposition 4.1(i), J has wild type as
well. If dim RadRii > 2, by (13), CiiU(J)Cii contains a wild subalge-
bra k〈x, y, z〉/〈x, y, z〉2, see Proposition 4.1 (iv). As a consequence of
Proposition 4.1 (i) J is wild.

Further, suppose that there exist i 6= j such that dim RadRij =
dim RadRii = 1. Then by (13) QJ(J) contains the following subquiver
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corresponding to the vertices Cii, Cij and Cjj .

Q′′ : • )) • ))ii
�� •ii

��
D(Q′′) :

•

��

•

���� ��

•

�� ��• • •

By Theorem 4.2, the quotient algebra k[Q′′]/Rad2(k[Q′′]) is of wild
representation type, therefore J has wild type as well. This implies
that for any tame algebra J whenever i 6= j and dimRij = 1 both
dimRii = dimRjj = 0.

Finally, suppose there exist i, j, k, l such that dimRij = dimRkj =
dimRlj = 1 then Q(J) contains the following subquiver Q′′′

Cii
++
Cijkk

,,
Cjjkk

,,





Ckjll
,,
Ckkll

Clj
++

KK

Cllll

By the double quiver arguments J has wild representation type.
Next we will show that all the remaining non-semi-simple Jordan

algebras are of tame representation type. By (13)

Q1J(S(J) +⊕16i,j6mRij) = ⊔16i,j6mQ1J(J ij),

recall that Q1J(J ij) are constructed in Example 3.5 for i = j and in
Example 3.6 for i 6= j. Moreover, if we denote by Iij the relations corre-
sponding to the quiver of algebra J ij then ⊔16i,j6mIij belongs to the set
of generators I of J . The remaining relations we have to check correspond
to the following two cases. First case, suppose there exist i, j, k such
that dimRij = dimRkj = 1. Let Rij = 〈b〉 and Rkj = 〈d〉, then denote as
CijbCjj = f , CjjbCij = h, CkjdCjj = g, CjjdCkj = l. Then we have the
following subquiver

Cij
h ,,

Cjj

g
,,

f
kk Ckj

l
ll (14)

and by Example 3.6 hf = 0 and lg = 0. Further from (2) for ei, b, c
it follows that bc = 2eicb + cbei, moreover by Lemma 3.4 (i) b and c
commute, thus fl = gh = 0. The second case to check for new relations
is when there exist i, j such that dimRii = dimRjj . Let Rii = 〈a〉 and
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Rjj = 〈c〉 and denote as CijaCij = f and CijcCij = g. Then we have the
following subquiver in the vertex corresponding to Cij

•

f

��

g

EE (15)

and by Example 3.5 f2 = g2 = 0. By Lemma 3.4 (i) b, c and ei commute
then (2) for b, c, ei provides that bc = 2eibc, this gives the relation gf = fg.
By Proposition 4.1 (ii) the quiver in (15) has tame representation type.

Further, it remains to prove that if J satisfies the condition ii) of the
theorem it is of tame representation type. Observe that such algebras
may be written and a direct sum of local algebras J ii and algebras
J i1,i2 + J i2,i3 + · · ·+ J ik−1,ik , then QJ(J) also can be viewed as a disjoint
union of quivers from Example 3.5 and (15) (both are tame) and two
quivers

Ci1i1
h ,,

Ci1i2

g
,,

f
ll Ci2i2

k ,,

m
ll Ci2i3

l
ll Cik−1ik

,,
Cikikmm

I1 = 〈hf −mg, fh, gm, lk, gh, fm,ml, kg〉,

C0i1

a ,,
C0i2

b ,,

c
ll C0i3

d
ll

I2 = 〈ac, ca, bd, db, ba, cd〉.

These quivers correspond to special biserial algebras, check Proposition 4.1,
(vi), thus are of tame representation type.

4. Appendix: quiver type glossary

In the proposition below we summarize some known facts from the
associative theory that we will need to determine the representation type
of algebras.

Proposition 4.1. Let A be a finite dimensional associative k-algebra
and k〈x1, . . . , xn〉 be the free associative algebra in n generators.

(i) If a homomorphic image of an algebra A is of wild type then so is
A. A quotient algebra of tame algebra is either tame or finite. If A
contains subalgebra of wild type then A is wild. In particular if Q(A)
contains subquiver which corresponds to wild algebra then A is wild.
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(ii) If A is a local algebra and A ≃ k〈x, y〉/I, where I = 〈yx, xy〉 or
I = 〈x2, y2〉, then A is tame.

(iii) If A is a local algebra which has a homomorphic image isomorphic
to k〈x, y〉/I, where I = 〈x2, xy − yx, y2x, y3〉, then A is wild.

(iv) The algebras k〈x, y, z〉/〈x, y, z〉2 and k〈x, y〉/〈x, y〉3 are wild.
(v) For any positive integer n, the algebra k〈x〉/〈xn〉 is of finite type.
(vi) An algebra A is called special biserial if A is isomorphic to k[Q]/R

for some quiver Q and admissible ideal R, such that
1) any vertex of Q is the starting point of at most two arrows;
2) any vertex of Q is the end point of at most two arrows;
3) if b is an arrow in Q1, then there is at most one arrow a with

ab ∈ R;
4) if b is an arrow in Q1, then there is at most one arrow c with

bc ∈ R.
Any special biserial algebra is of tame or finite representation type.

Proof. For (i) see [5], (ii)–(v) are proved in [15] and (vi) can be found in
[3, Cap. VI].

The following theorem contains the stunning result for an associative
algebra A with Rad2A = 0.

Theorem 4.2 ([6], [14]). An algebra A with Rad2A = 0 is of finite (tame)
representation type if and only if its double quiver D(Q(A)) is a disjoint
finite union of simply laced Dynkin diagrams (correspondingly simply
laced extended Dynkin diagrams).

The simply laced Dynkin diagrams (simple laced extended Dynkin
diagrams) are An, n > 1, Dn, n > 4 and En n = 6, 7, 8 (correspondingly
Ãn, n > 1, D̃n, n > 4 and Ẽn n = 6, 7, 8). Recall that for a quiver
Q = (Q0, Q1) with Q0 = {1, . . . , n}, its double quiver is defined as D(Q) =
(D(Q0), D(Q1)) where D(Q0) = {1′, . . . , n′} ∪ {1′′, . . . , n′′}, D(Q1) has
the same cardinality as Q1, and to every a ∈ Q1 with e(a) = m, s(a) = k
corresponds a unique d(a) ∈ D(Q1) with e(d(a)) = m′′ and s(d(a)) = k′.
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Abstract. We develop the theory dg algebras with enough
idempotents and their dg modules and show their equivalence with
that of small dg categories and their dg modules. We introduce the
concept of dg adjunction and show that the classical covariant tensor-
Hom and contravariant Hom-Hom adjunctions of modules over
associative unital algebras are extended as dg adjunctions between
categories of dg bimodules. The corresponding adjunctions of the
associated triangulated functors are studied, and we investigate
when they are one-sided parts of bifunctors which are triangulated
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idempotents, the perfect left and right derived categories are dual
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Small differential graded (dg) categories and their dg modules have
played a fundamental role in Mathematics for a long time. In the 70’s and
80’s of last century, they were the major tool to study matrix problems re-
lated to representation theory of algebras (see [13], [6], [3], [4],. . . ), which,
among other things, led to Drozd’s proof of the tame-wild dichotomy theo-
rem (see [3] and [4], Theorem 2). In modern times, their main importance
comes from a fundamental result of Keller (see [10, Theorem 4.3]) which
states that any compactly generated algebraic triangulated category is
equivalent to the derived category of a small dg category. That impor-
tance grew even bigger when Tabuada (see [21]) showed that the category
Dgcat of small dg categories admits a model structure on which the
weak equivalences are the so-called quasi-equivalences and Toën (see [22])
studied in depth the associated homotopy category Ho(Dgcat), showing
in particular that it had an internal Hom and deriving several applications
of this fact to Homotopy Theory and Algebraic Geometry.

By definition, a small dg category is a small category with a grading and
a differential satisfying certain conditions (see the details in next section).
But from the time of Gabriel’s thesis (see [5]) one knows that small
categories may be viewed as algebras with enough idempotents (or rings
with several objects in the spirit of [14]), and vice versa. Furthermore, if A
is such a small category then the category [Aop,Mod−K] of contravariant
functors is equivalent to Mod−A, the category of unitary right A-modules,
when A is viewed as an algebra with enough idempotents. It is natural
to expect that the mentioned one-to-one correspondence extends to the
dg setting. That requires the development of a theory of dg algebras
with enough idempotents and their dg modules. This development is, in
some sense, a demand of a part of the mathematical community. Indeed,
apart from the unavoidable technicalities concerning the use of signs, the
language of small dg categories and their dg modules is very technical
and elusive for many people and, although the terminology is sometimes
similar, concepts as dg modules or dg bimodules over small dg categories
are intuitively far from the traditional concepts of module or bimodule
over an associative algebra. This leads some mathematicians to avoid
the topic and others to present results about small dg categories and
their derived categories only in terms of dg algebras (equivalently, dg
categories with just one object). This demand is the main motivation
for these notes. They were initially thought as an appendix to a joint
paper with Alexander Zimmermann (see [20]), where we needed to use
some adjunctions between categories of dg bimodules, which we could not
find explicit in the literature of small dg categories and which became
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excessively unintuitive in that language (see [18]). As the notes grew
longer than expected, we decided to offer them as a separated paper.
Since a thorough development of the topic is out of question, we have
concentrated on the basic aspects, with emphasis on those needed for [20],
leaving aside other important features of the theory.

Our goal in the paper is to develop the basics of the theory of dg
algebras with enough idempotents and their dg modules, to show its
equivalence with the theory of small dg categories and their dg modules,
and to revisit dg functors between categories of dg modules and their
derived versions. In particular, we construct explicitly the correspondents
in the new setting of the covariant tensor-Hom and the contravariant
Hom-Hom adjunctions of (bi)module categories over algebras with unit,
together with their derived versions. Since the notes are specially aimed
at making the dg world more accessible to people that work with algebras
and modules in the classical way, even at the cost of an excessive length,
we have taken care in checking essentially all the details in proofs. This
care has been special on what concerns signs in equations, which are most
elusive for beginners and very important in the dg context, but whose
associated calculations are rarely found explicit in the literature.

The organization of the paper goes as follows. In Section 1 we recall
the definitions of dg category (not necessarily small) and dg functor.
In Section 2 we define what a dg algebra with enough idempotents is
and give its category Dg − A of right dg modules, proving in Section 3
that there is a one-to-one correspondence between small dg categories
and dg algebras with enough idempotents, and showing a dg equivalence
between Dg−A and the category CdgA of dg modules over the associated
small dg category (see Theorem 3.1). In Sections 4 and 5 we define
left dg modules and dg bimodules, respectively, and show that their
corresponding categories can be realized as categories of right dg modules.
In Section 6 we introduce the homotopy and derived category of a dg
algebra with enough idempotents, and state the corresponding version of
the mentioned Keller’s theorem (see Corollary 6.11). In Section 7 we study
derived functors of dg functors between categories of dg modules over
algebras with enough idempotents and study when they appear as ‘one-
sided part’ of a bifunctor which is triangulated on both variables. In our
approach, a fundamental role is played by the concept of dg adjunction
(see Definition 7.7). In section 8 we define the correspondents of the
classical tensor and Hom bifunctors. Concretely, we show that if A, B and
C are dg algebras with enough idempotents, then there are canonical dg
functors HOMA(?, ?) : (C −Dg −A)op ⊗ (B −Dg −A) −→ B −Dg − C
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and ?⊗B?: (C − Dg − B) ⊗ (B − Dg − A) −→ C − Dg − A, where
HOMA(M,X) := BHOMA(M,X)C is the ‘unitarization’ of the non-
unitary dg B − C-bimodule HOMA(M,X). In Section 9, we show that if
X is a dg B −A-bimodule, then we have dg adjunctions (?⊗B X : C −
Dg−B −→ C−Dg−A,HOMA(X, ?) : C−Dg−A −→ C−Dg−B) and
(HOMBop(?, X)o : B −Dg − C −→ (C −Dg − A)op,HOMA(?, X) : (C −
Dg − A)op −→ B − Dg − C), both of which give rise to adjunctions
between the corresponding derived functors (see Theorems 9.1 and 9.5).
In the final Section 10 we use the last contravariant adjunction to prove
that, for any dg algebra with enough idempotents A and taking X = A,
the adjunction (HOMAop(?, A),HOMA(?, A)) gives rise to quasi-inverse

dualities per(Aop)
∼=o

←→ per(A) between the left and right perfect derived
categories.

The paper tries to be as self-contained as possible, but some classical
concepts are used without being explicitly introduced. For the general
theory of modules over algebras, the reader is referred to [1] and [25], and
specifically for modules over nonunital rings and algebras, we refer to [24].
All right (resp. left) modules M over an algebra A will be assumed to be
unitary. That is, we will assume that MA = M (resp. AM = M). The
corresponding category is denoted by Mod−A (resp. A−Mod). When a
non-unitary module eventually appears it will be explicitly mentioned. On
what concerns graded algebras (or rings) and graded modules, the reader
is referred to [15] for the basic concepts. Although this reference deals with
graded unital rings, only a minimal adaptation is needed when passing to
graded nonunital algebras. Finally, we freely use some terminology about
triangulated categories. Basic references for this are [16] and [9, Chapter
10+ss], but, for a given triangulated category, we denote by ?[1] the shift
or suspension functor, that was denoted by Σ or T in these references.
Given a triangulated category D, a subcategory T is a thick subcategory
when it is closed under extensions, shifts and direct summands. When S
is a class of objects of D, we shall denote by thickD(S) the smallest thick
subcategory of D containing S. Recall (see [16, Definition 2.1.1]) that a
functor F : D −→ D′ between triangulated categories is a triangulated

functor when there is a natural isomorphism φF : F ◦ (?[1])
∼=−→ (?[1]) ◦F

such that, for each triangle X
u−→ Y

v−→ Z
w−→ X[1] in D, the sequence

F (X)
F (u)−→ F (Y )

F (v)−→ F (Z)
φF,X◦F (w)−→ F (X)[1] is a triangle in D′. If

F,G : D −→ D′ are triangulated functors, then a natural transformation
of triangulated functors τ : F −→ G is a natural transformation such that,
for each triangle in D as above, one has φG,X ◦ τX[1] = τX [1] ◦ φF,X . It
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is well-known, and will be frequently used through these notes, that if
τ : F −→ G is a natural transformation as above, then the class of objects
X ∈ Ob(D) such that τX is an isomorphism is a thick subcategory of D.

1. Dg categories and dg functors

In this section we collect some basic notions, mainly taken from [10]
and [12], which will be used all throughout these notes. Recall that a
differential graded (dg) K-module is a graded K-module V =

⊕
n∈Z V

n,
together with a graded K-linear map d : V −→ V of degree +1 such that
d ◦ d = 0. The category which will be indistinctly denoted by Dg −K or
CdgK has as objects the dg K-modules. Moreover each space of morphisms
HOMK(V,W ) has a structure of dg K-module given by the following
data:

i) The grading is HOMK(V,W ) =
⊕

n∈Z HOMn
K(V,W ), where

HOMn
K(V,W ) consists of the graded K-linear maps α : V −→ W

of degree n, i.e., such that α(V k) ⊆W k+n, for all k ∈ Z.
ii) The differential d : HOMK(V,W ) −→ HOMK(V,W ), which is a

graded K-linear map of degree +1 such that d ◦ d = 0, is defined
by the rule d(α) = dW ◦ α − (−1)|α|α ◦ dV , where |?| denotes the
degree, whenever α is a homogeneous element of HOMK(V,W ).

For any dg K-module V and for any n ∈ Z, one puts
dn := d|V n : V n −→ V n+1, and defines Zn(V ) := Ker(dn), Bn(V ) :=
Im(dn−1) and Hn(V ) := Zn(V )/Bn(K), which are called respectively the
(K)-module of n-cycles, the module of n-boundaries and the n-homology
module of V , respectively. We say that V is acyclic when Hn(V ) = 0, for
all n ∈ Z.

Note that if V and W are dg K-modules, the tensor product V ⊗W :=
V ⊗KW also becomes an object of Dg−K, where the grading is given by
(V ⊗W )n = ⊕i+j=nV i ⊗W j and the differential d : V ⊗W −→ V ⊗W
by the rule

dV⊗W (v ⊗ w) = d(v)⊗ w + (−1)|v|v ⊗ dW (w),

for all homogeneous elements v ∈ V and w ∈ W . All throughout these
notes, we use the unadorned symbol ⊗ to denote ⊗K . Given a dg K-
module V , one has an associated dg K-module V [1], where the grading is
given by V [1]n = V n+1, for each n ∈ Z, and where dV [1] = −dV [1]. That
is, dV [1](v) = −dV (v), for each homogeneous element v ∈ V .

The category Dg −K is the prototype of a differential graded (=dg)
category. This is any category A such that, for each pair (A,B) of its
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objects, the K-module of morphisms, denoted indistinctly by A(A,B)
or HomA(A,B), has a structure of differential graded K-module so that
the composition map A(B,C)⊗A(A,B) −→ A(A,C) (g ⊗ f  g ◦ f) is
a morphism of degree zero of the underlying graded K-modules which
commutes with the differentials. This means that d(g ◦ f) = d(g) ◦ f +
(−1)|g|g ◦ d(f) whenever g ∈ A(B,C) and f ∈ A(A,B) are homogeneous
morphisms. If A is a dg category, then the opposite dg category Aop

has the same class of objects as A and the differential on morphisms
d : Aop(A,B) = A(B,A) −→ A(B,A) = Aop(A,B) is the same as in A,
but the composition of morphisms is given as βo ◦ αo = (−1)|α||β|(α ◦ β)o,
where we use the superscript o to emphasize that a morphism is viewed
as one in Aop.

If A and B are dg categories, then the tensor product dg category
A ⊗ B has Ob(A) × Ob(B) as its class of objects and, for all pairs
(A,B), (A′, B′) ∈ Ob(A)×Ob(B), we define HomA⊗B[(A,B), (A′, B′)] =
A(A,A′)⊗ B(B,B′), with its canonical structure of dg K-module. The
composition of homogeneous morphisms in A⊗ B is given by the rule

(α1 ⊗ β1) ◦ (α2 ⊗ β2) = (−1)|α2||β1|(α1 ◦ α2)⊗ (β1 ◦ β2).

When A and B are dg categories, a dg functor F : A −→ B is a
graded functor (i.e. F (An(A,A′)) ⊆ Bn(F (A), F (A′)), for all n ∈ Z and
A,A′ ∈ Ob(A)) such that F (dA(α)) = dB(F (α)), for each homogeneous
morphism α in A. We will frequently use the following criterion for dg
functors from a tensor product dg category.

Lemma 1.1. Let A, B and C be dg categories and let F : A⊗ B −→ C
be an assignment on objects (A,B)  F (A,B) and an assignment on
homogeneous morphisms α⊗β  F (α⊗β) such that |F (α⊗β)| = |α|+|β|.
The following assertions are equivalent:

1) The given assignments define a dg functor F : A⊗ B −→ C.
2) The following conditions hold:

(a) For any fixed object A ∈ A, the assignments B  F (A,B) on
objects and β  F (1A ⊗ β) on morphisms define a dg functor
B −→ C.

(b) For any fixed object B ∈ B, the assignments A F (A,B) on
objects and α F (α⊗ 1B) on morphisms define a dg functor
A −→ C.
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(c) For all homogeneous morphisms α : A −→ A′ and β : B −→ B′,
in A and B, respectively, there is the equality

(−1)|α||β|F (1A′ ⊗ β) ◦ F (α⊗ 1B)

= F (α⊗ β) = F (α⊗ 1B′) ◦ F (1A ◦ β).

Proof. 1) =⇒ 2) Since F is a dg functor it commutes with the differentials,
so that dC(F (α⊗ β)) = F (dA⊗B(α⊗ β)), for all homogeneous morphisms
α : A −→ A′ in A and β : B −→ B′ in B. That is, we have an equality

dC(F (α⊗ β)) = F (dA(α)⊗ β) + (−1)|α|F (α⊗ dB(β)). (∗)

On the other hand, by the definition of composition of morphisms in
A⊗ B, we have an equality

(α⊗ 1B′) ◦ (1A ◦ β) = α⊗ β = (−1)|α||β|(1A′ ⊗ β) ◦ (α⊗ 1A).

Applying F to all members of this equality and using the functoriality
of F , we get condition 2.c.

We next check condition 2.a, condition 2.b following by an analogous
argument. The fact that, for fixed A ∈ A, the assignments B  F (A,B)
and β  F (1A⊗β) define a K-linear graded functor FA : B −→ C follows
directly from the functoriality of F . (The corresponding construction
fixing an object B of B is denoted FB). We just need to check the dg
condition of FA. That is, we need to prove that if B,B′ ∈ B are any two
objects, then the following square is commutative

B(B,B′)
dB //

FA

��

B(B,B′)

FA

��
C(FA(B), FA(B′))

dC // C(FA(B), FA(B′)) C(F (A,B), F (A,B′)).

Indeed we have (FA ◦ dB)(β) = F (1A ⊗ dB(β)) while

(dC ◦ FA)(β) = dC(F (1A ⊗ β))

= F (dA(1A)⊗ β) + (−1)|1A|F (1A ⊗ dB(β)) = F (1A ⊗ dB(β)),

due to the equality (∗) above and the fact that dA(1A) = 0.

2) =⇒ 1) Let α1 : A1 −→ A2 and α2 : A2 −→ A3 be homogeneous mor-
phisms in A and let β1 : B1 −→ B2 and β2 : B2 −→ B3 be homogeneous
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morphisms in B. Due to condition 2.c, we have

F [(α2 ⊗ β2) ◦ (α1 ⊗ β1)] =

= (−1)|α1||β2|F ((α2α1)⊗ (β2β1))

= (−1)|α1||β2|F ((α2α1)⊗ 1B3) ◦ F (1A1 ◦ (β2β1)))

= (−1)|α1||β2|FB3(α2α1) ◦ FA1(β2β1)

= (−1)|α1||β2|FB3(α2) ◦ FB3(α1) ◦ FA1(β2) ◦ FA1(β1)

= (−1)|α1||β2|F (α2 ⊗ 1B3) ◦ F (α1 ⊗ 1B3) ◦ F (1A1 ⊗ β2) ◦ F (1A1 ⊗ β1).

and

F (α2⊗β2)◦F (α1⊗β1)=F (α2⊗1B3)◦F (1A2⊗β2)◦F (α1⊗1B2)◦F (1A1⊗β1).

We then get that

F [(α2 ⊗ β2) ◦ (α1 ⊗ β1)] = F (α2 ⊗ β2) ◦ F (α1 ⊗ β1)

because, by condition 2.c, we have

F (1A2 ⊗ β2) ◦ F (α1 ⊗ 1B2) = (−1)|α1||β2|F (α1 ⊗ 1B3) ◦ F (1A1 ⊗ β2).

Moreover, we have F (1A ⊗ 1B) = FA(1B) = 1FA(B) = 1F (A,B), for all
A ∈ A and B ∈ B, due to the functoriality of FA : B −→ C. Therefore F
is a (clearly graded) K-linear functor A⊗ B −→ C.

It remains to check that F is a dg functor, which amounts to prove
the equality (*) above for all α and β as there. Indeed, using condition 2.c,
we have

dC(F (α⊗ β)) = dC(F (α⊗ 1B′) ◦ F (1A ⊗ β))

= dC(F (α⊗ 1B′)) ◦ F (1A ⊗ β)

+ (−1)|F (α⊗1B′ )|F (α⊗ 1B′) ◦ dC(F (1A ⊗ β))

= (dC ◦ FB
′

)(α) ◦ F (1A ⊗ β) + (−1)|α|F (α⊗ 1B′) ◦ (dC ◦ FA)(β).

But the fact that FA and FB
′

are dg functors implies that dC ◦ FB
′

=
FB

′ ◦ dA and dC ◦FA = FA ◦ dB. Then, using condition 2.c again, we have

dC(F (α⊗ β))

= (FB
′ ◦ dA)(α) ◦ F (1A ⊗ β) + (−1)|α|F (α⊗ 1B′) ◦ (FA ◦ dB)(β)

= F (dA(α)⊗ 1B′) ◦ F (1A ⊗ β)+(−1)|α|F (α⊗ 1B′) ◦ F (1A⊗dB(β))

= F (dA(α)⊗ β) + (−1)|α|F (α⊗ dB(β)),

so that the equality (∗) holds.
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Example 1.2. If A is a dg category, then the following data give a dg
functor A(?, ?) : Aop ⊗A −→ Dg −K:

1) An assignment on objects (A,A′) A(A,A′) = HomA(A,A′).
2) If α : A −→ B and α′ : A′ −→ B′ are homogeneous morphisms in A,

then A(αo⊗α′) : A(B,A′)−→A(A,B′) takes f (−1)|α|(|α′|+|f |)α′◦
f ◦ α, for each homogeneous element f ∈ A(B,A′).

Proof. For a fixed object A in A, A(?, A) = A∧ : Aop −→ CdgK = Dg−K
acts on morphisms as A∧(α)(f) = (−1)|α||f |f ◦ α whenever f and α are
composable homogeneous morphisms in A. Then A(?, A) is what Keller
calls the free right dg A-module associated to A (see [10, Section 1.1]),
today more commonly known as the representable right dg A-module
associated to A, and it is then a dg functor. Dually A∨ = A(A, ?) : A −→
CdgK = Dg −K is the representable left dg A-module, which acts on
morphisms as A∨(α)(f) = α◦f , and is then a dg functor. So conditions 2.a
and 2.b of the last lemma hold.

On the other hand, if α : A −→ B, α′ : A′ −→ A′ and f : B −→ A′ are
as in the statement, then one has

[A(αo⊗1B′)◦A(1oB⊗α′)](f) = A(αo⊗1B′)(α′◦f) = (−1)|α|(|α′|+|f |)α′◦f◦α

while

[A(1oA ⊗ α′) ◦ A(αo ⊗ 1A′)](f)

= (−1)|α||f |A(1oA ⊗ α′)(f ◦ α) = (−1)|α||f |α′ ◦ f ◦ α.

Therefore condition 2.c in last lemma also holds.

Example 1.3. Let F : A −→ A′ and G : B −→ B′ be dg functor between
dg categories. The following data define a dg functor F ⊗G : A⊗ B −→
A′ ⊗ B′:

1) On objects one defines (F ⊗G)(A,B) = (F (A), G(B)).
2) If α : A1 −→ A2 and β : B1 −→ B2 are morphisms in A and B,

respectively, then

(A ⊗ B)[(A1, B1), (A2, B2)] (A′ ⊗ B′)[(F ⊗ G)(A1, B1), (F ⊗ G)(A2, B2)]

A(A1, A2) ⊗ B(B1, B2) //A′(F (A1), F (A2)) ⊗ B′(G(B1), G(B2))

is the map given by (F ⊗G)(α⊗ β) = F (α)⊗G(β).

Proof. We do not need to use Lemma 1.1, but the definition of the
composition of morphisms in the tensor product dg category. Then a
direct proof is easy and left as an exercise.
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With each dg categoryA, one canonically associates its 0-cycle category
Z0A and its 0-homology category H0A. Both of them have the same
objects as A, and as morphisms one puts HomZ0A(A,A′) = Z0(A(A,A′))
and HomH0A(A,A′) = H0(A(A,A′)). In both cases, the composition of
morphisms is induced from that of A. If F : A −→ B is any dg functor, the
fact that it induces a morphism A(A,A′) −→ B(F (A), F (A′)) of graded
K-modules which commutes with the differentials implies that it also
induces a morphism of K-modules

HomZ0A(A,A′) = Z0(A(A,A′)) −→ Z0(B(F (A), F (A′)))

= HomZ0B(F (A), F (A′))

resp.

HomH0A(A,A′) = H0(A(A,A′)) −→ H0(B(F (A), F (A′)))

= HomH0B(F (A), F (A′)),

for all objects A,A′ ∈ Ob(A). It immediately follows that these are the
assigments on morphisms of well-defined K-linear functors Z0F : Z0A −→
Z0B and H0F : H0A −→ H0B.

The following concepts will be useful in the sequel.

Definition 1.4. Let F,G : A −→ B be dg functors between dg cate-
gories. A natural transformation of dg functors τ : F −→ G is a natural
transformation of K-linear functors such that τA : F (A) −→ G(A) is a
homogeneous morphism of zero degree in B, for each object A ∈ A. We
will say that F is a homological natural transformation of dg functors
when, in addition, τA ∈ Z0B(F (A), G(A)), for each A ∈ A.

A natural isomorphism of dg functors is a homological natural trans-
formation τ : F −→ G which is pointwise an isomorphism.

2. Dg algebras with enough idempotents and their cate-

gories of right dg modules

With ’algebra’ instead of ’ring’, the following concept is well-known
(see [24, Chapter 10, Section 49]). Note that we use the term ’distinguished
family’ instead of the term ’complete family’ used in this reference.

Definition 2.1. An algebra with enough idempotents is an algebra A
which admits a family of nonzero orthogonal idempotents (ei)i∈I such
that

⊕
i∈I eiA = A =

⊕
i∈I Aei. This family (ei)i∈I will be called a
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distinguished family of orthogonal idempotents. A graded algebra with
enough idempotents is an algebra with enough idempotents together with
a grading A =

⊕
n∈ZA

n on it such that A admits a distinguished family
of orthogonal idempotents consisting of homogeneous elements of degree 0.
Without further remark, on a graded algebra with enough idempotents we
only consider distinguished families consisting of degree zero homogeneous
idempotents.

Note that, for A as above, to say that a right (resp. left) A-module
is unitary is equivalent to say that we have an internal decomposition
M =

⊕
i∈IMei (resp. M =

⊕
i∈I eiM) as K-module. Recall that all our

modules will be unitary, unless explicitly said otherwise.
The crucial concept for us is the following:

Definition 2.2. A differential graded (dg) algebra with enough idempo-
tents is a pair (A, d), where A is a graded algebra with enough idempotents
and d : A −→ A is a morphism of degree +1 of graded K-modules, called
the differential, satisfying the following conditions: i) d◦d = 0; ii) d(ei) = 0
for all i ∈ I; and iii) (Leibniz rule) d(ab) = d(a)b+ (−1)|a|ad(b), for all
homogeneous elements a, b ∈ A.

Given a dg algebra with enough idempotents A = (A, d), the usual
opposite algebra has a canonical structure of graded algebra. However,
the differential d would not satisfy Leibniz rule when viewed as a map
do : Aop −→ Aop. This forces to redefine the concept of opposite graded
algebra with enough idempotents Aop as the one having the same underly-
ing graded K-module as A, but where the multiplication of homogeneous
elements is defined by ao · bo := (−1)|a||b|(ba)o, for all a, b ∈ A. Here we
use the upper index o to indicate that we are viewing the element as one
of the opposite graded algebra. The following is now routine:

Exercise 2.3. If (A, d) is a dg algebra with enough idempotents and
Aop is the opposite graded algebra in the above sense, then do : Aop −→
Aop is a differential making the pair (Aop, do) to be a dg algebra with
enough idempotents (with the same distinguished family of homogeneous
idempotents as A).

The following gives the definition of the tensor product of two dg
algebras with enough idempotents.

Lemma 2.4. Let A = (A, d) and B = (B, d) be two dg algebras with
enough idempotents and let A⊗B their tensor product in Dg−K. When
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one defines the multiplication of homogeneous tensors by the rule that
(a⊗b) · (c⊗d) = (−1)|b||c|ac⊗bd, A⊗B becomes a dg algebra with enough
idempotents, with the same differential as in Dg −K.

Proof. It is routine to check the associativity, so that A ⊗ B becomes
an associative graded algebra with the given multiplication. Moreover, if
(ei)i∈I and (e′

j)j∈J are distinguished families of homogeneous idempotents
of degree 0 in A andB, respectively, then (ei⊗e′

j)(i,j)∈I×J is a distinguished
family of homogeneous orthogonal idempotents of degree 0 in A⊗B. On
the other hand, the differential d : A ⊗ B −→ A ⊗ B vanishes on each
ei ⊗ e′

j It remains to check Leibniz rule. It is also routine, but for the
convenience of the reader we explicitly give the calculations:

d[(a1 ⊗ b1) · (a2 ⊗ b2)] = (−1)|b1||a2|d[(a1a2)⊗ (b1b2)]

= (−1)|b1||a2|[d(a1a2)⊗ (b1b2) + (−1)|a1|+|a2|(a1a2)⊗ d(b1b2)]

= (−1)|b1||a2|[(d(a1)a2 + (−1)|a1|a1d(a2))⊗ (b1b2)]

+ (−1)|b1||a2|+|a1|+|a2|[(a1a2)⊗ (d(b1)b2 + (−1)|b1|b1d(b2))]

= (−1)|b1||a2|d(a1)a2 ⊗ b1b2

+ (−1)|b1||a2|+|a1|a1d(a2)⊗ b1b2

+ (−1)|b1||a2|+|a1|+|a2|a1a2 ⊗ d(b1)b2

+ (−1)|b1||a2|+|a1|+|a2|+|b1|a1a2 ⊗ b1d(b2).

while, on the other side, we have:

d(a1 ⊗ b1) · (a2 ⊗ b2) + (−1)|a1|+|b1|(a1 ⊗ b1) · d(a2 ⊗ b2)

= [d(a1)⊗ b1 + (−1)|a1|a1 ⊗ d(b1)] · (a2 ⊗ b2)

+ (−1)|a1|+|b1|(a1 ⊗ b1) · [d(a2)⊗ b2 + (−1)|a2|a2 ⊗ d(b2)]

= (−1)|b1||a2|d(a1)a2 ⊗ b1b2

+ (−1)|a1|(−1)(|b1|+1)|a2|a1a2 ⊗ d(b1)b2

+ (−1)|a1|+|b1|(−1)|b1|(|a2|+1)a1d(a2)⊗ b1b2

+ (−1)|a1|+|b1|(−1)|a2|(−1)|b1||a2|a1a2 ⊗ b1d(b2).

Therefore Leibniz rule holds for the given multiplication in A⊗B.

Associated with any graded algebra with enough idempotents A, we
have the category Gr−A of graded right A-modules, where the morphisms
between two objects M and N are the homomorphisms of right A-modules
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f : M −→ N such f(Mn) ⊆ Nn, for all n ∈ Z. The category Gr − A
comes with a shift functor ?[1] : Gr − A −→ Gr − A. For each graded
right A-module M , M [1] has the same underlying (ungraded) A-module
as M , but the grading on M [1] is given by M [1]n = Mn+1, for all n ∈ Z.
The action of ?[1] on morphisms is the identity. It is clear that ?[1] is
an equivalence of categories, which allows to define the iterated powers
?[n] = (?[1])n, for all n ∈ Z. We then form the graded category GR−A. Its
objects are the same as in Gr−A and, given two graded right A-modules
M and N , we define

HOMA(M,N) :=
⊕

n∈Z

HomGr−A(M,N [n])

as space of morphisms in GR−A. On this space of morphisms we have an
obvious grading given by HOMn

A(M,N) := HomGr−A(M,N [n]), for each
n ∈ Z. The composition g ◦ f in GR−A of two homogeneous morphisms
f : M −→ N [n] and g : N −→ P [p] is defined as the composition g[n] ◦ f
in Gr−A.

Definition 2.5. Let A = (A, d) be a dg algebra with enough idempotents.
A right (resp. left) differential graded (dg) A-module is a pair (M,dM )
consisting of a graded right (resp. left) A-module M =

⊕
n∈ZM

n together
with a morphism dM : M −→ M [1] in Gr − K such dM ◦ dM = 0 and
dM (xa) = dM (x)a+(−1)|x|xd(a) (resp. dM (ax) = d(a)x+(−1)|a|adM (x)),
for all homogeneous elements x ∈M and a ∈ A.

Suppose that A is a dg algebra with enough idempotents and that
M is a right dg A-module. The graded right A-module M [1] with its
differential dM [1] = −dM as dg K-module (see Section 1) becomes a right
dg A-module. Indeed, if one has x ∈M [1]n = Mn+1 and a ∈ Ap, then

dM [1](xa) = −dM (xa) = −[d(x)a+ (−1)n+1xd(a)]

= −d(x)a+ (−1)nxd(a) = dM [1](x)a+ (−1)|x|xd(a),

where |x| = n is the degree of x in M [1]. In this way, we get a functor
?[1] : Dg−A −→ Dg−A which is ’almost’ a dg functor, in the sense that
if d : HOMA(M,N) −→ HOMA(M,N) and δ : HOMA(M [1], N [1]) −→
HOMA(M [1], N [1]) are the respective differentials on Hom spaces, then
δ(f [1]) = −d(f)[1], for each homogeneous morphism f ∈ HOMA(M,N).
The reader is referred to section 4 to see that the corresponding functor
for left dg modules produces suprising effects.
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Proposition 2.6. Let A be a dg algebra with enough idempotents. The
following data give a dg category Dg − A, the dg category of right dg
A-modules:

• The objects of Dg−A are the right dg A-modules (see Definition 2.5);
• The morphisms in Dg−A and the composition of them is defined

as in the category GR −A.
• For each pair (M,N) of objects, the differential

d : HOMA(M,N) −→ HOMA(M,N)

on Hom spaces is defined by the rule d(f) = dN ◦ f − (−1)|f |f ◦ dM ,
for each homogeneous morphism f .

Proof. We first need to check that the differential on Hom spaces is well-
defined, i.e. that d(f) is a homomorphism of graded right A-modules,
which is homogeneous of degree |f |+ 1, whenever f ∈ HOMA(M,N) is
homogeneous. Indeed if x ∈ M and a ∈ A are homogeneous elements,
then we have:

d(f)(xa) = [dN ◦ f − (−1)|f |f ◦ dM ](xa)

= dN (f(x)a)− (−1)|f |f(dM (xa))

= dN (f(x))a+ (−1)|f |+|x|f(x)d(a)− (−1)|f |f(dM (x)a

+ (−1)|x|xd(a))

= (dN ◦ f)(x))a+ (−1)|f |+|x|f(x)d(a)− (−1)|f |(f ◦ dM )(x)a

− (−1)|f |+|x|f(x)d(a)

= (dN ◦ f)(x))a− (−1)|f |(f ◦ dM )(x)a

= d(f)(x)a.

Then d(f) is a homogeneous morphism in GR−A, clearly of degree |f |+1.

Given the fact that the differential on HOMA(M,N) is the restriction
of the differential on HOMK(M,N) and that the composition of morphism
in Dg − A is defined as in Dg −K, and the latter is a dg category, the
equality

d(g ◦ f) = d(g) ◦ f + (−1)|g|g ◦ d(f), (∗)

holds for all homogeneous morphisms f ∈ HOMA(M,N) and g ∈
HOMA(N,P ). Then Dg −A is also a dg category.



76 Dg algebras with enough idempotents

3. Dg algebras with enough idempotents versus small dg

categories

Let A = (A, d) be a dg algebra with enough idempotents on which we
fix a distinguished family of orthogonal idempotents (ei)i∈I , which are
homogeneous of degree zero and such that d(ei) = 0, for all i ∈ I. We can
view A as a small dg category as follows:

• The set of objects is Ob(A) = I;
• If i, j ∈ A, the set of morphisms of degree n from i to j is An(i, j) :=
ejA

nei, for all n ∈ Z;
• The composition map A(j, k)×A(i, j) = ekAej×ejAei −→ ekAei =
A(i, k) is the multiplication map.
• The differential d : A(i, j) = ejAei −→ ejAei = A(i, j) is the differ-

ential of A as a dg algebra, for all i, j ∈ I.

It is routine to check that the data above make A into a small dg
category. Conversely, let A be a small dg category. We can view A as a
dg algebra with enough idempotents as follows:

• The elements of A are those of
⊕

A,B∈Ob(A)A(A,B), and we put

An =
⊕

A,B∈Ob(A)

An(A,B)

for the K-module of elements of degree n in A, for all n ∈ Z.
• The multiplication in A extends by K-linearity the composition of

morphisms in A.
• The differential d : A −→ A is the direct sum of the differentials
dA,B : A(A,B) −→ A(A,B), as A,B vary on the set of objects of A.

It is routine to see that the data above make A into a dg algebra with
enough idempotents, where the identities eA := 1A (A ∈ Ob(A)) form a
distinguished family of orthogonal idempotents of degree zero. Note that
we have A(A,B) = eBAeA.

The processes explained above of passing from dg algebras with enough
idempotents to small dg categories, and viceversa, are clearly inverse to
each other. This allows us to pass freely from one language to the other.
Note, in particular, that the opposite dg algebra with enough idempotent
corresponds to the opposite dg category by this bijective correspondence.

To be consistent with our notation in the previous section, we shall
denote by Gr −K the category of graded K-modules with degree zero
morphisms and GR −K the graded category with the same objects and
where, for each pair (V,W ) of objects, the graded K-module of morphisms



M. Saorín 77

is
HOMK(V,W ) =

⊕

p∈Z

HOMp
K(V,W ),

where HOMp(V,W ) = HomGr−K(V,W [p]) consists of those morphisms
of K-modules f : V −→W such that f(V n) ⊆ V n+p, for all n ∈ Z. Note
that GR −K is just the underlying graded category of the dg category
Dg −K.

Given a small dg category A, a graded right A-module was defined
in [10] as a graded functor M : Aop −→ GR −K. The category GA has
as objects the graded right A-modules and as morphisms their natural
transformations. Note that, by definition, if f : M −→ N is a morphism
in GA then fA : M(A) −→ N(A) is a morphism in Gr−K, for each A ∈
Ob(A). The category GA comes with a graded functor ?[1] : GA −→ GA
given on objects by the rule M [1](A) = M(A)[1]. If ao ∈ Aop(A,B) =
A(B,A) is a homogeneous element, then M [1](ao) : M(A)[1] −→M(B)[1]
is the map (−1)|a|M(ao) : M(A) −→ M(B). We claim that with this
definition we have a well-defined graded right A-module. Indeed, if bo ∈
Aop(B,C) = A(C,B) is another homogeneous element, then we have

M [1](bo ◦ ao) = (−1)|a||b|M [1]((a ◦ b)o) = (−1)|a||b|(−1)|a|+|b|M((a ◦ b)o)
= (−1)|a|+|b|M [(−1)|a||b|(a ◦ b)o] = (−1)|a|+|b|M(bo ◦ ao)

while
M [1](bo) ◦M [1](ao) = (−1)|a|+|b|M(bo) ◦M(ao).

Therefore M [1] is a well-defined graded right A-module. Note the
discrepancy of the definition of M [1] with the definition in [10]. The assign-
ment M  M [1] extends to an auto-equivalence of categories GA −→ GA
which acts as the identity on morphisms. Then the graded category GraA
was defined in [10] as the one having the same objects as GA and as graded
K-module of morphisms HomGraA(M,N) =

⊕
n HomGA(M,N [n]), where

the composition of homogeneous element is given as g ◦ f = g[p] ◦ f ,
provided |f | = p.

A dg functor M : Aop −→ Dg − K is called a right dg A-
module. It becomes an object of GraA when considering the

composition Aop M−→ Dg − K forgetful−→ GR − K. The category CdgA
(see [12]), denoted DifA in [10], has as objects the right dg A-
modules with spaces of morphisms HomCdgA(M,N) = HomGraA(M,N),
where the differential d : HomCdgA(M,N) −→ HomCdgA(M,N) acts as

d(f) = dN ◦ f − (−1)|f |f ◦ dM . Note that one extends ?[1] from GraA to
?[1] : CdgA −→ CdgA, by defining the differential as dM [1] = −dM [1].
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Theorem 3.1. Let A = (A, d) be a graded algebra with enough idempo-
tents, where (ei)i∈I is a fixed distinguished family of orthogonal idempo-
tents, all of them homogeneous of zero degree and annihilated by d. We
also view A as a dg category with Ob(A) = I as described above. Let
M,N be arbitrary objects of Dg −A and f : M −→ N be a homogeneous
morphism in this category. The following assertions hold:

1) The assignments i M̃(i) := Mei, and

eiA
nej −→ Homn

GR−K(Mei,Mej),

ao  M̃(ao), where M̃(ao)(x) = (−1)|a||x|xa for each x ∈ Mei
homogeneous, define a dg functor M̃ : Aop −→ CdgK and, hence, an
object of CdgA.

2) If f̃ = (f̃i)i∈I , where f̃i := f|Mei
: M̃(i) = Mei −→ Nei = Ñ(i), for

each i ∈ I, then f̃ is a morphism M̃ −→ Ñ of degree |f | in CdgA.

3) The assignments M  M̃ and f  f̃ of the two previous assertions

define an equivalence of dg categories Dg −A ∼=−→ CdgA.

Proof. 1) We first prove that M̃ is a graded functor between the underlying
graded categories of A and CdgK = Dg −K, for which we just need to

check that M̃(bo ◦ ao) = M̃(bo) ◦ M̃(ao) whenever ao ∈ Aop(i, j) = eiAej
and bo ∈ Aop(j, k) = ejAek are homogeneous elements, where i, j, k ∈ I.
Note that both sides of the desired equality are then K-linear maps
M̃(i) = Mei −→Mek = M̃(k). When applying them to a homogeneous
element x ∈Mei, we have:

M̃(bo ◦ ao)(x) = (−1)|a||b|M̃((ab)o)(x) = (−1)|a||b|(−1)|ab||x|x(ab)

= (−1)|a||b|+|a||x|+|b||x|x(ab) = (−1)|a||x|(−1)|b||xa|(xa)b

= (−1)|a||x|M̃(bo)(xa) = M̃(bo)[(−1)|a||x|xa] = (M̃(bo) ◦ M̃(ao))(x)

The desired equality then holds due to the fact that M is a right A-module.

In order to see that M̃ is a dg functor, we need to check that it
commutes with the differentials on Hom spaces of Aop and CdgK. That is,

that if a ∈ eiAej = Aop(i, j) is a homogeneous element, then M̃(d(a)o) =

d
HOMK(M̃(i),M̃(j))

(M̃(a)). To check this equality, we evaluate the two maps
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on a homogeneous element x ∈ M̃(i) = Mei. We then have:

d
HOMK(M̃(i),M̃(j))

(M̃(ao))(x)

= [dMej
◦ M̃(ao)− (−1)|M̃(ao)|M̃(ao) ◦ dMei

](x)

= dM ((−1)|a||x|xa)− (−1)|a|(−1)|a||dM (x)|dM (x)a

= (−1)|a||x|(dM (xa)− dM (x)a) = (−1)|a||x|(−1)|x|xd(a)

= (−1)(|a|+1)|x|xd(a) = (−1)|d(a)||x|xd(a) = M̃(d(a)o)(x),

as desired.
2) In order to prove this assertion, we first show that M̃ [1] is isomor-

phic to M̃ [1]. On objects, we have M̃ [1](i) = M [1]ei = Mei[1] = M̃ [1](i),
for each i ∈ I. On the other hand, if ao ∈ Aop(i, j) = eiAej and

x ∈ M̃ [1](ei) = Mei are homogeneous elements, then we have that

M̃ [1](ao)(x) = (−1)|a||x|M [1]xa, where |x|M [1] denotes the degree of x as
an element of M [1]. We know that |x|M [1] = |x|−1, where |x| is the degree

of x as an element of M . Therefore we have M̃ [1](ao)(x) = (−1)|a|(|x|−1)xa.
On the other side, by definition of the shift in Gra −K, we have that
M̃ [1](ao) = (−1)|a|M̃(ao). It follows that

(M̃ [1])(ao)(x) = (−1)|a|M̃(ao)(x) = (−1)|a|(−1)|a||x|xa.

As a consequence, we have that M̃ [1](ao)(x) = (M̃ [1])(ao)(x).
Let ao ∈ Aop(i, j) = eiAej be homogeneous and assume that |f | = n,

that is, that f : M −→ N [n] is a morphism in Gr−A. We need to prove
that the following diagram in Gr−K is commutative:

M̃(i)
f̃i //

M̃(a◦)
��

Ñ [n](i)

(Ñ [n])(a◦)
��

M̃(j)
f̃j // Ñ [n](j)

Indeed, for each x ∈ M̃(i) = Mei homogeneous, we have

(f̃j ◦ M̃(ao))(x) = f̃j((−1)|a||x|Mxa) = (−1)|a||x|M f(xa),

and, using the previous paragraph, we also have

(Ñ [n](ao) ◦ f̃i)(x) = (Ñ [n](ao) ◦ f̃i)(x)

= Ñ [n](ao)(f(x)) = (−1)|a||f(x)N [n]|f(x)a.
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Note that |f(x)|N [n] = |x|M because f : M −→ N [n] is a morphism of
degree zero. On the other hand, the product f(x)a is considered in the
graded right A-module N [n]. The commutativity of the desired diagram
follows from that fact that f : M −→ N [n] is a morphism of right A-
modules.

3) Since the definition of (?)̃ on morphisms is the ‘identity’, i.e.
f̃i : M̃(i) = Mei −→ Ñ(i) = Nei is just the restriction of f to Mei,
we readily see that we have a well-defined K-linear functor between the
underlying graded categories (?)̃ : GR − A −→ Gra − A. This functor
is clearly graded since |f̃ | = |f | for each homogeneous morphism f in
GR −A. Moreover the differential of the graded K-module Mei = M̃(i)
is the same when coming from M that when coming from M̃ . Again the
fact that the action of (?)̃ on morphisms is the identity implies that (?)̃
commutes with the differentials on Hom spaces. That is, it is actually a
dg functor Dg−A −→ CdgA.

On the other hand, the ‘identity’ condition on the action on morphisms
immediately implies that (?)̃ is a faithful functor. We shall now prove

that (?)̃ is full. If ψ : M̃ −→ Ñ [n] is a morphism in GA, then for each
ao ∈ Aop(i, j) = eiAej , we have that ψj ◦ M̃(ao) = Ñ [n](ao) ◦ ψi. When

applying both members of this equality to an element x ∈ M̃(i) = Mei,
we get that

(ψj ◦ M̃(ao))(x) = ψj [(−1)|a||x|Mxa] = (−1)|a||x|Mψj(xa)

while

(Ñ [n](ao) ◦ ψi)(x) = (Ñ [n](ao) ◦ ψi)(x) = (−1)|a||ψi(x)|N [n]ψi(x)a.

Bearing in mind that |ψi(x)|N [n] = |x|M , we conclude thatψj(xa) = ψi(x)a.
This means that if we define f : M =

⊕
i∈IMei −→

⊕
i∈I N [n]ei = N [n]

as the direct sum of the ψi : Mei = M̃(i) −→ Ñ [n](i) = N [n]ei, then f is
a morphism of graded right A-modules such that f̃ = ψ. We showed that
the functor (?)̃ is also full.

It remains to check that (?)̃ is a dense functor. Let F be an object of
CdgA and consider the dg K-module MF :=

⊕
i∈I F (i). We endow MF

with a structure of graded right A-module as follows. Given x ∈ F (i) and
ao ∈ Aop(j, k) = ejAek, we define xa := (−1)|a||x|δijF (ao)(x), where δij is
the Kronecker symbol. Then one extends this multiplication byK-linearity.
In order to see that this rule gives M := MF the structure of a graded
right A-module, we just need to consider x ∈ F (i) = Mei, a ∈ eiAej
and b ∈ ejAek homogeneous elements and check that x(ab) = (xa)b.
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Indeed, bearing in mind that (ab)o = (−1)|a||b|(bo ◦ ao) when looking at
the elements of A as morphism in the underlying graded K-category, we
have an equality

x(ab) = (−1)|ab||x|F ((ab)o)(x) = (−1)|ab||x|(−1)|a||b|F (bo ◦ ao)(x)

= (−1)|a||x|+|b||x|+|a||b|[F (bo) ◦ F (ao)](x)

= (−1)|b||xa|(−1)|a||x|F (bo)(F (ao)(x))

= (−1)|b||xa|F (bo)(xa) = (xa)b,

which shows that x(ab) = (xa)b as desired.
We claim that the differential d = ⊕dF (i) : M = ⊕i∈IF (i) −→

⊕i∈IF (i) = M satisfies Libniz rule, thus making M into a right dg A-
module. To see this, note that since F : Aop −→ CdgK is a dg functor we
have an equality δ(F (ao)) = F (d(a)o), for any morphism ao ∈ Aop(i, j) =
eiAej , where d : eiAej −→ eiAej is the restriction of the differential of A
and δ : HOMK(F (i), F (j)) = HOMK(Mei,Mej) −→ HOMK(Mei,Mej)
is the differential on Hom spaces of CdgK. We then have that F (d(a)o) =
dMej

◦F (ao)−(−1)|F (ao)|F (ao)◦dMei
. Bearing in mind that |F (ao)| = |a|,

when making act both members of the last equality on a homogeneous
element x ∈Mei, we have

(−1)|d(a)||x|xd(a) = (−1)|a||x|dMej
(xa)− (−1)|a|(−1)|dMei

(x)||a|dMei
(x)a.

Cancelling (−1)|a||x| from this equality, we get that

(−1)|x|xd(a) = dM (xa)− dM (x)a,

from which Leibniz rule immediately follows.
The fact that M̃F

∼= F follows in a straightforward way, and hence
(?)̃ is a dense functor.

Remark 3.2. Note that the equivalence of categories (?)̃ : Dg −A −→
CdgA given by Theorem 3.1 takes eiA to the representable dg A-module
i∧ : A(?, i) : Aop −→ CdgK = Dg −K (see Example 1.2 and its proof).

4. Right versus left dg modules

From the definition of left dg A-module we get the following:

Lemma 4.1. If (M,dM ) is a left dg A-module, then it is a right dg
Aop-module with the multiplication map M ⊗ Aop −→ M defined as
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(x, ao)  xao := (−1)|a||x|ax, for all homogeneous elements a ∈ A and
x ∈ M . Conversely, if (M,dM ) is a right dg Aop-module, then it is a
left dg A-module, where the multiplication map A ⊗ M −→ M takes
(a, x) ax := (−1)|a||x|xao, for a and x as above.

Proof. We just prove the first implication, the reverse one being then
clear. Given x ∈M and a, b ∈ A homogeneous elements, we have:

(xao)bo = (−1)|xao||b|b(xao) = (−1)(|x|+|a|)|b|)(−1)|x||a|b(ax)

and

x(aobo) = (−1)|a||b|x(ba)o = (−1)|a||b|(−1)|x||ba|(ba)x

= (−1)|a||b|(−1)|x|(|b|+|a|)(ba)x.

Therefore we have (xao)bo = x(aobo). Since up to here the differential has
played no role, we have actually proved that any graded left A-module is
a graded right Aop-module.

We next check that the differential of M as a left A-module satisfies
Leibniz rule as a right Aop-module. We have that

dM (xao) = (−1)|x||a|dM (ax) = (−1)|x||a|[d(a)x+ (−1)|a|adM (x)],

while we have

dM (x)ao + (−1)|x|xd(a)o

= (−1)(|x|+1)|a|adM (x) + (−1)|x|(−1)|x|(|a|+1)d(a)x,

so that dM (xao) = dM (x)ao + (−1)|x|xd(a), for all homogeneous elements
x ∈M and ao ∈ Aop.

As with graded right A-modules, one first defines the category A−Gr
of graded left A-modules, where morphisms are the graded morphisms
of zero degree. By the sign trick of the previous lemma this category
should be canonically identified with Gr−Aop. We next need to define
a shift functor ?[1] : A − Gr −→ A − Gr which, viewed as a functor
Gr−Aop −→ Gr−Aop, coincides with the shift for graded right modules
(see the paragraph after the proof of Lemma 2.4). This forces the definition
of the multiplication map A ⊗M [1] −→ M [1] ((a, x)  a · x). Indeed
we will have a · x = (−1)|a||x|M [1]xao. But the multiplication xao is the
same in M [1] and M , due the the definition of ?[1] for graded right Aop-
modules. Then in M we have xao = (−1)|a||x|Max, where ax is given by
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the multiplication A ⊗M −→ M . We then get that the multiplication
map in M [1] is given by

a · x = (−1)|a||x|M [1](−1)|a||x|Max = (−1)|a|ax,

where ax is the multiplication in M .

This readily gives a graded K-category A − GR whose objects are
the objects of A−Gr and where the space of morphisms HomAop(M,N)
between two objects M and N is graded in such a way that the n-
th homogeneous component is HOMn

Aop(M,N) = HomA−Gr(M,N [n]).
Note that, viewing an element f ∈ HomA−Gr(M,N [n]), as a morphism
f : M −→ N of degree n, we have

f(ax) = ((−1)|a|)naf(x) = (−1)|f ||a|af(x),

for all homogeneous elements a ∈ A and x ∈M . This is due to the fact
that the multiplication map A⊗N [n] −→ N [n] acts as

a · y = ((−1)|a|)nay = (−1)naay,

for all homogeneous elements a ∈ A and y ∈ N [n], where ay is the product
in N .

Remark 4.2. We have an obvious forgetful functor A−Gr −→ A−Mod
acting as the identity on objects and morphisms. However, we have such
a functor for the category A−GR only in case A is evenly graded (i.e.
A2k+1 = 0, for all k ∈ Z). In the general case one has a forgetful ‘pseudo-
functor’ A−GR −→ A−Mod. It acts as the identity on objects, but takes
f  f̂ , where f̂(x) = (−1)|f ||x|f(x), for all homogeneous elements f ∈
HOMAop(M,N) and x ∈M (note that f̂ is a morphism in Mod−A). This

assignment satisfies the equality ĝ ◦ f = (−1)|f ||g|ĝ◦f̂ , for all homogeneous
morphisms f, g in A−GR. The ultimate reason for this disruption is that
Aop is not the opposite algebra of A as an ungraded algebra.

We have essentially proved the following expected result.

Proposition 4.3. Let A be a dg algebra with enough idempotents. The
following data give a dg category A − Dg which is equivalent to the dg
category Dg −Aop:

• The objects of A−Dg are the left dg A-modules (see Definition 2.5);
• The morphisms in A−Dg are defined as in the category A−GR;
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• For each pair (M,N) of objects, the differential d : HomAop(M,N)→
HomAop(M,N) on Hom spaces is defined by the rule d(f) := dN ◦
f − (−1)|f |f ◦ dM .

Proof. Once we identify the objects of A−Dg with those of Dg−Aop, we
only need to identify the spaces of morphisms in A−GR and GR −Aop

for the differential d : HomAop(M,N) −→ HomAop(M,N) is just the
restriction of that of the dg K-module HOMK(M,N). Indeed, if f : M −→
N is a homogeneous morphism in A−GR, then

f(xao) = (−1)|a||x|f(ax) = (−1)|a||x|(−1)|a||f |af(x)

= (−1)|a||f(x)|af(x) = f(x)ao.

As in the case of right modules, the shift functor ?[1] : A−Gr −→ A−Gr
extends to a functor ?[1] : A−Dg −→ A−Dg such that d(f [1]) = −d(f)[1],
for all homogeneous f ∈ HOMAop(M,N), where d is the differential on
Hom spaces.

5. Dg bimodules

Definition 5.1. Let A and B be dg algebras with enough idempotents. A
graded A−B-bimodule is graded K-module M together with the following
data:

1) A morphism of gradedK-vector spaces µleft : A⊗M −→M (a⊗x 
ax) making M into a graded left A-module,

2) and a morphism of graded K-vector spaces µright : M ⊗B −→M
(x⊗ b xb) making M into a graded right B-module,

3) such that (ax)b = a(xb), for all (a, x, b) ∈ A×M ×B.
A differential graded (dg) A−B-bimodule is a pair (M,dM ) consisting of
a graded A−B-bimodule M and a morphism dM : M −→M in GR−K
of degree +1, called the differential, such that dM ◦ dM = 0 and

dM (axb) = dA(a)xb+ (−1)|a|adM (x)b+ (−1)|a|+|x|axdB(b),

for all homogeneous elements a ∈ A, x ∈ M and b ∈ B. This latter
formula is called Leibniz rule (for the the dg bimodule).

As in the case of right or left dg modules, we successively consider
the category A−Gr−B of graded A−B−bimodules with morphisms of
zero degree, the graded category A−GR−B, where HOMA−B(M,N) :=
HomA−GR−B(M,N) is the graded K-module with n-th homogeneous
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component HOMn
A−B(M,N) = HomA−Gr−B(M,N [n]), for each n ∈ Z,

and where g ◦ f := g[p] ◦ f in case f and g are homogeneous elements of
HOMA−B(M,N), with |f | = p. Finally, A−Dg − B will denote the dg
category whose objects are the dg A−B−bimodules with morphisms as
in A−GR −B.

Proposition 5.2. Let A and B be dg algebras with enough idempotents.
The following three terms ‘are’ synonymous:

1) Dg A−B-bimodule;
2) Right dg B ⊗Aop-module;
3) Left dg A⊗Bop-module.

In particular, there are equivalences of dg categories

Dg − (B ⊗Aop) ∼= A−Dg −B ∼= (A⊗Bop)−Dg.

Proof. We define the map Φ: A ⊗ Bop −→ (B ⊗ Aop)op by the rule
Φ(a⊗ bo) = (−1)|a||b|(b⊗ ao)o, for all homogeneous elements a ∈ A and
b ∈ B. We will prove that Φ is an isomorphism of dg algebras, which will
imply that left dg A⊗Bop-module is synonymous of right dg B ⊗Aop-
module using Proposition 4.3. We clearly have that Φ a morphism (of
zero degree) of graded K-modules. Moreover, if a1, a2 ∈ A and b1, b2 ∈ B
are homogeneous elements, then we have equalities

Φ[(a1 ⊗ bo1) · (a2 ⊗ bo2)] = (−1)|b1||a2|Φ(a1a2 ⊗ bo1bo2)

= (−1)|b1||a2|+|b1||b2|Φ(a1a2 ⊗ (b2b1)o)

= (−1)|b1||a2|+|b1||b2|+(|a1|+|a2|)(|b1|+|b2|)[b2b1 ⊗ (a1a2)o]o

and

Φ(a1 ⊗ bo1) · Φ(a2 ⊗ bo2)

= (−1)|a1||b1|+|a2||b2|(b1 ⊗ ao1)o · (b2 ⊗ ao2)o

= (−1)|a1||b1|+|a2||b2|+(|b1|+|a1|)(|b2|+|a2|)[(b2 ⊗ ao2)(b1 ⊗ ao1)]o

= (−1)|a1||b1|+|a2||b2|+(|b1|+|a1|)(|b2|+|a2|)+|a2||b1|[b2b1 ⊗ ao2ao1]o

= (−1)|a1||b1|+|a2||b2|+(|b1|+|a1|)(|b2|+|a2|)+|a2||b1|+|a1||a2|[b2b1⊗(a1a2)o]o.

We compare the signs of the two expressions.

|a2||b1|+ |b1||b2|+ |a1||b1|+ |a1||b2|+ |a2||b1|+ |a2||b2|
= |b1||b2|+ |a1||b1|+ |a1||b2|+ |a2||b2|
= |a1||b1|+ |a2||b2|+ |b1||b2|+ |b1||a2|+ |a1||b2|+ |a1||a2|

+ |a2||b1|+ |a1||a2|
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We conclude that Φ is a (clearly bijective) homomorphism of graded
algebras. In order to prove that it is actually an isomorphism of dg
algebras, we need to check that it is compatible with the differentials.
Indeed, if a ∈ A and b ∈ B are homogeneous elements, then we have

[d ◦ Φ](a⊗ bo) = (−1)|a||b|d[(b⊗ ao)o]
= (−1)|a||b|[(d(b)⊗ ao)o + (−1)|b|(b⊗ d(a)o)o]

= (−1)|a||b|(d(b)⊗ ao)o + (−1)(|a|+1)|b|(b⊗ d(a)o)o

= (−1)(|a|+1)|b|(b⊗ d(a)o)o + (−1)|a|+|a|(|b|+1)(d(b)⊗ ao)o

= Φ[d(a)⊗ bo + (−1)|a|a⊗ d(b)o] = [Φ ◦ d](a⊗ bo)

which shows that Φ ◦ d = d ◦ Φ and, hence, that Φ is an isomorphism of
dg algebras.

If M is a dg A−B-bimodule, then we define a multiplication map M⊗
(B⊗Aop) −→M which takes x⊗ b⊗ao  x(b⊗ao) := (−1)(|x|+|b|)|a|axb,
whenever x ∈ M , b ∈ B and a ∈ A are homogeneous elements. We
claim that this map endows M with a structure of graded right B ⊗Aop-
module. For this we just need to check the equality x[(b1⊗ao1)(b2⊗ao2)] =
[x(b1 ⊗ ao1)](b2 ⊗ ao2), for all homogeneous elements a1, a2 ∈ A, b1, b2 ∈ B
and x ∈M . Indeed we have:

x[(b1 ⊗ ao1)(b2 ⊗ ao2)] = (−1)|a1||b2|x[b1b2 ⊗ ao1ao2]

= (−1)|a1||b2|+|a1||a2|x[b1b2 ⊗ (a2a1)o]

= (−1)|a1||b2|+|a1||a2|+(|x|+|b1|+|b2|)(|a1|+|a2|)a2a1xb1b2

= (−1)(|x|+|b1|)|a1|+(|a1|+|x|+|b1|+|b2|)|a2|a2a1xb1b2

= (−1)(|x|+|b1|)|a1|a1xb1(b2 ⊗ ao2) = [x(b1 ⊗ ao1)](b2 ⊗ ao2)

We conclude that the above mentioned multiplication map endows M
with a structure of graded right B ⊗Aop-module. We finally check that
the differential dM : M −→ M satisfies Leibniz rule dM [x(b ⊗ ao)] =
dM (x)(b⊗ ao) + (−1)|x|xd(b⊗ ao), for all homogeneous elements x ∈M ,
b ∈ B and a ∈ A. Indeed we have an equality

dM (x)(b⊗ ao) + (−1)|x|xd(b⊗ ao)
= (−1)(|x|+1+|b|)|a|adM (x)b+ (−1)|x|x[d(b)⊗ ao + (−1)|b|b⊗ d(a)o]

= (−1)(|x|+1+|b|)|a|adM (x)b+ (−1)|x|(−1)(|x|+|b|+1)|a|axd(b)

+ (−1)|x|+|b|(−1)(|x|+|b|)(|a|+1)d(a)xb
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= (−1)(|x|+|b|)|a|[(−1)|a|adM (x)b+ (−1)|x|+|a|axd(b)

+ (−1)2(|x|+|b|)d(a)xb]

= (−1)(|x|+|b|)|a|d(axb) = dM [x(b⊗ ao)]

where the last equation holds by the definition of right B ⊗Aop-module
structure on M . Then (M,dM ) is a right dg B ⊗Aop-module.

Obviously, one can reverse the arguments step by step, so that if X is a
right dg B⊗Aop-module, then it is also a dg A−B-bimodule when taken
with multiplication axb = (−1)(|x|+|b|)|a|x(b ⊗ ao), for all homogeneous
elements a ∈ A, x ∈M and b ∈ B.

Remark 5.3. We emphasize the structures of right dg B ⊗Aop-module
and left dg A⊗Bop-module coming from Proposition 5.2 and its proof. If
M is a dg A−B-bimodule and a ∈ A, b ∈ B and x ∈M are homogeneous
elements, then we have:

1) x(b⊗ ao) = (−1)(|x|+|b|)|a|axb;
2) (a⊗ bo)x = (−1)|b||x|axb.

Indeed the first equality appears in the proof of Proposition 5.2 and then,
by Proposition 4.3, we have a structure of left dg (B ⊗ Aop)op-module
on M . Using then the isomorphism Φ: A ⊗ Bop −→ (B ⊗ Aop)op from
the proof of , we make M into a left dg A⊗Bop-module. The reader can
check that this module structure is given by equality 2.

Example 5.4. If A is a dg algebra with enough idempotents, then it is
a dg A− A-bimodule with its canonical multiplication and differential.
We will call it the regular dg bimodule.

6. Homotopy category and derived category

As in the case of small dg categories, given a dg algebra with enough
idempotents A, the 0-cycle category Z0(Dg−A), denoted by C(A) in the
sequel, has two structures to take into account. It is a bicomplete abelian
category, where the exact sequences are those sequences 0→ L −→M −→
N → 0 of morphisms in C(A) which are exact as sequences in Gr − A.
But, even more relevant to us, it has a Quillen exact structure where
the conflations (=admissible short exact sequences) are the short exact
sequences which split in Gr−A (see [2] and [11] for the axioms and details
about exact categories). It is called the semi-split exact structure. We are
now going to give an explicit description of the projective (=injective)
objects for this exact structure.
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Lemma 6.1. Any conflation in C(A) is isomorphic to one whose under-

lying exact sequence in Gr−A is 0→ L
( 1

0 )
−→ L⊕N ( 0 1 )−→ N → 0, where

the differential of L⊕N is of the form δ =
(
dL s
0 dN

)
, for some morphism

s : N −→ L of degree 1 in GR −A such that dL ◦ s+ s ◦ dN = 0.

Proof. By the definition of conflations, the underlying exact sequence in
Gr−A of such a conflation is always as indicated, where L and N are right

dg A-modules. We initially put δ =
(
d11 d12
d21 d22

)
(( xy )  

(
d11(x)+d12(y)
d21(x)+d22(y)

)
).

Since L
( 1

0 )
−→ L ⊕ N should be an element of Z0(HomA(L,L ⊕ N)), we

should have δ ◦ ( 1
0 )− ( 1

0 ) ◦ dL = 0. From this equality we get that d21 = 0

and d11 = dL. Using that L⊕N ( 0 1 )−→ N is in Z0(HomA(L⊕N,N)) we
then get dN ◦ ( 0 1 )− ( 0 1 ) ◦ δ, from which we get that d22 = dN . Finally,
from the equality δ◦δ = 0 we get that dL◦s+s◦dN = 0, with s = d12.

Remark 6.2. If f : M −→ N is a morphism in C(A), then one can

consider the split exact sequence 0→ N
( 1

0 )
−→ N ⊕M [1]

( 0 1 )−→ M [1]→ 0 in
Gr−A. Viewing f as morphism of degree +1 from M [1] to N , Lemma 6.1

makes N⊕M [1] into a right dg A-module with differential δ =
(
dN f
0 dM [1]

)
.

This dg A-module is known as the cone of f and will be denoted by C(f)
in the sequel. Note that we have an associated conflation 0 → N −→
C(f) −→M [1]→ 0 in C(A).

Proposition 6.3. For a right dg A-module P , the following assertions
are equivalent:

1) P is projective with respect to the semi-split exact structure;
2) P is injective with respect to the semi-split exact structure;
3) P is isomorphic to a direct summand of a cone C(1M ), for a right

dg A-module M .

Such a P is acyclic. In particular C(A) is a Frobenius exact category with
the semi-split structure.

Proof. The acyclic condition C(1M ) is well-known. It is then enough to
check that C(1M ) is projective and injective, for each right dg A-module
M . Once this is proved, if P is projective (resp. injective) object, then
the canonical conflation 0 → P [−1] −→ C(1P [−1]) → P → 0 (resp.
0 → P −→ C(1P ) → P [1] → 0) must split in C(A), and the rest of the
proof will be trivial.
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By Lemma 6.1, any deflation (=admissible epimorphism) in C(A) can
be identified with ( 0 1 ) : L⊕N −→ N , where L⊕N is made into a right

dg A-module with the differential δ =
(
dL s
0 dN

)
described there. If now

f : C(1M ) −→ N is any morphism in C(A), then, viewed in Gr−A, it is

a morphism f = ( u v ) : M ⊕M [1] −→ N such that ( u v ) ◦
(
dM 1M [1]

0 dM [1]

)
=

dN ◦( u v ). The second component of this equality gives that u+v◦dM [1] =

dN ◦ v, which we express as u = d̂(v), where v is viewed as a morphism of
degree −1 in GR−A and d̂ is the internal differential d̂ : HomA(M,N) −→
HomA(M,N) in the dg category Dg − A. We will now check that the

morphism in Gr−A given in matrix form as α =
(
s◦v 0
d̂(v) v

)
: M⊕M [1] −→

L ⊕ N is a morphism in C(A), α : C(1M ) −→ (L ⊕ N, δ), such that
( 0 1 ) ◦ α = ( u v ) = f . In order to see that α is a morphism in C(A), we
just need to check the equality

(
s ◦ v 0

d̂(v) v

)
◦
(
dM 1M [1]

0 dM [1]

)
=

(
dL s
0 dN

)
◦
(
s ◦ v 0

d̂(v) v

)
.

We check the equality entry by entry:
(11) We need to check that s ◦ v ◦ dM = dL ◦ s ◦ v+ s ◦ d̂(v). But we have

s ◦ d̂(v) = s ◦ (dN ◦ v − (−1)|v|v ◦ dM ) = s ◦ dN ◦ v + s ◦ v ◦ dM and,
using the fact that s ◦ dN = −dL ◦ s, the desired equality follows.

(12) The equality s ◦ v = s ◦ v is clear.
(21) We need to check that d̂(v)◦dM = dN ◦d̂(v). But this is an immediate

consequence of the fact that 0 = d̂(d̂(v)) = dN ◦d̂(v)−(−1)|d̂(v)|d̂(v)◦
dM = dN ◦ d̂(v)− d̂(v) ◦ dM .

(22) We need to check that d̂(v) + v ◦ dM [1] = dN ◦ v. This is a direct

consequence of the equality d̂(v) = dN ◦ v − (−1)|v|v ◦ dM = dN ◦
v + v ◦ dM and the fact that dM [1] = −dM .

Once we know that α is a morphism in C(A), it is clear that ( 0 1 ) ◦ α =
( d̂(v) v ) = f . Therefore C(1M ) is projective with respect to the semi-split
exact structure of C(A). That it is also injective can be proved using a
dual argument.

Definition 6.4. A right dg A-module P is called contractible when it
satisfies any one of the equivalent conditions of Proposition 6.3.

Corollary 6.5. When C(A) is considered with its semi-split (Frobenius)
exact structure, its stable category C(A) =: H(A) is a triangulated category
with arbitrary (set-indexed) coproducts, where the suspension functor is
induced by the shift functor ?[1] of Dg − A and where the triangles are,
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up to isomorphism, the images by the quotient functor C(A) −→ H(A)
of conflations in C(A). Moreover, H(A) is equivalent to the 0-homology
category H0(Dg −A).

Proof. It is a standard fact (see [7, Section I.2]) that the stable category
E of a Frobenius exact category E is a triangulated category whose
suspension functor is the cosyzygy functor and whose triangles are, up to
isomorphism, the images by the projection functor E −→ E of conflations
in E . But, for each object M of C(A), we have a conflation 0→M −→
C(1M ) −→ M [1] → 0, where C(1M ) is contractible. It follows that the
shift functor ?[1] : Dg−A −→ Dg−A (or ?[1] : C(A) −→ C(A)) induces
the suspension functor of C(A) =: H(A).

For the last assertion, we need to prove that a morphism f : M −→ N
in C(A) factors through a contractible dg A-module if, and only if, it is in
the image of the internal differential d : HomA(M,N) −→ HomA(M,N).
To avoid confusions, we will denote by d̂ this internal differential. Indeed,
the morphism f factors through a contractible dg A-module if, and only
if, it factors through the canonical deflation (= admissible epimorphism)

C(1N [−1])
( 0 1 )−→ N . This happens if, and only if, there is a morphism

σ : M −→ N of degree −1 in GR−A such that ( σf ) : M −→ C(1N [−1]) ≡
N [−1] ⊕ N is a morphism in C(A). This in turn is equivalent to the

existence of such a σ such that the matrix equality
(
dN [−1] 1N

0 dN

)
◦ ( σf ) =

( σf ) ◦ dM holds. That is, f factors through a projective object if, and only
if, there is morphism σ : M −→ N of degree −1 in GR − A such that
dN [−1] ◦ σ + f = σ ◦ dM , which is equivalent to saying that f = d̂(σ).

Definition 6.6. The category H(A) of last corollary is called the ho-
motopy category of A. A morphism f : M −→ N in C(A) is called
null-homotopic when it is a 0-boundary f ∈ B0(HOMA(M,N)) (i.e.
f = dN ◦ σ + σ ◦ dM , for some σ ∈ HOM−1

A (M,N)). This is equivalent to
say that f is mapped onto zero by the projection functor C(A) −→ H(A).

Note that if f : M −→ N is a morphism in C(A) then we get
induced morphisms of K-modules Zk(f) := f|Zk(M) : Zk(M) −→ Zk(N)

and Bk(f) := f|Bk(M) : Bk(M) −→ Bk(N), for all k ∈ Z. They

give rise to functors Zk, Bk : C(A) −→ Mod − K, for all k ∈ Z,
and, gathering all together, to functors Z∗, B∗ : C(A) −→ Gr − K
given by Z∗(M) = ⊕k∈ZZ

k(M) (resp. B∗(M) = ⊕k∈ZB
k(M)) and

Z∗(f) = ⊕k∈ZZ
k(f) (resp. B∗(f) = ⊕k∈ZB

k(f)). These functors are
compatible with the inclusions Bk(?) →֒ Zk(?) and, hence, they give rise
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to functors Hk : C(A) −→ Mod−K (k ∈ Z) and H∗ : C(A) −→ Gr−K,
where Hk(M) = Zk(M)/Bk(M) and H∗(M) = ⊕k∈ZH

k(M). We call
Hk the k-th homology functor and, without mentioning the degree,
we call H∗ the homology functor. If f is null-homotopic, and hence
f = dN ◦ σ + σ ◦ dM , for some morphism σ : M −→ N [−1] in Gr − A,
then Im(Zk(f)) ⊆ Bk(N), for all k ∈ N. This implies that the functor
Hk vanishes on null-homotopic morphisms, for all k ∈ Z, which
implies that we have a uniquely determined functor, still denoted and
called the same, Hk : H(A) −→ Mod −K such that the composition

C(A)
proj−→ H(A)

Hk

−→ Mod−K is the k-th homology functor. We also get
a corresponding functor H∗ : H(A) −→ Mod−A.

Definition 6.7. A quasi-isomorphism of dg modules is a morphism
f : M −→ N in C(A) = Z0(Dg −A) such that H∗(f) is an isomorphism
in Gr−K. This is equivalent to saying that its cone C(f) is an acyclic
dg A-module (see Remark 6.2).

As in the case of small dg categories and their dg modules, the class
of quasi-isomorphisms is a multiplicative system in H(A) compatible with
the triangulation, in the sense of Verdier (see [23, Section II.2], where we
refer the reader for the concepts and terminology concerning localization
of triangulated categories used in this paper).

Definition 6.8. The localization of H(A) with respect to the class of
quasi-isomorphisms, denoted by D(A), is called the derived category of A.
It is a triangulated category with arbitrary coproducts and the canonical
functor q : H(A) −→ D(A) is a triangulated functor. The shift in D(A) is
induced by that ofH(A) and the triangles in D(A) are, up to isomorphism,
the images by q of triangles in H(A).

Note that, by the universal property of the localized category, since the
functor H∗ : H(A) −→ Gr−K takes quasi-isomorphisms to isomorphism,
there is a uniquely determined functor, still denoted and called the same,

H∗ : D(A) −→ Gr −K such that the composition H(A)
qA−→ D(A)

H∗

−→
Gr−K is the homology functor.

Remark 6.9. What we have done for A can be done also for Aop and for
B⊗Aop, where B is another algebra with enough idempotents, obtaining
the categories C(Aop), H(Aop) and D(Aop) (resp. C(B⊗Aop), H(B⊗Aop)
and D(B ⊗ Aop)). Due to the equivalences of dg categories A − Dg ∼=
Dg − Aop (see Proposition 4.3) and A − Dg − B ∼= Dg(B ⊗ Aop) (see
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Proposition 5.2), we will look at C(Aop) (resp. H(Aop)) and C(B ⊗Aop)
(resp. H(B⊗Aop)) as the 0-cycle categories Z0(A−Dg) and Z0(A−Dg−B)
(resp. 0-homology categories H0(A − Dg) and H0(A − Dg − B)). In
particular, the objects of D(Aop) are considered to be left dg A-modules
and those of D(B ⊗Aop) as dg A−B−bimodules.

As in the case of the derived category of an abelian category (see [23]),
we have:

Proposition 6.10. Let A be a dg algebra with enough idempotents. The
canonical composition functor C(A)

p−→ H(A)
q−→ D(A) takes short exact

sequences in C(A) (for the abelian structure) to triangles in D(A).

Proof. Let 0→ L
u−→M

v−→ N → 0 be a short exact sequence in C(A)
and fix an inflation (=admissible monomorphism with respect to the
semi-split exact structure of C(A)) j : L −→ I, where I is a contractible
dg A-module. If X is the lower right corner of the pushout of u and j,
then we get the following commutative diagram whose rows are exact
sequences:

0 // L
(uj )

//M ⊕ I //

(1,0)
��

X //

ǫ
��

0

0 // L
u //M

v // N // 0

It then follows that the right square of this diagram is bicartesian and, as

a consequence, that I = Ker[
(
1 0

)
] ∼= Ker(ǫ). Since I is acyclic we get

that ǫ is a quasi-isomorphism and, hence, the three vertical arrows of last
diagram are quasi-isomorphisms. Then the images of the ’rows’ of this
diagram by the canonical functor q ◦ p : C(A) −→ D(A) are isomorphic.
But the upper row of the diagram is a conflation (see [2, Proposition 2.12]),
whose image by q ◦ p ’is’ then a triangle in D(A)(see Definition 6.8).

Recall that if D is a triangulated category with (set-indexed) co-
products, then an object C of D is called compact when the functor
HomD(C, ?) : D −→ Ab preserves coproducts. The category D is said to
be compactly generated when there is a set S of compact objects such that⋂
n∈Z,S∈S Ker(HomD(S, ?[n]) = 0, and D is said to be algebraic when it is

triangle equivalent to the stable category of some Frobenius exact category
(see [7, Section I.2]). As an immediate consequence of [10, Theorem 4.3],
our Theorem 3.1 and its proof, we get:
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Corollary 6.11. For a triangulated category D, the following assertions
are equivalent:

1) D is compactly generated and algebraic.
2) D is triangle equivalent to D(A), for some dg algebra with enough

idempotents A.

7. Derived functors

We call the attention of the reader on the following fact, that we shall
freely use.

Remark 7.1. If in Definition 1.4 one has A = Dg−A and B = Dg−B, for
some dg algebras with enough idempotents A and B, then the homological
condition translate into the fact that τM commutes with the differentials.
That is, that dG(M) ◦ τM = τM ◦ dF (M), for each right dg A-module M .

We start with the following observation

Lemma 7.2. Let A and B be dg algebras with enough idempotents and
F : Dg −A −→ Dg −B be a dg functor. Then there is a natural isomor-
phism ρF,? : F ◦ (?[1]) ∼= (?[1]) ◦ F which is natural on F . That is, such
that if τ : F −→ G is a natural transformation of dg functors, then the fol-
lowing diagram in Dg−B is commutative, for each right dg A-module M :

F (M [1])
ξF,M //

τM [1]

��

F (M)[1]

τM [1]

��
G(M [1])

ξG,M // G(M)[1]

Proof. We consider the morphism

1−
M ∈ HOM−1

A (M,M [1]) = HomGr−A(M,M)

given by 1−
M = 1M . Then

F (1−
M ) ∈ HOM−1

B (F (M), F (M [1])) = HOMGr−B(F (M), F (M [1])[−1]),

and hence F (1−
M )[1] ∈ HomGr−B(F (M)[1], F (M [1])).

Similarly, we have 1+
M ∈ HOM1

A(M [1],M) = HOMGr−A(M [1],M [1])
given by 1+

M = 1M [1], so that

F (1+
M ) ∈ HOM1

B(F (M [1]), F (M)) = HomGr−B(F (M [1]), F (M)[1]).
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We then get that

1F (M [1]) = F (1M [1]) = F (1−
M ◦ 1+

M ) = F (1−
M ) ◦ F (1+

M ).

By the definition of the composition of morphisms in GR−B, we then get

that 1F (M [1]) is equal to the composition F (M [1])
F (1+

M
)−→ F (M)[1]

F (1−

M
)[1]−→

F (M [1]). On the other hand, we have F (1+
M )◦(F (1−

M )[1]) = (F (1+
M )[−1]◦

F (1−
M ))[1]. But due to the definition of the composition of morphisms in

GR −B, we have

F (1+
M )[−1]◦F (1−

M ) = F (1+
M )◦F (1−

M )) = F (1+
M ◦1−

M ) = F (1M ) = 1F (M).

We then have

F (1+
M ) ◦ (F (1−

M )[1]) = 1F (M)[1] = 1F (M)[1],

which shows that F (1+
M ) and (F (1−

M )[1] are mutually inverse isomor-
phisms.

We define ρF,M = F (1+
M ) : F (M [1]) −→ F (M)[1], for each right dg

A-module M . Note that if α : M −→ N is any homogeneous morphism

in Dg − A, then the compositions M [1]
α[1]−→ N [1]

1+
N−→ N and M [1]

1+
M−→

M
α−→ N coincide in GR −A. It follows that

F (α)[1] ◦ ρF,M = F (α) ◦ F (1+
M ) = F (α ◦ 1+

M ) = F (1+
N ◦ α[1])

= F (1+
N ) ◦ F (α[1]) = ρF,N ◦ F (α[1]),

when we interpret α[1] as an element of HOM−1
A (M [1], N), using the

definition of the composition of morphisms in GR −A and GR −B and
the functoriality of F . It follows that ρ = (ρF,N )N∈Dg−A defines a natural
isomorphism F ◦ (?[1]) ∼= (?[1]) ◦ F .

It remains to check the commutativity of the diagram in the statement,
whenever τ : F −→ G is a natural transformation of dg functors. But we
have τM [1] ◦ ρF,M = τM [1] ◦ F (1+

M ) = τM ◦ F (1+
M ), when viewing F (1+

M )
as an element of HOM1

B(M [1],M). The naturality of τ then gives that
τM [1] ◦ ρF,M = G(1+

M ) ◦ τM [1] = ρG,M ◦ τM [1], as desired.

Proposition 7.3. Let A be a dg algebra with enough idempotents. The
canonical functor q = qA : H(A) −→ D(A) has a left adjoint and a right
adjoint, both of them triangulated and fully faithful.
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Proof. Keller proved (see [10, Theorems 3.1 and 3.2]) that, for each ob-
ject M of H(A), we have quasi-isomorphisms π = πM : PM −→ M and
ι = ιM : M −→ IM in H(A), where PM and IM are right dg A-modules
such that the functors HomH(A)(PM , ?) and HomH(A)(?, IM ) vanish on
acyclic complexes. By a standard argument, one sees that this last prop-
erty implies that the maps HomH(A)(PM , N) −→ HomD(A)(PM , N) and
HomH(A)(N, IM ) −→ HomD(A)(N, IM ) defined by q are both bijective,
for any object N of H(A).

We now define the left adjoint Π: D(A) −→ H(A) as follows. For
each right dg A-module M , we fix a quasi-isomorphism πM : PM −→M
as above, and define Π(M) = PM on objects. If now f : M −→ N is a
morphism in D(A), then π−1

N ◦ f ◦ πM ∈ HomD(A)(PM , PN ). By the last
paragraph, we then get a unique morphism α : PM −→ PN in H(A) such
that q(α) = π−1

N ◦f ◦πM . We define Π(f) = α. It is routine to check that in
this way we have defined a functor Π: D(A) −→ H(A). Moreover the map
HomH(A)(Π(M), N) −→ HomD(A)(M,N) = HomD(A)(M, q(N)) taking

β  q(β) ◦π−1
M is bijective and natural on both arguments. Then Π is left

adjoint to q. The co-unit of this adjunction is just π : Π◦q −→ 1H(A), where
πM : (Π ◦ q)(M) = PM −→M is the quasi-isomorphism fixed above. The
unit λ : 1D(A) −→ q ◦Π is given by λM = π−1

M : M −→ (q ◦Π)(M) = PM .
It follows that λ is a natural isomorphism, which implies that Π is fully
faithful (see [8, Proposition II.7.5]). On the other hand, it is well-known
that the left adjoint of a triangulated functor is also triangulated (see
[16, Lemma 5.3.6]).

The existence of a right adjoint Υ: D(A) −→ H(A) acting on objects
as Υ(M) = IM is proved by an argument dual to the one in the previous
paragraphs.

Definition 7.4. A right dg A-module P (resp. I) is called homotopi-
cally projective (resp. injective) if the functor HomH(A)(P, ?) : H(A) −→
Mod − K (resp. HomH(A)(?, I) = H(A)op −→ Mod − K) vanishes on
acyclic complexes. By the proof of Proposition 7.3, if Π and Υ are the left
and right adjoints of q : H(A) −→ D(A), respectively, then the essential
image Im(Ψ) (resp. Im(Υ)) consists of homotopically projective (resp.
injective) objects. We will call Π and Υ the homotopically projective reso-
lution functor and homotopically injective resolution functor, respectively.
Given a right dg A-module M , a homotopically projective resolution (resp.
homotopically injective resolution) of M will be a quasi-isomorphism
π : P −→ M (resp. ι : M −→ I), where P is a homotopically projective
(resp. injective) right dg A-module.
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Remark 7.5. Note that we have

Hk(HOMA(M,N)) = (H0 ◦ (?[k])(HOMA(M,N))

= H0(HOMA(M,N [k])) = HomH(A)(M,N [k]),

for all k ∈ Z. Then saying that P (resp. Y ) is a homotopically projective
(resp. homotopically injective) dg A-module is equivalent to saying that
the dg K-module HOMA(P,N) (resp. HOMA(N,Y )) is acyclic whenever
N is an acyclic dg A-module.

Example 7.6. If (ei)i∈I is a distinguished family of orthogonal idempo-
tents of A, then all right dg A-modules eiA are homotopically projective.

Proof. It is a consequence of Remark 3.2 and [10, Theorem 3.1].

Let us consider dg functors F : A −→ B and G : B −→ A between
dg categories. By Examples 1.2 and 1.3, we then have dg functors
B(F (?), ?) : Aop ⊗ B −→ Dg −K and B(?, G(?)) : Aop ⊗ B −→ Dg −K.

Definition 7.7. In the situation of last paragraph, we say that the
pair (F,G) is a dg adjunction or that F is left dg adjoint to G or that
G is right dg adjoint to F when there is a natural isomorphism of dg

functors η : B(F (?), ?)
∼=−→ A(?, G(?)). Due to Lemma 1.1 and Defini-

tion 1.4, this means that, for each pair of objects (A,B) ∈ A×B, the map
ηA,B : B(F (A), B) −→ A(A,G(B)) is an isomorphism in Gr−K, natural
on A and B, such that ηA,B(dB(β)) = dA(ηA,B(β)), for each homogeneous
element β ∈ B(F (A), B).

Lemma 7.8. Let A and B be dg algebras with enough idempotents. If
F : Dg − A −→ Dg − B (resp. F : (Dg − A)op −→ Dg − B) is a dg
functor, then the induced functor F = Z0F : Z0(Dg − A) ∼= C(A) −→
C(B) = Z0(Dg − B) (resp. F := Z0F : Z0((Dg − A)op) ∼= C(A)op −→
C(B) = Z0(Dg − B) ) preserves conflations. If moreover F takes con-
tractible dg modules to contractible dg modules, then the induced func-
tor F := H0F : H0(Dg − A) ∼= H(A) −→ H(B) = H0(Dg − B) (resp.
F := H0F : H0((Dg − A)op) ∼= H(A)op −→ H(B) = H0(Dg − B) ) is
triangulated. When F is part of a dg adjunction, it takes contractible dg
modules to contractible dg modules.

Proof. We prove the covariant part of the lemma, the contravariant
part being entirely similar. Since F is a dg functor the induced func-
tor Z0F : Z0(Dg − A) = C(A) −→ Z0(Dg − B) = C(B) preserves exact
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sequences which split in in the underlying graded categories. That is, Z0F
takes conflations to conflations. As a consequence, H0F takes triangles
to triangles. The initial assertion then follows from [17, Lemma 2.27],
bearing in mind that, by Lemma 7.2, we also have a natural isomorphism
H0F ◦ (?[1]) ∼= (?[1]) ◦H0F . To end the proof, it will be enough to show
that if (F,G) is a dg adjunction, then also (Z0F,Z0G) is an adjunction.
Indeed, if this is proved and if (G,F ) is a dg adjunction, then we will
have that (Z0G,Z0F ) is an adjunction. In any of the two situations,
[17, Lemma 2.27] again gives that Z0F preserves projective (=injective)
objects with respect to the semi-split exact structures, which amounts to
saying that F preserves contractible dg modules.

Let η : HOMB(F (?), ?)
∼=−→ HOMA(?, G(?)) be a graded natural iso-

morphism which commutes with the differentials. Bearing in mind that,
for each M ∈ Dg−A and X ∈ Dg−B, we have (Z0F )(M) = F (M) and
(Z0G)(X) = G(X), we then get an isomorphism of K-modules

HomC(B)((Z
0F )(M), X) HomC(A)(M, (Z0G)(X))

Z0(HOMB(F (M), X))
Z0(ηM,X)

// Z0(HOMA(M,G(X))),

which is natural on M and X since so is η.

The following functors will be very important in the sequel.

Definition 7.9. Let A and B be dg algebras with enough idempotents
and let Π = ΠA : D(A) −→ H(A) and Υ = ΥA : D(A) −→ H(A) be
the homotopically projective and the homotopically injective resolution
functors, respectively.

1) If F : Dg−A −→ Dg−B is a dg functor which preserves contractible
dg modules and we also put H0F = F : H(A) −→ H(B), then:

(a) The composition RF : D(A)
Υ−→ H(A)

F−→ H(B)
qB−→ D(B) is

called the (total) right derived functor of F .

(b) The composition LF : D(A)
Π−→ H(A)

F−→ H(B)
qB−→ D(B) is

called the (total) left derived functor of F .
2) If F : (Dg − A)op −→ Dg − B is a dg functor which preserves

contractible dg modules, then the composition RF : D(A)op Πo

−→
H(A)op F−→ H(B)

qB−→ D(B) is called the (total) right derived
functor of F .
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Remark 7.10. If F : (Dg − A)op −→ Dg − B is a dg functor as in last
definition, we can interpret it also as dg functor F o : Dg−A −→ (Dg−B)op.

We then have that RF = (LF o)o, where LF o is the composition D(A)
Π−→

H(A)
F o

−→ H(B)op
qo

B−→ D(B)op. This is the reason for which we have not
talked about left derived functors of contravariant dg functors.

Remark 7.11. If in any of the situations of last definition, the dg functor
F also preserves acyclic dg modules, then the induced functor on the
homotopy categories H0F preserves quasi-isomorphisms. Then one gets
a well-defined unique triangulated functor F : D(A) −→ D(B) (resp.
F : D(A)op −→ D(B)) such that qB ◦H0F ∼= F ◦ qA (resp. qB ◦H0F ∼=
F ◦ qoA). It immediately follows that there are natural isomorphisms
LF ∼= F ∼= RF .

If F,G : Dg −A −→ Dg −B are dg functors and τ : F −→ G is a ho-
mological natural transformation, then, for each right dg A-module M , we
have that τM : F (M) −→ G(M) belongs to Z0(HOMB(F (M), G(M)) =
HomC(B)(F (M), G(M)). We then get a morphism, still denoted the same,
τM : (H0F )(M) = F (M) −→ G(M) = (H0G)(M) in H(B). It is seen
in a straightforward way that, when M varies, the τM give a natural
transformation H0F −→ H0G. As a consequence we get induced natural
transformations

q(τΠA(?)) : qB ◦H0F ◦Π = LF −→ LG = qB ◦H0F ◦Π

and

q(τΥA(?)) : qB ◦H0F ◦Υ = RF −→ RG = qB ◦H0F ◦Υ.

An analogous fact holds for when F and G are dg functors (Dg−A)op −→
Dg −B.

Proposition 7.12. Let A and B be dg algebras with enough idempotents.
The following assertions hold:

1) If F,G : Dg−A −→ Dg−B are dg functors which take contractible
dg modules to contractible dg modules and τ : F −→ G is a homo-
logical natural transformation of dg functors, then:
(a) qB(τΠ(?)) : LF −→ LG is a natural transformation of triangu-

lated functors D(A) −→ D(B).
(b) qB(τΥ(?)) : RF −→ RG is a natural transformation of triangu-

lated functors D(A) −→ D(B).
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2) If F,G : (Dg − A)op −→ Dg − B are dg functors which take
contractible dg modules to contractible dg modules and τ : F −→ G
is a homological natural transformation of dg functors, then
qB(τΠo

A
()) : RF −→ RG is natural transformation of triangulated

functors D(A)op −→ D(B).
Abusing of notation, all these natural transformations of triangulated

functors will be still denoted by τ . Moreover, if in assertion 1.a (resp.
1.b, resp. 2), M is a right dg A-module such that τΠA(M) (resp. τΥA(M),
resp. τΠo

A
(M)) is a quasi-isomorphism (e.g. an isomorphism in H(B) or

Dg −B), then the evaluation of τ : LF −→ LG (resp. τ : RF −→ RG in
1.b) and 2.b) at M is an isomorphism in D(B).

Proof. The proof in the three cases resemble each other very much. We just
prove 1.b. The paragraph preceding this proposition shows that we have
an induced natural transformation qB(τΠA()) : LF = qB ◦H0F ◦ΠA −→
qB ◦ H0G ◦ ΠA = LG. All we need to prove is that it is a natural
transformation of triangulated functors, for which it is enough to check
that the induced natural transformation τ : H0F −→ H0G is a natural
transformation of triangulated functors. Indeed, since ΠA : D(A) −→ H(A)
and qB : H(B) −→ D(B) are triangulated functors, it will follow that
qB(τΠ(?)) : LF = qB ◦ H0F ◦ ΠA −→ qB ◦ H0G ◦ ΠA = LG is natural
transformation of triangulated functors, as it is desired.

If L
α−→ M

β−→ N
γ−→ L[1] (*) is a triangle in H(A), then we may

assume that it comes from a conflation 0 → L
α−→ M

β−→ N → 0 in
C(A), where M is the cone of some morphism γ[−1] : N [−1] −→ L. If
now ξF : F ◦ (?[1]) ∼= (?[1]) ◦ F and ξG : G ◦ (?[1]) ∼= (?[1]) ◦ G are the
natural isomorphisms of Lemma 7.2, then the image of the triangle (*)
by H0F is

F (L)
F (α)−→ F (M)

F (β)−→ F (N)
ξF,L◦F (γ)−→

and the corresponding is true when replacing F by G. Due to the men-
tioned Lemma 7.2, we then have a commutative diagram in H(B) whose
rows are triangles:

F (L)
F (α) //

τL

��

F (M)
F (β) //

τM

��

F (N)
ξF,L◦F (γ)

//

τN

��

F (L)[1]

τL[1]
��

G(L)
G(α) // G(M)

G(β) // G(N)
ξG,L◦G(γ)

// G(L)[1]

which shows that qB(τΠ(?)) : H0F −→ H0G is a natural transformation
of triangulated functors.
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The last statement is a direct consequence of the definition of the
triangulated transformation τ since the functor q? : H(?) −→ D(?) takes
quasi-isomorphisms to isomorphisms.

Proposition 7.13. Let A and B be dg algebras with enough idempotents.
The following assertions hold:

1) If (F : Dg−A −→ Dg−B,G : Dg−B −→ Dg−A) is a dg adjunction
of dg functors, then (LF : D(A) −→ D(B),RG : D(B) −→ D(A))
is an adjunction of triangulated functors.

2) If (F o : Dg − A −→ (Dg − B)op, G : (Dg − B)op −→ Dg − A)
is a dg adjunction of dg functors, then ((RF )o : D(A) −→
D(B)op,RG : D(B)op −→ D(A)) is an adjunction of triangulated
functors.

Proof. In the proof of Lemma 7.8 we have seen that, in the situation of as-
sertion 1, one has that (Z0F : C(A) −→ C(B), Z0G : C(B) −→ C(A)) is an
adjoint pair. A similar argument proves that, in the situation of assertion 2,
one has that (Z0(F o) = (Z0F )o : C(A) −→ C(B)op, Z0G : C(B)op −→
C(A)) is an adjoint pair.

With the obvious adaptation, [17, Lemma 2.27 and Proposition 2.28]
and their proofs show that assertion 1 holds. As for assertion 2, note
that [17, Lemma 2.27] also shows that (H0(F o) = (H0F )o : H(A) −→
H(B)op, H0G : H(B)op −→ H(A)) is an adjoint pair of triangulated func-
tors. Moreover, the adjoint pair (ΠB : D(B) −→ H(B), qB : H(B) −→
D(B)) implies that the pair (qoB : H(B)op −→ D(B)op,Πo

B : D(B)op −→
H(B)op) is also an adjoint pair. It then follows that the composition

(RF )o : D(A)
ΠA−→ H(A)

(H0F )o

−→ H(B)op
qo

B−→ D(B)op (see Remark 7.10) is

left adjoint to the composition D(A)
qA←− H(A)

H0G←− H(B)op
Πo

B←− D(B)op,
which is precisely RG.

Proposition 7.14. Let A, B and C be dg algebras with enough idem-
potents and denote by Π? : D(?) −→ H(?) and Υ? : D(?) −→ H(?) the
homotopically projective and homotopically injective resolution functors,
for ? = A,B,C. Suppose that all the dg functors appearing below preserve
contractible dg modules. The following assertions hold:

1) Let G : Dg − A −→ Dg − B and F : Dg − B −→ Dg − C be dg
functors. Then:
(a) There is a canonical natural transformation of triangulated

functors ρ : R(F ◦ G) −→ RF ◦ RG. When M is a right dg
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A-module such that G(ΥA(M)) is homotopically injective, then
ρM is an isomorphism.

(b) There is a canonical natural transformation of triangulated
functors σ : LF ◦ LG −→ L(F ◦G). When M is a right dg A-
module such that G(ΠA(M)) is homotopically projective, then
σM is an isomorphism.

2) If G : (Dg − A)op −→ Dg − B and F : (Dg − B)op −→ Dg − C
are dg functors, then there is a canonical natural transformation
τ : L(F ◦ Go) −→ RF ◦ (RG)o of triangulated functors D(A) −→
D(C). When M is a right dg A-module such that G(ΠA(M)) is
homotopically projective, then τM is an isomorphism.

3) If G : (Dg − A)op −→ Dg − B and F : Dg − B −→ Dg − C are
dg functors, then there is a canonical natural transformation of
triangulated functors ω : LF ◦RG −→ R(F ◦G). When M is a right
dg A-module such that G(ΠA(M)) is homotopically projective, ωM
is an isomorphism.

4) If G : Dg − A −→ Dg − B and F : (Dg − B)op −→ Dg − C are
dg functors, then there is a canonical natural transformation of
triangulated functors θ : R(F ◦Go) −→ RF ◦ (LG)o. When M is a
right dg A-module such that G(ΠA(M)) is homotopically projective,
θM is an isomorphism.

Proof. The arguments for the proofs are all very much alike and rely
on the explicit definition of right and left derived functors in each case.
We just provide the proof of assertions 1.a and 2, leaving the rest as an
exercise to the reader.

1.a) We consider the unit λ : 1H(B) −→ ΥB ◦ qB of the adjunction
(qB,ΥB). We then get a canonical natural transformation of triangulated
functors

ρ := (qC ◦ F )(λ(G◦Υ)(?)) : R(F ◦G) = qC ◦ F ◦G ◦ΥA =
qC ◦ F ◦ 1H(B) ◦G ◦ΥA −→ qC ◦ F ◦ΥB ◦ qB ◦G ◦ΥA = RF ◦ RG,

where F = H0F : H(B) −→ H(C) and G = H0G : H(A) −→ H(B).
If now G(ΥA)(M) is homotopically injective, then λ(G◦ΥA)(M) : (G ◦
ΥA)(M)

∼=−→ (ΥB ◦ qB ◦ G ◦ ΥA)(M) is an isomorphism, which implies
that ρM = (qC ◦ F )(λ(G◦ΥA)(M)) is also an isomorphism.

2) The adjunction (qoB : H(B)op −→ D(B)op,Πo
B : D(B)op−→H(B)op)

yields a unit µ : 1H(B)op −→ Πo
B◦qoB . Then we get a natural transformation

of triangulated functors
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σ := (qC ◦ F )(µ(Go◦ΠA)(?)) : L(F ◦Go) = qC ◦ F ◦Go ◦ΠA =
qC ◦ F ◦ 1H(B)op ◦Go ◦ΠA −→ qC ◦ F ◦Πo

B ◦ qoB ◦Go ◦ΠA = RF ◦ (RG)o.

If now G(ΠA(M)) is homotopically projective, then µ(Go◦ΠA)(M) : (Go ◦
ΠA)(M) −→ (Πo

B ◦ qoB ◦Go ◦ΠA)(M) is an isomorphism in H(B)op, which
implies that σM = (qC ◦ F )(µ(Go◦ΠA)(M)) is an isomorphism.

Suppose now that A,B,C are dg algebras with enough idempotents
and that F : (Dg −A)⊗ (Dg − C) −→ Dg −B is a dg functor. We then
have induced functors

Z0F : Z0((Dg −A)⊗ (Dg − C)) −→ Z0(Dg −B) = C(B)

and

H0F : H0((Dg −A)⊗ (Dg − C)) −→ H0(Dg −B) = H(B).

On the other hand, the objects of C(A) ⊗ C(B) are those of Z0((Dg −
A)⊗ (Dg−C)) (i.e. those of (Dg−A)⊗ (Dg−C)). But if f is morphism
in C(A) and g is a morphism in C(C), then, viewed as a morphism in
(Dg−A)⊗(Dg−C), we have that f⊗g is a 0-cycle and, hence, a morphism
of Z0((Dg −A)⊗ (Dg − C)). Indeed we have

d(f ⊗ g) = d(f)⊗ g + (−1)|f |f ⊗ d(g) = 0,

because f and g are morphisms in Z0(Dg−A) = C(A) and Z0(Dg−C) =
C(C), respectively. The assignments (M,X) (M,X) and f ⊗g  f ⊗g
give a functor j : C(A) ⊗ C(C) −→ Z0((Dg − A) ⊗ (Dg − C)) and a
composition

C(A)⊗ C(C)
j−→ Z0((Dg −A)⊗ (Dg − C))

Z0F−→ C(B).

Abusing the notation, we still denote by Z0F this composition functor.
Considering now f and g as above, suppose that either f or g is null-
homotopic. We claim that j(f ⊗ g) = f ⊗ g is a 0-boundary of (Dg−A)⊗
(Dg − C). Indeed if, say, g = d(g′) then

d(f ⊗ g′) = d(f)⊗ g′ + (−1)|f |f ⊗ d(g′) = f ⊗ g

since d(f) = 0 and |f | = 0. A similar argument applies if we assume
f = d(f ′). This means that we have an induced functor j : H(A) ⊗
H(C) −→ H0((Dg −A)⊗ (Dg − C)) and a corresponding composition

H(A)⊗H(C)
j
−→ H0((Dg −A)⊗ (Dg − C))

H0F−→ H(B),
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which we shall still denote by H0F .
A procedure similar to the one depicted in the previous paragraph can

be undertaken with a dg functor F : (Dg−A)op ⊗ (Dg−C) −→ Dg−B,
getting then functors Z0F : C(A)op⊗C(C) −→ C(B) and H0F : H(A)op⊗
H(C) −→ H(B).

Proposition 7.15. Let A,B,C be dg algebras with enough idempotents
and let F : (Dg−A)⊗ (Dg−C) −→ Dg−B (resp. F : (Dg−A)op⊗ (Dg−
C) −→ Dg −B) be a dg functor. The following assertions hold:

1) The functor F = Z0F : C(A)⊗C(C) −→ C(B) (resp. Z0F : C(A)op⊗
C(C) −→ C(B)) preserves conflations on each variable.

2) If F (P,X) and F (M,Q) are contractible dg B-modules whenever
P and Q are a contractible dg A-module and a contractible dg C-
module, respectively, then the functor F = H0F : H(A)⊗H(C) −→
H(B) (resp. F = H0F : H(A)op ⊗H(C) −→ H(B)) is triangulated
on both variables.

Proof. Assertion 1 is a direct consequence of Lemma 7.8 bearing in
mind Lemma 1.1. Moreover, if M is fixed, then the dg functor FM =
F (M, ?) : (Dg − C) −→ (Dg −B) takes contractible dg modules to con-
tractible dg modules, which implies by Lemma 7.8 that H0FM : H(C) −→
H(B) is a triangulated functor. But we clearly have H0FM = H0F (M, ?),
which says that F = H0F is triangulated on the second variable. A sym-
metric argument proves that it is triangulated on the first variable.

Our next goal is to see that, when a dg functor is part of a dg ‘bifunctor’
and certain conditions are satisfied, also its derived functor is part of a
bifunctor which is triangulated on both variables.

Definition 7.16. Let A,B,C be dg algebras with enough idempotents.
1) If F : (Dg−A)⊗(Dg−C) −→ Dg−B is a dg functor which preserves

contractible dg modules in each variable, then we put

(a) LF : D(A)⊗D(C)
ΠA⊗ΠC−→ H(A)⊗H(C)

H0F−→ H(B)
qB−→ D(B).

(b) RF : D(A)⊗D(C)
ΥA⊗ΥC−→ H(A)⊗H(C)

H0F−→ H(B)
qB−→ D(B)

2) If F : (Dg − A)op ⊗ (Dg − C) −→ Dg − B be a dg functor which
preserves contractible dg modules on each variable, then we put

RF : D(A)op ⊗D(C)
Πo

A
⊗ΥC−→ H(A)⊗H(C)

H0F−→ H(B)
qB−→ D(B).

By their definition all these functors are triangulated in each variable.

For each dg functor F : (Dg − A)⊗ (Dg − C) −→ Dg − B as in last
definition, fixing an objectM in Dg−A andX in Dg−C, we get dg functors
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FM = F (M, ?) : Dg − C −→ Dg − B and FX = F (?, X) : Dg − A −→
Dg − B. It is natural to ask whether we have natural isomorphisms
LF (M, ?) ∼= LFM and LF (?, X) ∼= LFX , and similarly for the right
derived versions. For this, we have the following criterion:

Proposition 7.17. Let A,B,C be dg algebras with enough idempotents.
The following assertions hold:

1) Let F : (Dg −A)⊗ (Dg − C) −→ Dg −B be a dg functor. Then
(a) if F (?, Q) : Dg − A −→ Dg − B preserves acyclic dg mod-

ules whenever Q is homotopically projective (resp. homotopi-
cally injective), then there is a natural isomorphism of tri-
angulated functors LF (M, ?) ∼= LFM : D(C) −→ D(B) (resp.
RF (M, ?) ∼= RFM : D(C) −→ D(B)), for each right dg A-
module M ,

(b) if F (P, ?) : Dg − A −→ Dg −B preserves acyclic dg modules
whenever P is homotopically projective (resp. homotopically
injective), then there is a natural isomorphism of triangulated
functors LF (?, X) ∼= LFX : D(A) −→ D(B), for each right dg
C-module X.

2) Let F : (Dg −A)op ⊗ (Dg − C) −→ Dg −B be a dg functor. Then
(a) if F (?, Q) : (Dg − A)op −→ Dg − B preserves acyclic dg

modules whenever Q is homotopically injective, then there is
a natural isomorphism of triangulated functors RF (M, ?) ∼=
RFM : D(C) −→ D(B), for each right dg A-module M .

(b) if F (P, ?) : Dg − C −→ Dg − B preserves acyclic dg mod-
ules whenever P is homotopically projective, then there is
a natural isomorphism of triangulated functors RF (?, X) ∼=
RFX : D(A)op −→ D(B) for each right dg C-module X.

Proof. We will prove 1.b and 2.a, and leave to the reader the other ones
whose proof follows entirely similar patterns. For 1.b, note that the action
of LF (?, X) and LFX on objects is given by

LF (?, X)(M) = LF (M,X) = F (ΠA(M),ΠC(X))

and

LFX(M) = FX(ΠA(M)) = F (ΠA(M), X).

Moreover if f : M −→ N is a morphism in D(A), then

LF (?, X)(f) = LF (f, 1X) = F (ΠA(f),ΠC(1X)) = F (ΠA(f), 1ΠC(X)).
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It follows that we can identify LF (?, X) = LFΠC(X), where FΠC(X) =
F (?,ΠC(X)) : Dg−A −→ Dg−B is the ‘left part’ of F when the fixed sec-
ond variable is ΠC(X). We fix now the homotopically projective resolution
map π : ΠC(X) −→ X. Note that π is a morphism in H(C), and hence the
image of a morphism in C(C) by the canonical functor C(C) −→ H(C).
Fixing a lift, we can think of π as a morphism in C(C). We claim that
π∗ : FΠC(X) = F (?,ΠC(X)) −→ F (?, X) = FX is a homological natural
transformation of dg functors Dg − A −→ Dg − B. Indeed note that,
for a fixed M in Dg −A, we have (π∗)M : F (M,ΠC(X)) −→ F (M,X) is
the morphism (π∗)M = F (1M , π). If now f : M −→ N is a homogeneous
morphism in Dg −A, then

FΠC(X)(f) = F (f, 1ΠC(X)) = F (M,ΠC(X)) −→ F (N,ΠC(X))

while
FX(f) = F (f, 1X) : F (M,X) −→ F (N,X).

We then have an equality

FX(f) ◦ (π∗)M = F (f, 1X) ◦ F (1M , π)

= F (f, π)

= (−1)|f ||π|F (1N , s) ◦ F (f, 1ΠC(X))

= (π∗)N ◦ FΠC(X)(f),

using Lemma 1.1 and the fact that |π| = 0. It follows that π∗ is a
natural transformation of K-linear graded functors. In order to see
that it is homological it remains to check that (π∗)M = F (1M ⊗ π) ∈
Z0(HOMB(F (M,ΠC(X))), F (M,X)), for all M in Dg − A. But this is
clear since F (1M ⊗π) is the image of 1M ⊗π by the functor Z0F : C(A)⊗
C(C) −→ C(B) (see Proposition 7.15).

Once we know that π∗ : FΠC(X) −→ FX is a homological natural
transformation of dg functors, Proposition 7.12 says that we have an
induced natural transformation π∗ : LFΠC(X) −→ LFX of triangulated
functors D(A) −→ D(B). But, when evaluating at an object M of D(A),
we have that

(π∗)M : LFΠC(X)(M)

= F (ΠA(M),ΠC(X)) −→ F (ΠA(M), X) = LFX(M)

is an isomorphism in D(B). Indeed, by hypothesis F (ΠA(M), ?) : Dg −
C −→ Dg − B preserves acyclic dg modules, which implies that the
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induced triangulated functor F (ΠA(M), ?) : H0(Dg − C) = H(C) −→
H(B) = H0(Dg − B) preserves quasi-isomorphisms. It follows that
(π∗)M = F (1ΠA(M), π) : F (ΠA(M),ΠC(X)) −→ F (ΠA(M), X) is a quasi-
isomorphism in H(B), which implies that (after applying qB : H(B) −→
D(B)) it becomes an isomorphism in D(B). Then (π∗) : LFΠC(X) −→
LFX is a natural transformation of triangulated functor which is point-
wise an isomorphism. Therefore it is a natural isomorphism. In particular
LF (?, X) = LFΠC(X) is naturally isomorphic to LFX as triangulated
functors.

The proof of 2.a follows an entirely similar pattern. We outline the
argument, leaving the details to the reader. We have that RF (M, ?)(X) =
F (ΠA(M),ΥA(X)) and RFM (X) = FM (Υ(X)) = F (M,Υ(X)). We can
then identify RF (M, ?) = RFΠA(M), where FΠA(M) = F (ΠA(M), ?) : Dg−
C −→ Dg−B. If now π : Π(M) −→M is homotopically projective resolu-
tion, which we view as a morphism in C(A), then π∗ : FM = F (M, ?) −→
FΠA(M) = F (ΠA(M), ?) is a homological natural transformation of dg
functors Dg − C −→ Dg − B. The associated natural transformation
of triangulated functor π∗ : RFM −→ RFΠA(M), when evaluated at an
object X of D(C), is (π∗)X = F (π, 1Υ(X)) : RFM (X) = F (M,Υ(X)) −→
F (ΠA(M),Υ(X)). This is a quasi-isomorphism of dg B-modules, and
hence an isomorphism in D(B), for each X ∈ D(C). It follows that π∗ is

a natural isomorphism RFM
∼=−→ RFΠA(M) = RF (M, ?).

8. The classical dg bifunctors

All throughout this section, we fix dg algebras with enough idempotents
A, B and C and fix a distinguished family of orthogonal idempotents
(ei)i∈I in B, (ǫj)j∈J in A and (νk)k∈K in C, all of which are homogeneous of
degree zero and killed by the differential. If M a dg C−A-bimodule and X
is a dg B−A-bimodule, the space of morphisms HOMA(M,X) in Dg−A
has a canonical structure of non-unitary graded B − C-bimodule, where
the multiplication map is identified by the rule (bfc)(m) = bf(cm), for
all homogeneous elements b ∈ B, f ∈ HOMA(M,X), c ∈ C and m ∈M .
To avoid the non-unitary problem, we consider the largest unitary graded
B − C−sub-bimodule

HOMA(M,X) = BHOMA(M,X)C

of HOMA(M,X). Note that, expressed in terms of the distinguished
families of orthogonal idempotents, HOMA(M,X) consists of those f ∈
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HOMA(M,X) such that Im(f) ⊆ ⊕i∈I′eiX, for some finite subset I ′ ⊆ I,
and f(νkM) = 0, for all but finitely many k ∈ K. We can say much more
about the just defined graded B − C-bimodule

Lemma 8.1. The differential d : HOMA(M,X) −→ HOMA(M,X) sat-
isfies Leibniz equality

d(bfc) = dB(b)fc+ (−1)|b|bd(f)c+ (−1)|b|+|f |bfdC(c),

for all homogeneous elements b ∈ B, f ∈ HOMA(M,X) and c ∈ C.
Moreover, it satisfies that d(HOMA(M,X)) ⊆ HOMA(M,X), so that, en-
dowed with the restricted differential, HOMA(M,X) becomes a (unitary!)
dg B − C-bimodule.

Proof. We let act both members of the desired Leiniz equality on a
homogeneous element m ∈M . We then have

d(bfc)(m) = [dX ◦ (bfc)− (−1)|bfc|(bfc) ◦ dM ](m)

= dX(bf(cm))− (−1)|b|+|f |+|c|bf(cdM (m))

= dB(b)f(cm) + (−1)|b|bdX(f(cm))− (−1)|b|+|f |+|c|bf(cdM (m))

= dB(b)f(cm) + (−1)|b|b(dX ◦ f − (−1)|f |f ◦ dM )(cm)

+ (−1)|b|+|f |bf(dM (cm)− (−1)|c|cdM (m))

= dB(b)f(cm) + (−1)|b|bd(f)(cm) + (−1)|b|+|f |bf(dC(c)m)

= [dB(b)fc+ (−1)|b|bd(f)c+ (−1)|b|+|f |bfdC(c)](m).

To prove the last statement, take a homogeneous element
f ∈ HOMA(M,X). We have d(f) = dX ◦ f − (−1)|f |f ◦dM , which implies
that Im(d(f)) ⊆ dX(Im(f)) + Im(f). But if I ′ ⊆ I is any finite subset
such that Im(f) ⊆ ⊕i∈I′eiX, then Im(d(f)) ⊆ ⊕i∈I′eiX. This is because
dX(eiX) ⊆ eiX since dB(ei) = 0 for all i ∈ I ′. By analogous reason,
we have that dM (νkM) ⊆ νkM . This implies that if K′ ⊆ K is any
finite subset such that f(νkM) = 0, for all k ∈ K \ K′, then we also
have d(f)(νkM) = 0, for all k ∈ K \ K′. As a consequence, we get that
d(f) ∈ HOMA(M,X).

We can now prove

Proposition 8.2. The assignment (M,X) HOMA(M,X) is the def-
inition on objects of a dg functor HOMA(?, ?) : (C −Dg − A)op ⊗ (B −
Dg −A) −→ B −Dg − C.
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Proof. We have obvious restriction of scalars functors ρ : C −Dg−A −→
Dg − A and ρ′ : B − Dg − A −→ Dg − A, both of which are clearly dg
functors since when M and N are dg C −A−bimodules, the differential
d : HOMR(M,N) −→ HOMR(M,N) is ‘the same’ when taking R = A⊗
Cop or when taking R = A. On the other hand, by Example 1.2, we have
a canonical dg functor HOMA(?, ?) : (Dg−A)op ⊗ (Dg−A) −→ Dg−K.
We then get an induced dg functor

HOMA(?, ?) : (C −Dg −A)op ⊗ (B −Dg −A)

ρo⊗ρ′

−→ (Dg −A)op ⊗ (Dg −A)
HomA(?,?)−→ Dg −K.

Recall that if α : N −→ M and ϕ : X −→ Y are homogeneous mor-
phisms in C −Dg −A and B −Dg −A, respectively, then HOMA(αo ⊗
ϕ) : HOMA(M,X) −→ HOMA(N,Y ) is the map defined by HOMA(αo⊗
ϕ)(f) = (−1)(|ϕ|+|f |)|α|ϕ ◦ f ◦ α.

By definition, we have that HOMA(M,X) is a dg B−C−subbimodule
of HOMA(M,X) with the restricted differential. In order to have an
induced graded functor HOMA(?, ?) : (C−Dg−A)op⊗ (B−Dg−A) −→
B −Dg − C, using Lemma 1.1, it is enough to prove the following two
conditions:

a) For ϕ as above and each dg C − A-bimodule M , the map ϕ∗ :=
HOMA(1oM , ϕ) : HOMA(M,X) −→ HOMA(M,Y ) is a morphisms
of non-unitary B − C−bimodules such that ϕ∗(HOMA(M,X)) ⊆
HOMA(M,Y ).

b) For α as above and each dg B − A-bimodule X, the map
α∗ := HOMA(α0, 1X) : HOMA(M,X) −→ HOMA(N,X) is a
morphism of non-unitary graded B − C−bimodules such that
α∗(HOMA(M,X)) ⊆ HOMA(N,X).

For condition a), we first check that ϕ∗ is a morphism (of degree |ϕ|)
of nonunitary graded left B-modules. According to the comments after
Lemma 4.1, although applied to non-unitary graded left B-modules, we
need to check that ϕ∗(bf) = (−1)|ϕ||b|bϕ∗(f) or, equivalently, that ϕ ◦
(bf) = (−1)|ϕ||b|b(ϕ◦f), for any homogeneous element f ∈ HOMA(M,X).
By letting act both members of the desired equality on a homogeneous
element m ∈M , we get that

[ϕ ◦ (bf)](m) = ϕ(bf(m)) = (−1)|ϕ||b|bϕ(f(m)) = [(−1)|ϕ||b|b(ϕ ◦ f)](m),

bearing in mind that ϕ is a morphism of graded B −A−bimodules and,
hence, also a morphism of graded left B-modules. On the other hand, if
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c ∈ C is a homogeneous element, we have that ϕ∗(fc) = ϕ ◦ (fc) while
ϕ∗(f)c = (ϕ ◦ f)c. Both maps take m  (ϕ ◦ f)(cm), for each m ∈ M .
Then ϕ∗ is a morphism of nonunitary graded B−C−bimodules. Moreover,
if f ∈ HOMA(M,X) and we fix finite subsets I ′ ⊂ I and F ⊂ K such
that Im(f) ⊆ ⊕i∈I′eiX and f(νkM) = 0, for all k ∈ K \ F , then we have
that

Im(ϕ∗(f)) = Im(ϕ ◦ f) ⊆ ϕ(⊕i∈I′eiX) ⊆ ⊕i∈I′eiY,

because ϕ is in particular a morphism left B-modules, and that
ϕ∗(f)(νkM) = (ϕ ◦ f)(νkM) = 0, for all k ∈ K \ F . Therefore we have
ϕ∗(f) ∈ HOMA(M,Y ).

For condition b), we first prove that α∗ is morphism of non-unitary
graded left B-modules, which amounts to prove that α∗(bf) =
(−1)|a||α|bα∗(f), for any homogeneous element f ∈ HOMA(M,X). On one
hand, we have α∗(bf) = (−1)|α|(|b|+|f |)(bf) ◦ α while (−1)|α||b|bα∗(f) =
(−1)|α||b|(−1)|α||f |b(f ◦ α). Since (bf) ◦ α = b(f ◦ α) due to the definition
of the multiplication map B ⊗ HOMA(N,X) −→ HOMA(N,X), we
conclude that α∗ is a morphism of degree |α| of graded left B-modules.

If c ∈ C is a homogeneous element, then α∗(fc) = (−1)|α|(|c|+|f |)(fc)◦α
and α∗(f)c = (−1)|α||f |(f ◦ α)c. When we let these morphisms act on a
homogeneous element x ∈ N , we get

[α∗(fc)](x) = (−1)|α|(|c|+|f |)(fc)(α(x)) = (−1)|α|(|c|+|f |)f(cα(x))

while

[α∗(f)c](x) = (−1)|α||f |f(α(cx)) = (−1)|α||f |(−1)|α||c|f(cα(x)),

bearing in mind that α is a morphism of graded left modules (see the
comments after Lemma 4.1, applied to non-unitary leftB-modules). It then
follows that α∗ is a homogeneous morphism of graded B −C−bimodules.
On the other hand, if one considers finite subset I ′ ⊂ I and F ⊂ K as
for condition a), then Im(α∗(f)) = Im(f ◦ α) ⊆ Im(f) ⊆ ⊕i∈I′eiX while
α∗(f)(νkN) = f(α(νkN)) ⊆ f(νkM) = 0, for all k ∈ K \ F , bearing in
mind that α is in particular a morphism of left C-modules.

To finish the proof, we just need to check that the induced map

HOMA(?, ?) : Hom(C−Dg−A)op⊗(B−Dg−A)[(N,X), (M,Y )]

= HOMC−A(M,N)⊗HOMB−A(X,Y )

−→ HOMB−C(HOMA(M,X),HOMA(N,Y ))
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commutes with the differentials. But what we have done above shows
that the map HOMA(?, ?) is induced by the map

HOMA(?, ?) : Hom(C−Dg−A)op⊗(B−Dg−A)[(N,X), (M,Y )]

= HOMC−A(M,N)⊗HOMB−A(X,Y )

−→ HOMK(HOMA(M,X),HOMA(N,Y )) (∗)

given by the dg functor

HOMA(?, ?) : (C −Dg −A)op ⊗ (B −Dg −A)

ρo⊗ρ′

−→ (Dg −A)op ⊗ (Dg −A)
HomA(?,?)−→ Dg −K.

The differential in HOMA(P,Z) is the restriction of that of HOMA(P,Z),
for each P ∈ C − Dg − A and Z ∈ B − Dg − A, and the differential
on HOMB−C(HOMA(M,X),HOMA(N,Y )) is the restriction of the dif-
ferential in HOMK(HOMA(M,X),HOMA(N,Y )). Therefore HOMA(?, ?)
commutes with the differentials due to the fact that the map (*) commutes
with the differentials.

We want to emphasize a sort of ‘dual’ situation. Suppose now that
X is again a dg B − A-bimodule and that W is a dg B − C-bimodule.
Then the graded K-module HOMBop(W,X) consisting of the morphisms
W −→ X in B − Dg should have a structure of non-unitary dg C − A-
bimodule. Indeed, we can think of W and X as a dg Cop⊗Bop-bimodule
and a dg Aop −Bop− bimodule, respectively. Then the first paragraph of
this section says that HOMBop(W,X) has a structure of non-unitary dg
Aop −Cop-bimodule, which is equivalent to saying that it has a structure
of non-unitary graded C −A-bimodule. Taking then HOMBop(W,X) =
C HOMBop(W,X)A, we get a (now unitary) dg C − A-bimodule. Our
following result makes explicit this structure.

Corollary 8.3. In the situation of last paragraph, the following assertions
hold:

1) The structure of graded C−A-bimodule on HOMBop(W,X) is given
by the rule (cfa)(w) = (−1)(|c|+|a|)|w|+|c||f |f(wc)a, for all homoge-
neous elements c ∈ C, f ∈ HOMBop(W,X), a ∈ A and w ∈W .

2) HOMBop(W,X) consists of the f ∈ HOMBop(W,X) such that
Im(f) ⊂ ⊕j∈J ′Xǫj, for some finite subset J ′ ⊆ J , and f(Wνk) = 0
for all but finitely many k ∈ K.

3) The assignment (W,X)  HOMBop(W,X) is the definition on
objects of a dg functor (B−Dg−C)op⊗(B−Dg−A) −→ C−Dg−A.
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Proof. 1) Interpreting HOMBop(W,X) as a non-unitary dg Aop − Cop-
bimodule, the first paragraph of this section tells us that this structure
is given by the rule (aofco)(w) = aof(cow). But, by the identification
of modules over a dg algebras as dg modules on the other side over the
opposite dg algebra, we get that

(aofco)(w) = aof(cow) = (−1)|c||w|aof(wc)

= (−1)|c||w|(−1)|f(wc)||a|f(wc)a = (−1)|c||w|+|a|(|f |+|w|+|c|)f(wc)a

But, by analogous reason, we have an equality

(aofco)(w) = (−1)(|a|+|f |)|c|[c(aof)](w)

= (−1)(|a|+|f |)|c|(−1)|a||f |(cfa)(w) = (−1)|a||c|+|f ||c|+|a||f |(cfa)(w).

Comparing these two expressions and cancelling signs appearing in both
expressions, we get that (−1)(|c|+|a|)|w|f(wc)a = (−1)|f ||c|(cfa)(w), which
gives the equality of assertion 1.

2) Considering the distinguished families of orthogonal idem-
potents (ǫoj)j∈J and (ν0

k)k∈K in Aop and Cop, respectively, we

know that HOMBop(W,X) = Aop HOMBop(W,X)Cop consists of those
f ∈ HOMBop(W,X) such that Im(f) ⊕j∈J ′ ǫojX, for some finite subset
J ′ ⊆ J , and f(νokW ) = 0, for all but finitely many k ∈ K. Bearing in
mind that ǫojX = Xǫj and νokW = Wνk, for all j ∈ J and k ∈ K, the
assertion follows.

3) is a direct consequence of Proposition 8.2.

LetX be again a dg B−A-bimodule and let U be a dg C−B-bimodule.
Then the dg K-module U ⊗X := U ⊗K X has a canonical structure of
dg C − A-bimodule by defining c(u ⊗ x)a = (cu) ⊗ (xa). Clearly, this
multiplication makes U ⊗X into a graded C −A-bimodule. Moreover if
u ∈ U , x ∈ X, c ∈ C and a ∈ A are homogeneous elements, then we have

d[c(u⊗ x)a] = d(cu⊗ xa)

= dU (cu)⊗ xa+ (−1)|cu|cu⊗ dX(xa)

= dU (cu)⊗ xa+ (−1)|c|+|u|cu⊗ (dX(x)a+ (−1)|x|xdA(a))

= dU (cu)⊗ xa+ (−1)|c|+|u|cu⊗ d(x)a+ (−1)|c|+|u|+|x|cu⊗ xdA(a)

= (dC(c)u+ (−1)|c|cdU (u))⊗ xa+ (−1)|c|+|u|cu⊗ dX(x)a

+ (−1)|c|+|u|+|x|cu⊗ xdA(a)
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= dC(c)u⊗ xa+ (−1)|c|cdU (u)⊗ xa+ (−1)|c|+|u|cu⊗ dX(x)a

+ (−1)|c|+|u|+|x|cu⊗ xdA(a)

= dC(c)u⊗ xa+ (−1)|c|c[dU (u)⊗ x+ (−1)|u|u⊗ dX(x)]a

+ (−1)|c|+|u|+|x|cu⊗ xdA(a)

= dC(c)(u⊗ x)a+ (−1)|c|cdU⊗X(u⊗ x)a

+ (−1)|c|+|u⊗x|c(u⊗ x)dA(a)

so that the differential of U⊗X satisfies Leibniz rule as a C−A-bimodule.

The K-submodule N of U ⊗X generated by all differences ub⊗ x−
u ⊗ bx, where u ∈ U , x ∈ X and b ∈ B are homogeneous elements, is
a graded C −A−subbimodule of U ⊗X. We will show that d(N) ⊆ N ,
which will imply that we get an induced graded map of degree +1,

d : U ⊗B X :=
U ⊗X
N

−→ U ⊗X
N

= U ⊗B X,

making U ⊗BX into a dg C−A-bimodule. Indeed, we leave to the reader
checking the following equality, for all homogeneous elements u ∈ U ,
x ∈ X and b ∈ B:

d(ub⊗ x− u⊗ bx)

= dU (u)b⊗ x− dU (u)⊗ bx+ (−1)|u|(udB(b)⊗ x− u⊗ dB(b)x)

+ (−1)|u|+|v|(ub⊗ dX(x)− u⊗ bdX(x)).

This shows that d(ub⊗ x− u⊗ bx) ∈ N and, hence, that d(N) ⊆ N as
desired.

Proposition 8.4. Let A, B and C be dg algebras with enough idempo-
tents. The assignment (U,X) U ⊗B X is the definition on objects of a
dg functor

?⊗B?: (C −Dg −B)⊗ (B −Dg −A) −→ C −Dg −A.

Proof. For simplicity, we denote by T the dg functor that we want to
define, so that T (U,X) = U ⊗A X. If now α : U −→ V and ϕ : X −→ Y
are homogeneous morphisms in C−Dg−B and B−Dg−A, respectively,
we define T (α⊗ ϕ) : U ⊗B X −→ V ⊗B Y by the rule T (α⊗ ϕ)(u⊗ x) =
(−1)|ϕ||u|α(u) ⊗ ϕ(x), for all homogeneous elements u ∈ U and x ∈ X.
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We first prove that T (α⊗ϕ) is well-defined. If b ∈ B is any homogeneous
element, then we have

T (α⊗ ϕ)(ub⊗ x) = (−1)|ϕ|(|u|+|b|)α(ub)⊗ ϕ(x)

= (−1)|ϕ|(|u|+|b|)α(u)b⊗ ϕ(x) = (−1)|ϕ||u|(−1)|ϕ||b|α(u)⊗ bϕ(x)

= (−1)|ϕ||u|α(u)⊗ ϕ(bx) = T (α⊗ ϕ)(u⊗ bx)

using the facts that α is a morphism of graded right B-modules and ϕ is a
morphism of graded left B-modules. Therefore T (α⊗ ϕ) is a well-defined
morphism in GR −K, and we clearly have |T (α⊗ ϕ)| = |α|+ |ϕ|. It is
very easy to see that T (α ⊗ ϕ) is morphism in GR − A. On the other
hand, if c ∈ C is a homogeneous element, then we have

T (α⊗ ϕ)[c(u⊗ x)] = T (α⊗ ϕ)(cu⊗ x)

= (−1)|ϕ|(|c|+|u|)α(cu)⊗ ϕ(x)

= (−1)|ϕ|(|c|+|u|)(−1)|α||c|cα(u)⊗ ϕ(x)

= (−1)(|α|+|ϕ|)|c|(−1)|ϕ||u|c(α(u)⊗ ϕ(x))

= (−1)|T (α⊗ϕ)||c|[cT (α⊗ ϕ)](u⊗ x),

bearing in mind that α is a morphism of graded left C-modules. It follows
that T (α⊗ϕ)[c(u⊗x)] = (−1)|T (α⊗ϕ)||c|[cT (α⊗ϕ)](u⊗x), so that T (α⊗ϕ)
is also a morphism in C − GR, and hence a morphism in C − GR − A
(see the comments after Lemma 4.1).

We now check Conditions 2(a)–2(c) of Lemma 1.1:

Condition 2(c). Note that we have T (α ⊗ 1Z) = α ⊗ 1Z , for each dg
B − A-bimodule Z, while T (1W ⊗ ϕ)(w ⊗ x) = (−1)|ϕ||w|w ⊗ ϕ(x), for
each dg C − B-module W and all homogeneous elements w ∈ W and
x ∈ X. We then have

[T (α⊗ 1Y ) ◦ T (1M ⊗ ϕ)](u⊗ x) = (−1)|ϕ||u|T (α⊗ 1Y )(u⊗ ϕ(x))

= (−1)|ϕ||u|α(u)⊗ ϕ(x) = T (α⊗ ϕ)(u⊗ x)

= (−1)|ϕ||u|α(u)⊗ ϕ(x) = (−1)|ϕ||α|T (1V ⊗ ϕ)(α(u)⊗ x)

= (−1)|ϕ||α|[T (1V ⊗ ϕ) ◦ T (α⊗ 1X)](u⊗ x)

for all homogeneous elements u ∈ U and x ∈ X. Therefore condition 2.c
of the mentioned lemma is satisfied.

Condition 2(a). If U is a fixed dg C −B-bimodule and we consider the
assignments TU : B−Dg−A −→ C−Dg−A given by TU (X) = U⊗BX on
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objects and TU (ϕ) = T (1U⊗ϕ) on morphisms, we need to check that TU is
a dg functor. We have TU (1X) = T (1U ⊗ 1X) : u⊗x (−1)|1X ||u|u⊗x =
u⊗x, so that TU (1X) = 1TU (X). Moreover, if ϕ : X −→ Y and ψ : Y −→ Z
are homogeneous morphisms in B −Dg −A, then we have

TU (ψ ◦ ϕ)(u⊗ x) = T (1U ⊗ (ψ ◦ ϕ))(u⊗ x)

= (−1)(|ϕ|+|ψ|)|u|u⊗ (ψ ◦ ϕ)(x) = (−1)|ϕ||u|(−1)|ψ||u|u⊗ (ψ ◦ ϕ)(x)

= (−1)|ϕ||u|T (1U ⊗ ψ)(u⊗ ϕ(x))=[T (1U ⊗ ψ) ◦ T (1U ⊗ ϕ)](u⊗ x)

= [TU (ψ) ◦ TU (ϕ)](u⊗ x)

It then follows that TU is a graded functor. We need to see that it
commutes with the differentials, which means that the diagram

HOMB−A(X,Y )
d //

TU

��

HOMB−A(X,Y )

TU

��
HOMC−A(U ⊗B X,U ⊗B Y )

δ // HOMC−A(U ⊗B X,U ⊗B Y )

commutes, where d and δ are the differentials on Hom spaces of B−Dg−A
and C − Dg − A, respectively. We fix any homogeneous element ϕ ∈
HOMB−A(X,Y ) and shall prove that (δ ◦ TU )(ϕ) = (TU ◦ d)(ϕ). Letting
act the two members of the desired equality on u⊗ x, where u ∈ U and
x ∈ X are homogeneous elements, we get:

[(δ ◦ TU )(ϕ)](u⊗ x) = [dU⊗BY ◦ TU (ϕ)− (−1)|ϕ|TU (ϕ) ◦ dU⊗BX ](u⊗ x)

= (−1)|ϕ||u|dU⊗BY (u⊗ ϕ(x))− (−1)|ϕ|TU (ϕ)(dU (u)⊗ x
+ (−1)|u|u⊗ dX(x))

= (−1)|ϕ||u|[dU (u)⊗ ϕ(x) + (−1)|u|u⊗ dY (ϕ(x))]

− (−1)|ϕ|[(−1)|ϕ|(|u|+1)dU (u)⊗ ϕ(x)

+ (−1)|u|(−1)|ϕ||u|u⊗ ϕ(dX(x))]

= (−1)(|ϕ|+1)|u|u⊗ dY (ϕ(x))− (−1)(|ϕ|+1)|u|(−1)|ϕ|u⊗ ϕ(dX(x))

= (−1)(|ϕ|+1)|u|u⊗ d(ϕ)(x) = T (1U ⊗ d(ϕ))(u⊗ x)

= [(TU ◦ d)(ϕ)](u⊗ x).

Condition 2.(b) Let us fix a dg B − A-bimodule X and consider the
assignments TX =? ⊗B X : (C − Dg − B) −→ C − Dg − A given on
objects by U  U ⊗B X and on morphisms by α  T (α ⊗ 1X) =
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α ⊗ 1X . It is straightforward to see that TX(β ◦ α) = TX(β) ◦ TX(α),
whenever α and β are composable morphisms in C −Dg −B, and that
TX(1U ) = 1TX(U), so that we have a graded functor C − Dg − B −→
C −Dg −A. It remains to see that TX commutes with the differentials.
For that, we fix arbitrary dg C −B-bimodules U and V and denote by
d : HomB(U, V ) −→ HomB(U, V ) and δ : HomA(U ⊗B X,V ⊗B X) −→
HomA(U ⊗B X,V ⊗B X) the respective differentials on Hom spaces. We
need to check that (?⊗B X)(d(α)) = δ[(?⊗B X)(α)]. That is, we need
to check that d(α) ⊗ 1X = δ(α ⊗ 1X), for any homogeneous element
α ∈ HomB(U, V ). But if u ∈ U and x ∈ X are homogeneous elements,
then we have an equality

δ(α⊗ 1X)(u⊗ x)

= [dV⊗BX ◦ (α⊗ 1X)− (−1)|α⊗1X |(α⊗ 1X) ◦ dU⊗BX ](u⊗ x)

= dV⊗BX(α(u)⊗ x)− (−1)|α|(α⊗ 1X)[dU (u)⊗ x
+ (−1)|u|u⊗ dX(x)]

= dV (α(u))⊗ x+ (−1)|α(u)|α(u)⊗ dX(x)− (−1)|α|α(dU (u))⊗ x
− (−1)|α|+|u|α(u)⊗ dX(x)

= dV (α(u))⊗ x− (−1)|α|α(dU (u))⊗ x
= (dV ◦ α− (−1)|α|α ◦ dU )(u)⊗ x = d(α)(u)⊗ x
= (d(α)⊗ 1X)(u⊗ x).

9. The classical dg adjunctions

In this section we show that the classical tensor-Hom adjunction and
the adjunction between contravariant Hom functors for module categories
over rings with unit can be extended to the dg setting.

Theorem 9.1. Let A, B and C be dg algebras with enough idempotents
and let X be a dg B −A−bimodules. The pair

(?⊗B X : C −Dg −B −→ C −Dg −A,
HOMA(X, ?) : C −Dg −A −→ C −Dg −B)

is a dg adjunction. As a consequence, we have an adjunction

(?⊗L
B X : D(B ⊗ Cop) −→ D(A⊗ Cop),

RHomA(X, ?) : D(A⊗ Cop) −→ D(B ⊗ Cop))
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of triangulated functors, where ?⊗L
B := L(?⊗B X) and RHomA(X, ?) :=

R(HOMA(X, ?)).

Proof. As usual, we fix distinguished families of orthogonal idempotents
(ǫj)j∈J , (ei)i∈I and (νk)k∈K in A, B and C, respectively. Whenever U and
M are objects in C −Dg −B and C −Dg −A, respectively, we define

ηU,M : HOMC−A(U ⊗B X,M) −→ HOMC−B(U,HOMA(X,M))

by the rule [ηU,M (f)(u)](x) = f(u ⊗ x), for all homogeneous elements
f ∈ HOMC−A(U ⊗B X,M), u ∈ U and x ∈ X. We need to check that
η is well-defined. We start by checking that η(f)(u) ∈ HOMA(X,M). If
a ∈ A is any homogeneous element, then we have

[η(f)(u)](xa) = f(u⊗ xa) = f(u⊗ x)a = [η(f)(u)](x)a,

so that η(f)(u) is a homogeneous element of HOMA(X,M). Moreover if
i ∈ I is such that uei = 0, then we have that η(f)(u)(eiX) = f(u⊗eiX) =
0, because f(u⊗eix) = f(uei⊗x) = 0. It then follows that η(f)(u) vanishes
on all but finitely many eiX. On the other hand, we know that there is a
finite subset F ⊂ K such that νku = 0, for all k ∈ K \ F . It then follows
that

[(νkη(f))(u)](x) = νkf(u⊗ x) = f(νku⊗ x) = 0,

for all k ∈ K \F . It follows that Im(η(f)(u)) ⊆∑k∈F νkM . Therefore we
get that η(f)(u) ∈ HOMA(X,M).

We next check that η(f) : U −→ HOMA(X,M) is a morphism of dg
C −B-bimodules. We need to check that

η(f)(cub) = (−1)|c||η(f)|c(η(f)(u))b = (−1)|c||f |c(η(f)(u))b,

for all homogeneous elements c ∈ C, u ∈ U and b ∈ B (see the comments
after Lemma 4.1). Indeed we have

[η(f)(cub)](x) = f(cub⊗ x) = (−1)|c||f |cf(u⊗ bx)

= (−1)|c||f |c[η(f)(u)](bx) = (−1)|c||f |[c(η(f)(u))b](x),

due to the definition of the structure of C−B-bimodule on HOMA(X,M).
It follows that η = ηU,M is well-defined.

For the naturality of η, recall that HOMA(?,M) : (C −Dg−A)op −→
Dg −K takes a homogeneous morphism α : N −→ N ′ in C −Dg −A to
the map

α∗ = HOMA(αo,M) : HOMA(N ′,M) −→ HOMA(N,M)
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given by α∗(β) = (−1)|α||β|β ◦ α (see the proof of Proposition 8.2). A
similar fact is true for HOMC−B(?,W ) : (C − Dg − B)op −→ Dg − K,
for any dg C − B-bimodule W . With this in mind, if ϕ : U −→ V is a
homogeneous morphism in C −Dg −B, then we have that

[ϕ∗ ◦ ηV,M ](g) = (−1)|η(g)||ϕ|ηV,M (g) ◦ ϕ = (−1)|g||ϕ|ηV,M (g) ◦ ϕ,

for each homogeneous element g ∈ HOMC−A(V ⊗B X,M). On the other
hand, we have

[ηU,M ◦ (ϕ⊗ 1X)∗](g) = (−1)|g||ϕ|ηU,M (g ◦ (ϕ⊗ 1X)).

Taking homogeneous elements u ∈ U and x ∈ X, we then have

[(ϕ∗ ◦ ηV,M )(g)](u)(x) = (−1)|g||ϕ|[ηV,M (g) ◦ ϕ](u)(x)

= (−1)|g||ϕ|g(ϕ(u)⊗ x) = (−1)|g||ϕ|[g ◦ (ϕ⊗ 1X)](u⊗ x)

= (−1)|g||ϕ|ηU,M (g ◦ (ϕ⊗ 1X))(u)(x)=[(ηU,M ◦ (ϕ⊗ 1X)∗)(g)](u)(x).

This shows that ϕ∗ ◦ηV,M = ηU,M ◦ (ϕ⊗1X)∗, which proves the naturality
of η on the variable U . The naturality on the variable M is shown as in
the classical (ungraded) context.

It remains to prove that η commutes with the differentials. For this,
we denote by d : HOMC−A(U ⊗B X,M) −→ HOMC−A(U ⊗B X,M) and
δ : HOMC−B(U,HOMA(X,M)) −→ HOMC−B(U,HOMA(X,M)) the re-
spective differentials on Hom spaces in the dg categories C − Dg − A
and C −Dg −B, respectively. We need to prove that δ(η(f)) = η(d(f)),
for each homogeneous element f ∈ HOMC−A(U ⊗B X,M). If u ∈ U and
x ∈ X are homogeneous elements, then we have:

[δ(η(f))](u)(x) = [dHOMA(X,M) ◦ η(f)− (−1)|η(f)|η(f) ◦ dU ](u)(x)

= [dHOMA(X,M)(η(f)(u))− (−1)|f |η(f)(dU (u))](x)

= [dM ◦ η(f)(u)− (−1)|u|+|f |η(f)(u) ◦ dX−(−1)|f |η(f)(dU (u))](x)

= dM (f(u⊗ x))− (−1)|u|+|f |f(u⊗ dX(x))− (−1)|f |f(dU (u)⊗ x)

= dM (f(u⊗ x))− (−1)|f |f(dU (u)⊗ x+ (−1)|u|u⊗ dX(x))

= dM (f(u⊗ x))− (−1)|f |f(dU⊗BX(u⊗ x))

= (dM ◦ f − f ◦ dU⊗BX)(u⊗ x) = d(f)(u⊗ x) = η(d(f))(u)(x).

Therefore we have δ(η(f)) = η(d(f)), as desired.
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We now consider a particular case of the last adjunction. Let ι : B −→
A be a homomorphism of dg algebras with enough idempotents. All
throughout the rest of the paper, we assume that such a homomor-
phism makes A into a (unitary!) B − B-bimodule (equivalently, that
A = ι(B)Aι(B)). This means that if (ei)i∈I is any distinguished family
of orthogonal idempotents of B then, after deleting those ι(ei) which
are zero, the family (ι(ei)i ∈ I) is a distinguished family of orthogonal
idempotents of A. Note that we have an obvious restriction of scalars
functor ι∗ : C − Dg − A −→ C − Dg − B, which is clearly a dg functor
that preserves acyclic and contractible dg modules. In particular, we have
Rι∗ = ι∗ (see Remark 7.11). We can apply the last proposition to the
bimodule X = BAA. But note the following:

Lemma 9.2. In the situation of preceding paragraph, consider the dg
functor

HOMA(A, ?) : C −Dg −A −→ C −Dg −B.
There is a natural isomorphism of dg functors ι∗ ∼= HOMA(A, ?). As a
consequence, there is a natural isomorphism of triangulated functors

Rι∗ = ι∗ ∼= RHomA(A, ?) : D(A⊗ Cop)
∼=−→ D(B ⊗ Cop).

Proof. Recall that if M is a dg C − A-bimodule, then HOMA(A,M)
consists of the morphisms f : A −→M in Dg −A such that f(eiA) = 0,
for all but finitely many i ∈ I, and Im(f) ⊆⊕k∈F νkM , for some finite
subset F ⊂ K. If m ∈M is any homogeneous element and we consider the
homogeneous morphism λm : A −→M in GR −A given by λm(a) = ma,
then λm ∈ HOMA(A,M). Indeed since mei = 0, for all but finitely many
i ∈ I, we get that also λm(eiA) = meiA = 0, for all but finitely many
i ∈ I. On the other hand, since there is a finite subset F ⊂ K such that
νkm = 0, for all k ∈ K \ F , we get that Im(λm) = mA ⊆ ⊕k∈F νkM .

The induced map λM : M −→ HOMA(A,M) is clearly a morphism
in C − GR − B. Defining Ψ: HOMA(A,M) −→ M by the rule Ψ(f) =∑
i f(ei), we get an inverse for λ in C − GR − B. Then, for each M

in C − Dg − A, we have a morphism of degree zero λM : ι∗(M) −→
HOMA(A,M) in C − Dg − B. To check that, when M varies, we get a
bijective natural transformation of dg functors λ : ι∗ −→ HOMA(A, ?)
is easy and left to the reader. In order to see that we have a nat-
ural isomorphism of dg functors we just need to check that λ is a
homological natural transformation, which amounts to check that if
d : HOMC−B(M,HOMA(A,M)) −→ HOMC−B(M,HOMA(A,M)) is the
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differential on Hom spaces of the dg category C−Dg−B, then d(λM ) = 0.
To see this, for each homogeneous element m ∈M , we have:

[d(λM )](m) = [dHOMA(A,M) ◦ λM − (−1)|λM |λM ◦ dM ](m)

= dHOMA(A,M)(λM (m))− λM (dM (m))

= dM ◦ λM (m)− (−1)|m|λM (m) ◦ dA − λM (dM (m)).

When applying both members of this equality to a homogeneous element
a ∈ A, we get that

{[d(λM )](m)}(a) = dM (ma)− (−1)|m|mdA(a)− dM (m)a = 0.

The corresponding natural isomorphism of triangulated functors fol-
lows from Proposition 7.12.

This justifies the following terminology:

Definition 9.3. If ι : B −→ A is a homomorphism of dg algebras with
enough idempotents as above, then the dg functor ?⊗BA : C−Dg−B −→
C −Dg −A is called the extension of scalars functor associated to ι. It
is denoted by ι∗ : C −Dg −B −→ C −Dg −A.

As an immediate consequence of Theorem 9.1 and Lemma 9.2, we get:

Corollary 9.4. Let ι : B −→ A a homomorphism of dg algebras as above.
The pair (ι∗ : C−Dg−B −→ C−Dg−A, ι∗ : C−Dg−A −→ C−Dg−B) is
a dg adjunction. Therefore we have an adjoint pair of triangulated functors
(Lι∗ : D(B⊗Cop) −→ D(A⊗Cop),Rι∗ = ι∗ : D(A⊗Cop) −→ D(B⊗Cop)).

We move now to study a less known adjunction.

Theorem 9.5. Let A and B be dg algebras with enough idempotents and
let X be a dg B −A-bimodule. The pair

(HOMBop(?, X)o : B −Dg − C −→ (C −Dg −A)op,

HOMA(?, X) : (C −Dg −A)op −→ B −Dg − C)

is a dg adjunction. In particular, the pair

(RHomBop(?, X)o : D(C ⊗Bop) −→ D(A⊗ Cop)op,

RHomA(?, X) : D(A⊗ Cop)op −→ D(C ⊗Bop))

is an adjoint pair of triangulated functors, where RHom(?, X) :=
R(HOM(?, X)) in both cases.
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Proof. All throughout the proof, we fix distinguished families of orthogonal
idempotents (ei)i∈I , (ǫj)j∈J and (νk)k∈K in B, A and C, respectively. Let
U be a dg B−C-bimodule and M be a dg C−A-bimodule. By the initial
paragraph of Section 8 and by Corollary 8.3, we have:

a) HOMBop(U,X) consists of the f ∈ HOMBop(U,X) such that
Im(f) ⊆ ⊕j∈J ′Xǫj , for some finite subset J ′ ⊂ J , and f(Uνk) = 0
for all but finitely many k ∈ K.

b) HOMA(M,X) consists of the g ∈ HOMA(M,X) such that Im(g) ⊆
⊕i∈I′eiX, for some finite subset I ′ ⊂ I, and g(νkM) = 0 for all but
finitely many k ∈ K.

We define a K-linear map

Hom(C−Dg−A)op(HOMBop(U,X),M) HomB−Dg−C(U,HOMA(M,X))

HOMC−A(M,HOMBop(U,X))
ξ=ξU,M //HOMB−C(U,HOMA(M,X))

by the rule [ξ(f)(u)](m) = (−1)|u||m|f(m)(u), for all homogeneous ele-
ments u ∈ U , m ∈ M , and f ∈ HOMC−A(M,HOMBop(U,X)). We first
check that if f and u are fixed, then the assignment m [ξ(f)(u)](m) =
(−1)|u||m|f(m)(u) gives a homogeneous morphism M −→ X in GR −A.
Indeed we have

[ξ(f)(u)](ma) = (−1)|u|(|m|+|a|)f(ma)(u) = (−1)|u|(|m|+|a|)[f(m)a](u).

But, by the structure of right dg A-module on HOMBop(U,X)
(see Corollary 8.3), we see [f(m)a](u) = (−1)|a||u|f(m)(u)a, hence
[ξ(f)(u)](ma) = (−1)|u||m|f(m)(u)a. On the other hand, we get
[ξ(f)(u)](m)a = (−1)|u||m|f(m)(u)a. This shows that ξ(f)(u) is a
homogeneous morphism M −→ X in GR −A.

In order to check that ξ is well-defined, we also need to see that
the just defined morphism ξ(f)(u) is really in HOMA(M,X) (see point
b) above). We have u =

∑
i∈Fu

eiu, for some finite subset Fu ⊆ I, and
then [f(m)](u) =

∑
i∈Fu

eif(m)(u) ∈ ⊕i∈Fu
eiX, for all m ∈ M , using

the fact that f(m) is a morphism of graded left B-modules. That is, we
have that Im(ξ(f)(u)) ⊆ ⊕i∈FueiX. On the other hand, we have a finite
subset K′ ⊂ K such that uνk = 0, for all k ∈ K \ K′. Bearing in mind
the explicit definition of the C−A-bimodule structure on HOMBop(U,X)
(see Corollary 8.3) and the fact that f is a morphism of C−A−bimodules,
we get that

[ξ(f)(u)](νkm) = (−1)|u||νkm|f(νkm)(u)

= (−1)|u||m|(νkf(m))(u)=(−1)|u||m|(−1)|νk||u|+|νk||f(m)|f(m)(uνk),
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which implies that [ξ(f)(u)](νkm) = 0, for all k ∈ K \ K′, independently
of m. It follows that ξ(f)(u)](νkM) = 0 for almost all k ∈ K, so that
ξ(f)(u) ∈ HOMA(M,X).

As a final step to check that ξ is well-defined, we will see that ξ(f) is
really a morphism U −→ HOMA(M,X) in B−GR−C. That is, we need
to check the equalities ξ(f)(bu) = (−1)|f ||b|bξ(f)(u) (see the comments
after Lemma 4.1) and ξ(f)(uc) = ξ(f)(u)c, for all homogeneous elements
b ∈ B, u ∈ U and c ∈ C. We apply both members of the first desired
equality to a homogeneous element m ∈M and get:

[ξ(f)(bu)](m)

= (−1)(|b|+|u|)|m|f(m)(bu) = (−1)(|b|+|u|)|m|(−1)|f(m)||b|bf(m)(u)

= (−1)(|b|+|u|)|m|(−1)((||f |+m|)|b|bf(m)(u)=(−1)|u||m|+|f ||b|bf(m)(u)

= (−1)|f ||b|(−1)|u||m|bf(m)(u) = (−1)|f ||b|b[ξ(f)(u)(m)]

= (−1)|f ||b|[bξ(f)(u)](m),

using that f(m) is a morphism in B − GR of degree |f | + |m|. On the
other hand, we have

[ξ(f)(uc)](m) = (−1)|uc||m|f(m)(uc) = (−1)|u||m|+|c||m|f(m)(uc)

while, using Corollary 8.3 and the comments after Lemma 4.1, we also get

[ξ(f)(u)c](m) = ξ(f)(u)(cm)

= (−1)|u||cm|f(cm)(u) = (−1)|u||cm|(−1)|c||f |[cf(m)](u)

= (−1)|u||cm|+|c||f |(−1)|c||u|+|c||f(m)|f(m)(uc)

= (−1)|u||m|+|c||m|f(m)(uc).

We now prove the naturality of ξ on both variables. Let α : M −→ N
be a homogeneous morphism in C −Dg −A. With the obvious meaning
of the vertical arrows, we need to prove that the following diagram is
commutative:

HomC−A(M,HOMBop(U,X))
ξU,M // HomB−C(U,HOMA(M,X))

HomC−A(N,HOMBop(U,X))
ξU,N //

α∗

OO

HomB−C(U,HOMA(N,X))

HOMA(α,X)∗

OO
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For this, we take any homogeneous morphism g : N−→HOMBop(U,X)
in C −Dg −A. We then have that (ξU,M ◦ α∗)(g) = (−1)|α||g|ξU,M (g ◦ α)
and therefore

[(HOMA(α,X)∗ ◦ ξU,N )(g)(u)](m)

= [(HOMA(α,X) ◦ ξ(g))(u)](m) = (−1)|α||ξ(g)(u)|[ξ(g)(u) ◦ α](m)

= (−1)|α|(|g|+|u|)ξ(g)(u)(α(m))=(−1)|α|(|g|+|u|)(−1)|u||α(m)|g(α(m))(u)

= (−1)|α|(|g|+|u|)(−1)|u|(|α|+|m|)(g ◦ α)(m)(u)

= (−1)|α||g|+|u||m|(g ◦ α)(m)(u) = (−1)|α||g|ξU,M (g ◦ α)(u)(m)

= [(ξU,M ◦ α∗)(g)(u)](m),

which proves the naturality of ξ on the variable M .

Let now ϕ : U −→ V be a homogeneous morphism in B − Dg − C.
For the naturality of ξ on the ‘variable’ U , we need to check that the
following diagram is commutative:

HomC−A(M,HOMBop(U,X))
ξU,M // HomB−C(U,HOMA(M,X))

HomC−A(M,HOMBop(V,X))
ξV,M //

HOMBop (ϕ,X)∗

OO

HomB−C(V,HOMA(M,X))

ϕ∗

OO

Let f : M −→ HOMBop(V,X) be a homogeneous morphism in C−Dg−A.
Then we have that [ξU,M◦HOMBop(ϕ,X)∗](f) = ξU,M (HOMBop(ϕ,X)◦f),
while (ϕ∗ ◦ ξV,M )(f) = (−1)|f ||ϕ|ξV,M (f) ◦ ϕ. If now u ∈ U and m ∈ M
are homogeneous elements, then we have equalities:

[ξU,M (HOMBop(ϕ,X) ◦ f)(u)](m)

= (−1)|u||m|[(HOMBop(ϕ,X) ◦ f)(m)](u)

= (−1)|u||m|(−1)|ϕ||f(m)|[f(m) ◦ ϕ](u)

= (−1)|u||m|+|ϕ||f |+|ϕ||m|f(m)(ϕ(u))

= (−1)|f ||ϕ|(−1)|ϕ(u)||m|f(m)(ϕ(u))

= (−1)|f ||ϕ|[ξV,M (f)(ϕ(u))](m)

= (−1)|f ||ϕ|[(ξV,M (f) ◦ ϕ)(u)](m)

which proves the naturality of ξ on the ‘variable’ U .
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Next we check that ξ commutes with the differentials. That is, we
need to prove that, for each dg C −A-bimodule M and each dg B − C-
bimodule U , the following diagram is commutative.

HOMC−A(M,HOMBop(U,X))
d //

ξU,M

��

HOMC−A(M,HOMBop(U,X))

ξU,M

��
HOMB−C(U,HOMA(M,X))

δ // HOMB−C(U,HOMA(M,X)),

Here d and δ are the differentials on Hom spaces in C − Dg − A and
B − Dg − C, respectively. Put ξ = ξU,M for simplicity. Then, for all
homogeneous elements f ∈ HOMC−A(M,HOMBop(U,X)), u ∈ U and
m ∈M , we have

[(ξ ◦ d)(f)(u)](m) = [ξ(d(f))(u)][m] = (−1)|u||m|d(f)(m)(u)

= (−1)|u||m|[(dHOM(U,X) ◦ f − (−1)|f |f ◦ dM )(m)](u)

= (−1)|u||m|[dX ◦ f(m)− (−1)|f(m)|f(m) ◦ dU
− (−1)|f |f(dM (m))](u)

= (−1)|u||m|[dHOM(U,X)(f(m))− (−1)|f |f(dM (m))](u)

= (−1)|u||m|[dX(f(m)(u))− (−1)|f |f(dM (m))(u)

− (−1)|f |+|m|f(m)(dU (u))]

= (−1)|u||m|dX(f(m)(u))− (−1)|f |+|u|(−1)|u|(|m|+1)f(dM (m))(u)

− (−1)|f |(−1)(|u|+1)|m|f(m)(dU (u))

= [dX ◦ ξ(f)(u)− (−1)|ξ(f)(u)|ξ(f)(u) ◦ dM
− (−1)|f |ξ(f)(dU (u))](m)

= [dHOM(M,X)(ξ(f)(u))− (−1)|f |ξ(f)(dU (u))](m)

= [(δ ◦ ξ)(f)(u)][m].

where we used that (δ ◦ ξ)(f) = dHOM(M,X) ◦ ξ(f)− (−1)|ξ(f)|ξ(f) ◦ dU in
the last equality.

Finally, in order to prove the bijective condition of ξ, note that ex-
changing the roles of U and X and of A and Bop, one has a well-defined
K-linear map of degree zero ξ′ = ξ′

U,M : HOMB−C(U,HOMA(M,X)) −→
HOMC−A(M,HOMBop(U,X)), given by the rule

[ξ′(g)(m)](u) = (−1)|u||m|g(u)(m).



124 Dg algebras with enough idempotents

Clearly ξ′
M,U is inverse to ξM,U .

We will now show that, under appropriate assumptions, the derived
functors of covariant and contravariant HOM are part of a bifunctor which
is triangulated on both variables. We need the following auxiliary result.

Lemma 9.6. Let A, B and C be dg algebras with enough idempotents
and let P and Q be dg C − A−bimodules such that P is homotopically
projective and Q is homotopically injective as right dg A-modules. Then
the following assertions hold:

1) The functor HOMA(P, ?) : B −Dg −A −→ B −Dg − C preserves
acyclic dg bimodules.

2) The functor HOMA(?, Q) : (B−Dg−A)op −→ C−Dg−B preserves
acyclic dg bimodules.

Proof. The proofs of the two assertions are rather similar. We only prove 1).
Let X be an acyclic dg B −A-bimodule. We know that the non-unitary
dg B − C-bimodule HOMA(P,X) is acyclic since PA is homotopically
projective. By definition, we have that HOMA(P,X) = BHOMA(P,X)C
and the differential on this (unitary) dg B−C-bimodule is the restriction
of the differential of HOMA(P,X). Let now f ∈ Zn(HOMA(P,X)) be any
n-cycle. By the acyclicity of HOMA(P,X), we have a g ∈ HOMA(P,X)n−1

such that f = d(g), where d is the differential of HOMA(P,X). If (ei)i∈I
and (νk)k∈K are distinguished families of orthogonal idempotents of B
and C, respectively, then there are finite subset I ′ ⊂ I and K′ ⊂ K
such that f =

∑
i∈I′,k∈K′ eifνk. Taking g′ =

∑
i∈I′,k∈K′ eigνk and using

Leibniz rule for the non-unitary dg B − C-bimodule HOMA(P,X) (see
Lemma 8.1), we get an element g′ ∈ HOMA(P,X)n−1 such that

d(g′) = d(
∑

i∈I′,k∈K′

eigνk) =
∑

i∈I′,k∈K′

eid(g)νk =
∑

i∈I′,k∈K′

eifνk = f.

We say that an algebra with enough idempotents A is K-projective
(resp. K-flat) when it is projective (resp. flat) as a K-module.

Corollary 9.7. Let A, B and C be dg algebras with enough idempotents.
The dg functor HOMA(?, ?) : (C − Dg − A)op ⊗ (B − Dg − A) −→ B −
Dg − C preserves contractibility on each variable. If RHOMA(?, ?) :=
R(HOM(?, ?)) : D(A ⊗ Cop)op ⊗ D(A ⊗ Bop) −→ D(C ⊗ Bop) is the
associated bi-triangulated functor (see Definition 7.16), then the following
assertions hold:
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1) If C is K-projective or X is a homotopically injective dg B −
A-bimodule, then there is a natural isomorphism of triangulated
functors

RHOMA(?, X) ∼= RHomA(?, X)

:= R(HOMA(?, X)) : D(A⊗ Cop)op −→ D(C ⊗Bop).

2) If either B is K-flat or M is a homotopically projective dg C −
A-bimodule, then there is a natural isomorphism of triangulated
functors

RHOMA(M, ?) ∼= RHomA(M, ?)

:= R(HOMA(M, ?)) : D(A⊗Bop) −→ D(C ⊗Bop).

In particular, if C is K-projective (e.g. if C = K) one has an isomorphism
RHomA(M, ?)(X) ∼= RHomA(?, X)(M) in D(C ⊗Bop), for all dg B −
A−bimodules X and all homotopically projective dg C −A-bimodules M .

Proof. By Theorems 9.1 and 9.5, we know that, for fixed M and X in
C−Dg−A and B−Dg−A, the dg functors HOMA(M, ?) : B−Dg−A −→
B−Dg−C and HOMA(?, X) : (C −Dg−A)op −→ B−Dg−C are part
of a dg adjunction. By Lemma 7.8, both of them preserve contractible dg
modules, which shows the first statement of the corollary.

The last statement is a direct consequence of assertions 1 and 2. Note
that when C is K-projective (resp. B is K-flat), the restriction of scalars
functor C−Dg−A −→ Dg−A (resp. B−Dg−A −→ Dg−A) preserves
homotopically projective (resp. homotopically injective) dg modules (this
is well-known in the context of dg modules over small dg categories, but
the reader can easily adapt the proof of [17, Lemma 3.6] to get a direct
proof by her/himself). Then assertion 1, when C is K-projective, is a
direct consequence of Proposition 7.17(2.b) and Lemma 9.6. Similarly,
assertion 2 for K-flat B follows from Proposition 7.17(2.a) and Lemma 9.6.

To check what remains of assertions 1 and 2, we just prove what
remains of assertion 2 since the argument for assertion 1 is entirely
dual. Recall from the proof of Proposition 7.17 that we have a natural
isomorphism of triangulated functors D(A⊗Bop) −→ D(C ⊗Bop)

RHOMA(M, ?) ∼= R(HOMA(ΠC−A(M), ?)) = RHomA(ΠC−A(M), ?).

Then RHOMA(M, ?) is the composition

D(A⊗Bop)
ΥB−A−→ H(A⊗Bop)

HOMA(ΠC−A(M),?)−→ H(C ⊗Bop)
qC⊗Bop−→ D(C ⊗Bop),



126 Dg algebras with enough idempotents

where ΥB−A (resp. ΠC−A) is the homotopically injective (resp. homotopi-
cally projective) resolution functor for dg B − A−bimodules (resp. dg
C −A−bimodules). But, when M is homotopically projective, the homo-
topically projective resolution π : ΠC−A(M) −→M is an isomorphism in
H(A⊗ Cop). Considering the bi-triangulated functor

HOMA(?, ?) : H(A⊗ Cop)op ⊗H(A⊗Bop) −→ H(C ⊗Bop)

(see Proposition 7.15), we deduce that π induces a natural isomorphism
of triangulated functors

π∗ : HOMA(M, ?)
∼=−→HOMA(ΠC−A(M), ?) : H(A⊗Bop)−→H(C⊗Bop).

Then RHOMA(M, ?) is naturally isomorphic to the composition

D(A⊗Bop)
ΥB−A−→ H(A⊗Bop)

HOMA(M,?)−→ H(C⊗Bop)
qC⊗Bop−→ D(C⊗Bop),

which is precisely RHomA(M, ?) : D(A⊗Bop) −→ D(C ⊗Bop).

10. Dualities for perfect complexes

In this final section, we shall consider the adjunction of Theorem 9.5
when C = K. That is, we consider the adjunction

(RHomBop(?, X)o : D(Bop) −→ D(A)op,

RHomA(?, X) : D(A)op −→ D(Bop)).

Remark 10.1. We denote the unit of this adjunction by

λ : 1D(Bop) −→ RHomA(?, X) ◦ RHomBop(?, X)o.

Note that the counit ρo : RHomBop(?, X)o ◦ RHomA(?, X) −→ 1D(A)op ,
when evaluated at any right dg A-module, is a morphisms in D(A)op.
We then change this perspective, and see it as natural transformation
ρ : 1D(A) −→ RHomBop(?, X) ◦ RHomA(?, X)o.

Recall that if (F : C −→ D, G : D −→ C) is an adjoint pair of arbitrary
categories C and D, an object C ∈ Ob(C) (resp. D ∈ Ob(D)) is called
reflexive (resp coreflexive) with respect to the given adjunction when the
evaluation of the unit at C (resp. the evaluation of the counit at D) is an
isomorphism. The following fact is well-known:
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Lemma 10.2. In the situation of the previous paragraph, the functors
F and G define by restriction mutually quasi-inverse equivalences of
categories between the full subcategories of reflexive and coreflexive objects.

Coming back to the situation of Theorem 9.5, with C = K, the
following definition comes then naturally.

Definition 10.3. A left dg B-module U will be called homologically
X-reflexive when the unit map

λU : U −→ RHomA(RHomBop(U,X), X)

is an isomorphism. A right dg A-module M is called homologically X-
coreflexive when the counit map

ρM : M −→ RHomBop(RHomA(M,X), X)

is an isomorphism. Fixing again distinguished families of orthogonal idem-
potents (ei)i∈I and (ǫj)j∈J in B and A, respectively, we shall say that the
dg B−A-bimodule X is left (resp. right) homologically faithfully balanced
(see [18]) when each Bei (resp. ǫjA) is homologically X-reflexive (resp. ho-
mologically X-coreflexive). We will say that X is homologically faithfully
balanced when it is left and right homologically faithfully balanced.

In the sequel we denote by per(A) (resp. per(Aop)) the (thick) sub-
category of D(A) (resp. D(Aop)) formed by the compact objects. It will
be called the perfect right (resp. left) derived category of A.

Recall that if C and D are triangulated categories, then a triangulated

duality or a duality of triangulated categories C ∼=o

−→ D is an equivalence of

triangulated categories categories Cop
∼=−→ D. As the following proposition

shows, the definitions 10.3 are independent of the considered distinguished
families of idempotents.

Proposition 10.4. Let A and B be dg algebras with enough idempotents,
on which we fix distinguished families of orthogonal idempotents (ǫj)j∈J
and (ei)i∈I , respectively, and let X be a dg B−A-bimodule. The following
assertions hold:

1) X is left homologically faithfully balanced if, and only if, all objects
of per(Bop) are homologically X-reflexive. Then RHomBop(?, X)
and RHomA(?, X) define quasi-inverse dualities of triangulated

categories per(Bop)
∼=o

←→ thickD(A)(eiX : i ∈ I).
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2) X is right homologically faithfully balanced if, and only if, all ob-
jects of per(A) are homologically X-coreflexive. Then RHomA(?, X)
and RHomBop(?, X) define quasi-inverse dualities of triangulated

categories per(A)
∼=o

←→ thickD(Bop)(Xǫj : i ∈ I).
3) If A = B then the regular dg bimodule X = A is homologically

faithfully balanced. In particular RHomA(?, A) and RHomAop(?, A)

define quasi-inverse dualities per(A)
∼=o

−→ per(Aop).

Proof. The classes Ref(X) = {U ∈ D(Bop) : λU is an isomorphism}
and Coref(X) = {M ∈ D(A) : ρM is an isomorphism} of X-reflexive
and X-coreflexive objects are thick subcategories of D(Bop) and D(A),
respectively (see the last three lines of the introduction). On the other
hand, note that per(Bop) = thickD(Bop)(Bei : i ∈ I) and that per(A) =
thickD(A)(ǫjA : j ∈ J) (see Theorem 3.1, Remark 3.2 and [10, Section 5])

1) When X is left faithfully balanced, we then have that
per(Bop) ⊆ Ref(X). Using now Lemma 10.2, we conclude that
RHomBop(?, X) and RHomA(?, X) define quasi-inverse dualities between
per(Bop) and the image of per(Bop) by RHomBop(?, X). This image
is precisely thickD(A)(RHomBop(Bei, X) : i ∈ I). In order to prove
assertion 1, it remains to check that there is an isomorphism
RHomBop(Bei, X) ∼= eiX in D(A), for each i ∈ I. To see that,
note that, due to the homotopically projective condition of Bei
(see Example 7.6), if Π: D(Bop) −→ H(Bop) is the homotopically
projective resolution functor, then Π(Bei) ∼= Bei in H(Bop). We
then have that RHomBop(Bei, X) = HOMBop(Bei, X). But the map
Ψ: HOMBop(Bei, X) −→ eiX, given by Ψ(f) = f(ei) is an isomorphism
of right dg A-modules. Indeed, by Corollary 8.3, we have that
Ψ(fa) = (fa)(ei) = (−1)|a||ei|f(ei)a = f(ei)a = Ψ(f)a since |ei| = 0,
which immediately implies that Ψ is an isomorphism in GR − A and
Gr− A. On the other hand, if δ is the differential of HOMBop(Bei, X)
and deiX = (dX)|eiX is the differential of eiX, then we have
(deiX ◦Ψ)(f) = deiX(f(ei)) = dX(f(ei)) while we have

(Ψ ◦ δ)(f) = Ψ(δ(f)) = Ψ(dX ◦ f − (−1)|f |f ◦ dBei
)

= [dX ◦ f − (−1)|f |f ◦ dBei
](ei) = dX(f(ei))

since dBei
(ei) = 0 because the differential of B vanishes on ei. Therefore

Ψ is an isomorphism of right dg A-modules, thus ending the proof of
assertion 1.

2) Assertion 2 is proved as assertion 1 by exchanging the roles of A
and Bop. Due to the fact that ǫjA is a homotopically projective right dg
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A-module, in a way analogous to that of the previous paragraph, one
checks that the map Φ: RHomA(ǫjA,X) = HOMA(ǫjA,X) −→ Xǫj ,
given by Φ(g) = g(ǫj) is an isomorphism of left dg B-modules.

3) For simplicity, put

F = HOMAop(?, A) : (A−Dg)op −→ Dg −A

and
G = HOMA(?, A) : (Dg −A)op −→ A−Dg.

We then have G ◦ F o : A−Dg −→ A−Dg and want to get information
about the unit λ : 1D(Aop) −→ RG◦L(F o) = RG◦(RF )o (see Remark 7.10).

For this, we consider the unit λ̃ : 1A−Dg −→ G ◦ F o of the adjunction
(F o, G). By Proposition 7.12, we have an induced natural transformation of
triangulated functors λ̃ : 1D(Aop) −→ L(G◦F o) and, by Proposition 7.14(2),
we get another natural transformation of triangulated functors δ : L(G ◦
F o) −→ RG ◦ (RF )o. It is not hard to see that λ is the composition

1D(Aop)
λ̃−→ L(G ◦ F o) δ−→ RG ◦ (RF )o. If j ∈ J is arbitrary, then

ΠA(Aǫj) ∼= Aǫj inH(Aop) since Aǫj is homotopically projective. Moreover,
by the proof of assertion 1 (with A and ǫj instead of B and ei), we know
that Go(Aǫj) = HOMAop(Aǫj , A) ∼= ǫjA in Dg − A. It then follows
from Proposition 7.14(2) that δAǫj is an isomorphism. Moreover, by
Proposition 7.12, we know that if

λ̃Aǫj : Aǫj −→ (G ◦ F o)(Aǫj) = HOMA(HOMAop(Aǫj , A), A)

is a quasi-isomorphism (e.g. an isomorphism in A−Dg), then also

λ̃Aǫj : Aǫj −→ L(G ◦ F o)

is an isomorphism, and this will imply that

λAǫj = δAǫj ◦ λ̃Aǫj : Aǫj −→ [RG ◦ (RF )o](Aǫj)

is an isomorphism in D(Aop) and, hence, that X = AAA is left homologi-
cally faithfully balanced.

We are led to give an explicit definition of

λ̃U : U −→ HOMA(HOMAop(U,A), A),

for any left dg A-module. If we consider the natural isomorphism

Hom(Dg−A)op(HOMAop(U,A),M) HomA−Dg(U,HOMA(M,A))

HOMA(M,HOMAop(U,A))
ξ=ξU,M //HOMAop(U,HOMA(M,A))
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(see the proof of Theorem 9.5), the standard theory of adjunction gives
that
λ̃U = ξU,HOMAop (U,A)(1HOMAop (U,A)). We then get that

λ̃U (u)(α) = ξ(1HOMAop (U,A))(u)(α) = (−1)|α||u|α(u),

for all homogeneous elements u ∈ U and α ∈ HOMAop(U,A). Abus-
ing the notation and denoting by (?)∗ both functors HOMA(?, A) and
HOMAop(?, A), we get a natural transformation λ̃ : 1A−Dg −→ (?)∗∗, where

λ̃U : U −→ U∗∗ is given by the rule λ̃U (α)(u) = (−1)|α||u|α(u).
Consider the case U = Aǫj and let us consider now the isomorphisms

Ψ: (Aǫj)
∗ =HOMAop(Aǫj , A)−→ǫjA and Φ: (ǫjA)∗ =HOMA(ǫjA,A)−→

Aǫj given in the proofs of Assertions 1 and 2, when X = A. The compo-
sition

Aǫj
Φ−1

−→ (ǫjA)∗ Ψ∗

−→ (Aǫj)
∗∗

is then an isomorphism of left dg A-modules. Note that Φ−1(u) = fu,
where fu(a) = ua for all a ∈ ǫjA. We then have that

(Ψ∗ ◦ Φ−1)(u) = Ψ∗(fu) = (−1)|Ψ||fu|fu ◦Ψ = fu ◦Ψ,

using the action of the functor (?)∗ = HOMAop(?, A) on homogeneous
morphisms (see the proof of Proposition 8.2) and the fact that |Ψ| = 0.
Taking into account the comments after Lemma 4.1, we then have that

[(Ψ∗ ◦ Φ−1)(u)](α) = (fu ◦Ψ)(α) = fu(α(ǫj)) = uα(ǫj)

= (−1)|u||α|α(uǫj) = (−1)|u||α|α(u),

for each α ∈ (Aǫj)
∗ = HOMA(Aǫj , A). It follows that λ̃Aǫj = Ψ∗ ◦ Φ−1,

and hence that λAǫj is an isomorphism, for all j ∈ J .
By a left-right symmetric argument, one checks that AAA is also right

homologically faithfully balanced. The part of assertion 3 concerning
duality follows from assertions 1 and 2 and from the first paragraph of
this proof.

We end with a result that has proved very useful in [20]:

Proposition 10.5. Let ι : A −→ B be a homomorphism of dg algebras
with enough idempotents such that B = ι(A)Bι(A), and let us consider
the dg functors:

F : (Dg −A)op HOMA(?,A)−→ A−Dg
ι∗−→ B −Dg
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and

G : (Dg −A)op ι∗o

−→ (Dg −B)op HOMB(?,B)−→ B −Dg,

where we denote by ι∗ both extension of scalars functors B⊗A? : A−Dg −→
B − Dg and ? ⊗ B : Dg − A −→ Dg − B. There is homological natural
transformation of dg functors η : F −→ G whose triangulated version,
when evaluated at compact objects, gives a natural isomorphism

η : [(B⊗L
A?)◦RHomA(?, A)]|per(A)op

∼=−→ [RHomB(?, B)◦(?⊗L
AB)]per(A)op

of triangulated functors per(A)op −→ D(B).

Proof. All throughout the proof we fix a distinguished family of orthogonal
idempotents (ei)i∈ in A. Note that, after deleting the terms which are
zero, (ι(ei))i∈I is also a distinguished family of orthogonal idempotents
in B. For each right dg A-module M , we define

ηM : F (M) = B ⊗A HOMA(M,A) −→ HOMB(M ⊗A B,B) = G(M)

by the rule ηM (b⊗ f)(m⊗ b′) = bι(f(m))b′, for all homogeneous elements
b, b′ ∈ B, f ∈ HOMA(M,A) and m ∈M . We first check that η := ηM is
well-defined. Note that if a ∈ A is a homogeneous element and b, b′, f,m
are homogeneous elements above, then we have

η(bι(a)⊗ f)(m⊗ b′) = bι(a)ι(f(m))b′

while

η(b⊗ af)(m⊗ b′) = bι((af)(m))b′ = bι(af(m))b′ = bι(a)ι(f(m))b′,

bearing in mind that the structure of right and left A-module on B is
given by a · b · a′ = ι(a)bι(a′). Moreover, if b1, b2 ∈ B are homogeneous
elements, then we have that

η(b⊗ f)((m⊗ b1)b2) = η(b⊗ f)(m⊗ (b1b2)) = bι(f(m))(b1b2)

and
η(b⊗ f)(m⊗ b1)b2 = (bι(f(m))b1)b2,

so that η(b⊗f) is a homogeneous morphism M⊗AB −→ B in Dg−B. On
the other hand, if b =

∑
i∈F eib, for a finite subset F ⊂ I, we clearly have

that Im(η(b⊗ f)) ⊆ ⊕i∈F eiB, thus showing that η(b⊗ f) ∈ HOMB(M ⊗
B,B) (see the initial paragraph of Section 8). Therefore η = ηM is
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a morphism F (M) = B ⊗A HOMA(M,A) −→ HOMB(M ⊗A B,B) in
Gr−K. In order to check that it is actually a morphism in B −Gr, we
need to check that η(b1(b⊗ f)) = (−1)|b1||η|b1η(b⊗ f) = b1η(b⊗ f). But
this is clear since

η(b1(b⊗ f))(m⊗ b′) = η((b1b)⊗ f)(m⊗ b′) = (b1b)ι(f(m))b′

while

[b1η(b⊗ f)](m⊗ b′) = b1η(b⊗ f)(m⊗ b′) = b1(bι(f(m))b′),

for each homogeneous element b1 ∈ B.
We now prove the naturality of η. Recall from the proof of Proposi-

tion 8.4 that the action of B⊗A?: A−Dg −→ B −Dg on homogeneous
morphisms is given by the rule (B⊗?)(α) : b⊗ x (−1)|α||b|b⊗ α(x), for
all homogeneous elements α ∈ HOMBop(X,Y ), x ∈ X and b ∈ B. Let
ϕ : M −→ N be a homogeneous morphism in Dg −A. Then

F (ϕ) = [(B⊗A?) ◦HOMA(?, A)](ϕ) = (B⊗A?)(ϕ∗).

This is a morphism

F (N) = B ⊗A HOMA(N,A) −→ B ⊗A HOMA(M,A) = F (M)

which takes b ⊗ g  (−1)|ϕ∗||b|b ⊗ ϕ∗(g) = (−1)|ϕ||b|b ⊗ ϕ∗(g), for all
homogeneous elements b ∈ B and g ∈ HOMA(M,A). By the definition
of ϕ∗ (see the proof of Proposition 8.2), we then get that

F (ϕ)(b⊗ g) = (−1)|ϕ||b|(−1)|ϕ||g|b⊗ (g ◦ ϕ) = (−1)|ϕ|(|g|+|b|)b⊗ (g ◦ ϕ)

On the other hand, we have that

G(ϕ) = [HOMB(?, B) ◦ (?⊗A B)](ϕ) = (ϕ⊗ 1B)∗.

This is a morphism

G(N) = HOMB(N ⊗A B,B) −→ HOMB(M ⊗A B,B) = G(M)

which takes u  (ϕ ⊗ 1B)∗(u) = (−1)|ϕ||u|u ◦ (ϕ ⊗ 1B), for each homo-
geneous element u ∈ HOMB(N ⊗A B,B). We then have the following
equalities, for all homogeneous elements b ∈ B and g ∈ HOMA(N,A):

[G(ϕ)◦ηN ](b⊗g) = G(ϕ)(ηN (b⊗g)) = (−1)|ϕ|(|b|+|g|)ηN (b⊗g)◦ (ϕ⊗1B)
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and
[ηM ◦ F (ϕ)](b⊗ g) = (−1)|ϕ|(|b|+|g|)ηM (b⊗ (g ◦ ϕ)).

But, for all homogeneous elements m ∈M and b′ ∈ B, we also have

[ηN (b⊗ g) ◦ (ϕ⊗ 1B)](m⊗ b′) = ηN (b⊗ g)(ϕ(m)⊗ b′)

= bι((g ◦ ϕ)(m)))b′ = ηM (b⊗ (g ◦ ϕ))(m⊗ b′).

It follows that G(ϕ)◦ηN = ηM ◦F (ϕ), so that η is a natural transformation
of dg functors.

We next prove that hat η is homological, i.e., that dG(M) ◦ ηM − ηM ◦
dF (M) = 0. We denote by d = dF (M)) : B ⊗A HOMA(M,A) −→ B ⊗A
HOMA(M,A) and δ = dG(M) : HOMB(M ⊗A B,B) −→ HOMB(M ⊗A
B,B) the respective differentials. We need to check that δ(η(b⊗ f)) =
η(d(b⊗ f)), for all homogeneous elements b ∈ B and f ∈ HOMA(M,A).
For this, we shall apply both members of this desired equality to a tensor
m ⊗ b′, where m ∈ M and b′ ∈ B are homogeneous elements. We then
have:

[δ(η(b⊗ f))](m⊗ b′)

= [dB ◦ η(b⊗ f))− (−1)|b|+|f |η(b⊗ f)) ◦ dM⊗AB](m⊗ b′)

= dB(bι(f(m))b′)− (−1)|b|+|f |η(b⊗ f))(dM (m)⊗ b′

+ (−1)|m|m⊗ dB(b′))

= dB(b)ι(f(m))b′+(−1)|b|bdB(ι(f(m))b′)−(−1)|b|+|f |[bι(f(dM (m)))b′

+ (−1)|m|bι(f(m))dB(b′)]

= dB(b)ι(f(m))b′+(−1)|b|b[dB(ι(f(m)))b′+(−1)|f |+|m|ι(f(m))dB(b′)]

− (−1)|b|+|f |bι(f(dM (m)))b′ − (−1)|b|+|f |+|m|bι(f(m))dB(b′)

= dB(b)ι(f(m))b′ + (−1)|b|bdB(ι(f(m)))b′

− (−1)|b|+|f |bι(f(dM (m)))b′ (∗)

while we also have

η(d(b⊗ f))(m⊗ b′) = [η(dB(b)⊗ f) + (−1)|b|η(b⊗ dH(f)))](m⊗ b′)

= dB(b)ι(f(m))b′ + (−1)|b|bι(dH(f)(m))b′ = dB(b)ι(f(m))b′

+ (−1)|b|bι((dA ◦ f)(m)− (−1)|f |(f ◦ dM )(m))b′ (∗∗)

The expression (∗) and (∗∗) are equal because ι : A −→ B is a morphism of
dg algebras with enough idempotents and, hence, one has that ι(dA(a)) =
dB(ι(a)), for all a ∈ A.
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For the final assertion, we start by pointing out that ι∗ : Dg −A −→
Dg − B (resp. ι∗ : A − Dg −→ B − Dg) preserves homotopically pro-
jective dg modules. Indeed if P ∈ Dg − A is homotopically projective
and Y ∈ Dg − B is acyclic, then dg adjunction gives an isomorphism
HOMB(ι∗(P ), Y ) ∼= HOMA(P, ι∗(Y )) in Dg−K. Since ι∗ preserves acyclic
dg modules, we conclude that the last dg K-module is acyclic and, hence,
ι∗(P ) is homotopically projective.

By Proposition 7.12, we have an induced natural transformation of
triangulated functors η : R(ι∗ ◦ HOMA(?, A)) −→ R(HOMB(?, B) ◦ ι∗o).
On the other hand, by Proposition 7.14, we have natural transformations
of triangulated functors u : Lι∗ ◦ RHomA(?, A) −→ R(ι∗ ◦HOMA(?, A))
and v : R(HOMB(?, B)◦ ι∗o) −→ RHomB(?, B)◦ (Lι∗)o. The composition

Lι∗ ◦ RHomA(?, A)
u→ R(ι∗ ◦HOMA(?, A))

η→ R(HOMB(?, B) ◦ ι∗o) v→ RHomB(?, B) ◦ (Lι∗)o

is then the desired natural transformation, which we want to prove that
is an isomorphism when evaluated at any M ∈ per(A). Since per(A) =
thickD(A)(eiA : i ∈ I) it is enough to prove that (v ◦ η ◦ u)eiA = veiA ◦
ηeiA ◦ ueiA is an isomorphism, for all i ∈ I.

Proposition 7.14(4) together with the previous to the last para-
graph tell us that v is a natural isomorphism. On the other hand,
ΠA(eiA) ∼= eiA in H(A) since eiA is homotopically projective, for all
i ∈ I. But HOMA(eiA,A) ∼= Aei and, by the previous to the last para-
graph again, also [ι∗ ◦ HOMA(?, A)](eiA) is homotopically projective.
Proposition 7.14(3) then gives that ueiA is an isomoprhism and Proposi-
tion 7.12 implies that, in order to check that ηeiA is an isomorphism in
D(Bop) and hence end the proof, it is enough to prove that

ηeiA : F (eiA) = B ⊗A HOMA(eiA,A) −→ HOMB(eiA⊗B,B) = G(eiA)

is an isomorphism of left dg B-modules.
We proceed to prove this fact. Recall from the proof of

Proposition 10.4 that we have isomorphisms ΦA : HOMA(eiA,A)
∼=−→ Aei

and ΦB : HOMB(eiB,B)
∼=−→ Bei, in A− Dg and B − Dg, respectively,

mapping f  f(ei) in both cases. Note that Φ−1
B : Bei −→ HOMB(eiB,B)

is given by the rule Φ−1
B (b)(ei) = b or, equivalently, by the rule

Φ−1
B (b)(b′) = bb′, for all homogeneous elements b ∈ Bei and b′ ∈ eiB.

Note also that since ΦA has degree zero, the induced isomorphism

(B⊗?)(ΦA) : B ⊗A HOMA(ei, A)
∼=−→ B ⊗A Aei takes b⊗ f  b⊗ f(ei),



M. Saorín 135

so that (B⊗A?)(ΦA) = 1B ⊗ ΦA. We now claim that

ηeiA : B ⊗A HOMA(eiA,A)−→HOMB(eiA⊗A B,B)

can be decomposed as the composition of morphisms in B −Dg

B ⊗A HOMA(eiA,A)
1B⊗ΦA−→ B ⊗A Aei

µ′

−→ Bei

Φ−1
B−→ HOMB(eiB,B)

µ∗

−→ HOMB(eiA⊗A B,B),

where µ′ : B⊗AAei −→ Bei and µ : eiA⊗B −→ B are the multiplication
maps, b⊗ a bι(a) and a⊗ b ι(a)b. Indeed we have:

(µ∗ ◦ Φ−1
B ◦ µ′ ◦ (1B ⊗ Φ))(b⊗ f) = (µ∗ ◦ Φ−1

B ◦ µ′)(b⊗ f(ei))

= (µ∗ ◦ Φ−1
B )(bι(f(ei))) = Φ−1

B (bι(f(ei))) ◦ µ

since µ has zero degree. When we take homogeneous elements x ∈ eiA
and b′ ∈ B and make act the last morphism on x⊗ b′, we get

(µ∗ ◦ Φ−1
B ◦ µ′ ◦ (1B ⊗ Φ))(b⊗ f)(x⊗ b′) = Φ−1

B (bι(f(ei)))(ι(x)b′)

= bι(f(ei))ι(x)b′ = bι(f(eix))b′ = bι(f(x))b′ = ηeiA(b⊗ f)(x⊗ b′),

using the fact that ι : A −→ B is an algebra homomorphism and
f : eiA −→ A is a morphism of right A-modules.

The proof is hence reduced to check that µ′ : B ⊗A Aei −→ Bei
and µ : eiA ⊗ B −→ eiB are isomorphisms in B − Dg and Dg − B,
respectively. But this is clear. Their inverses map b b⊗ei and b ei⊗b,
respectively.
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Abstract. We introduce the equivalence relation ρ on the
set of Carter diagrams and construct an explicit transformation of
any Carter diagram containing l-cycles with l > 4 to an equivalent
Carter diagram containing only 4-cycles. Transforming one Carter
diagram Γ1 to another Carter diagram Γ2 we can get a certain
intermediate diagram Γ′ which is not necessarily a Carter diagram.
Such an intermediate diagram is called a connection diagram. The
relation ρ is the equivalence relation on the set of Carter diagrams
and connection diagrams. The properties of connection and Carter
diagrams are studied in this paper. The paper contains an alternative
proof of Carter’s classification of admissible diagrams.

1. Introduction

1.1. Cycles

1.1.1. Surprising cycles and dotted edges. Let W be a Weyl
group and Φ the root system associated with W . Let us connect the
non-orthogonal simple roots in Φ with each other. We get a graph called
a Dynkin diagram. One may want to connect all (not only simple) non-
orthogonal roots with each other. How does the graph thus obtained look
like?

The graphs thus obtained are the beautiful color computer-generated
pictures given on John Stembridge’s home page (based on Peter Mc-
Mullen’s drawings). These pictures are projections of the root system of Φ

2010 MSC: 20F55.
Key words and phrases: Dynkin diagrams, Carter diagrams, Weyl group, cycles.



R. Stekolshchik 139

into the Coxeter plane1, see [Stm07]. Though beautiful, these graphs are
not easy to grasp: for example, in the picture of the root system E8, there
are 6720 edges, see [Ma10].

To see some details in Stembridge’s pictures, one can confine oneself
to only connected subsets of linearly independent roots. Then the graphs
greatly simplified. Essentially, such diagrams were presented by Carter in
1972, in [Ca70], [Ca72]. These graphs are said to be admissible diagrams
and are designed to characterize elements of the Weyl group, see definition
in § 1.2.1.

Each element w ∈W can be expressed in the form

w = sα1sα2 . . . sαk
, where αi ∈ Φ, (1.1)

and sαi
∈W are reflections corresponding to not necessarily simple roots

αi ∈ Φ.

Carter proved that k in the decomposition (1.1) is the smallest if
and only if the subset of roots {α1, α2, . . . , αk} is linearly independent;
such a decomposition is said to be reduced. The admissible diagram
corresponding to the given element w is not unique, since the reduced
decomposition of the element w is not unique.

When I first got acquainted with admissible diagrams I was surprised
by the fact that these diagrams contain cycles, though the extended Dynkin
diagram Ãl, cannot be a part of any admissible diagram (Lemma A.1). It
turned out that the cycles in admissible diagrams essentially differ from
the cycle Ãl. Namely, in such a cycle, there are necessarily two pairs of
roots: A pair with a positive inner product together with a pair with a
negative inner product. This does not happen for Ãl.

This observation motivated me to distinguish such pairs of roots: Let
us draw the dotted (resp. solid) edge {α, β} if (α, β) > 0 (resp. (α, β) < 0),
see Figure 1. Let the diagrams with properties of admissible diagrams and
containing dotted edges be called Carter diagrams. Up to dotted edges,
the classification of Carter diagrams coincides with the classification of
admissible diagrams. Recall that (α, β) > 0 (resp. (α, β) < 0) means2

that the angle between roots α and β is acute (resp. obtuse). For the

1The Coxeter plane P is the span of the real and imaginary parts of an eigenvector
for the Coxeter element C with eigenvalue cos( 2π

h
) + i · sin( 2π

h
), where h is the Coxeter

number associated with the root system Φ.
2Here and below, ( . ) is the quadratic Tits form, i.e. the symmetric bilinear

form associated with given Weyl group W and the corresponding Cartan matrix, see
[St08, §2.1.1].
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Dynkin diagrams, all angles between simple roots are obtuse, thus all
edges are solid.

1.1.2. Theorem on eliminating long cycles. There are different
decompositions (1.1) of w: They can be obtained from each other by
some transformations. Transforming one Carter diagram Γ1 to another
Carter diagram Γ2 we can get a certain intermediate diagram Γ′ which
is not necessarily a Carter diagram. Such an intermediate diagram will
be called a connection diagram. This term reflects the fact that such a
diagram describes only the connectivity between roots, nothing more.
In this paper, we study properties of connection diagrams and Carter
diagrams.

Consider an example of basic properties of connection and Carter
diagrams. Let {α1, α2, α3} be 3 linearly independent and mutually orthog-
onal roots. There do not exist two non-connected roots β and γ connected
to every αi in such a way that {α1, α2, α3, β, γ} is a linearly independent
quintuple. First of all, any cycle of linearly independent roots contains
an odd number of dotted edges. Let n1, n2, n3 be the odd numbers of
dotted edges in every cycle {αi, β, αj , γ}, where 1 6 i < j 6 3. Therefore,
n1 +n2 +n3 is odd, contradicting the fact that every dotted edge appears
twice (Corollary 2.4, Figure 12(a)).

Such properties allow us to simplify the classification of Carter dia-
grams. The main result obtained in this direction is the following one: Any
Carter diagram containing l-cycles, where l > 4, is equivalent to another
Carter diagram containing only 4-cycles (Theorem 3.1). To realize this
equivalence, we construct an explicit transformation mapping each Carter
diagram with long cycles into a certain Carter diagram containing only
4-cycles, see § 3. By Theorem 3.1, we eliminate Carter diagrams containing
l-cycles with l > 4. For the pairs of equivalent diagrams, see Table 2.

1.1.3. Classification of simply-laced Carter diagrams with cy-
cles. The paper contains the alternative proof of the Carter’s classifi-
cation of admissible diagrams. The classification of simply-laced Carter
diagrams with cycles is based on the following facts:

(i) the diagram containing any non-Dynkin diagram which is a tree
(in particular, any extended Dynkin diagram) is not a Carter diagram
(Proposition 2.1).

(ii) the diagram containing two cycles with a bridge of length > 1 is
not a Carter diagram (Proposition 2.3(i)).
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(iii) the diagram containing two intersecting cycles, both of which with
length > 4, is not a Carter diagram; one of which is 4-cycle and the second
one is a cycle of length > 6, is not a Carter diagram (Proposition 2.3(iii)).

(iv) the diagram which can be equivalently transformed into a diagram
of type (i), (ii) or (iii) is not a Carter diagram. We use this fact in
Lemma 2.5.

(v) the Carter diagrams containing cycles of length> 4 can be excluded
from Carter’s list (Theorem 3.1).

1.2. Diagrams

1.2.1. Admissible and Carter diagrams. Let Φ be the root sys-
tem associated with a Weyl group W ; let sαi

be the reflection in W
corresponding to not necessarily simple root αi ∈ Φ. Each element w ∈W
can be expressed in the form

w = sα1sα2 . . . sαk
, where αi ∈ Φ, (1.2)

We denote by lC(w) the smallest value k in any expression like (1.2),
see [Ca72, p. 3]. We always have lC(w) 6 l(w). Recall that l(w) is the
smallest value k in any expression like (1.2) such that all roots αi are
simple. The decomposition (1.2) is called reduced if lC(sα1sα2 . . . sαk

) = k.

Lemma 1.1 ([Ca72, Lemma 3]). Letα1, α2, . . . ,αk∈Φ. Then sα1sα2 . . .sαk

is reduced if and only if α1, α2, . . . , αk are linearly independent.

A diagram Γ is said to be admissible, see [Ca72, p. 7], if

(a) The nodes of Γ correspond to a set of linearly independent

roots in Φ.

(b) If a subdiagram of Γ is a cycle, then it contains an even

number of nodes.

(1.3)

Any admissible diagram Γ is said to be a Carter diagram if any edge
connecting a pair of roots {α, β} with inner product (α, β) > 0 (resp.
(α, β) < 0) is drawn as dotted (resp. solid) edge. Let

S = {α1, α2, . . . , αk, β1, β2, . . . , βh} (1.4)

be any set of linearly independent, not necessarily simple, roots associated
with Γ, where roots of the set Sα := {αi | i = 1, . . . , k} are mutually
orthogonal, roots of the set Sβ := {βj | j = 1, . . . , h} are also mutually
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orthogonal. According to (1.3(a)), there exists the set (1.4) of linearly
independent roots. Thanks to (1.3(b)), such a partitioning into the union
of two mutually orthogonal sets Sα and Sβ is possible. The set S is said
to be a Γ-associated set of roots. Let

w = w1w2, where w1 = sα1sα2 . . . sαk
, w2 = sβ1sβ2 . . . sβh

. (1.5)

Since S is linearly independent, the decomposition (1.5) is reduced, see
Lemma 1.1, and k + h = lC(w). The element w is said to be Γ-associated,
and also S-associated. The decomposition (1.5) is said to be a bicolored
decomposition. The set of roots Sα (resp. Sβ) is said to be the α-set (resp.
β-set) of roots corresponding to the bicolored decomposition (1.5).

1.2.2. Connection diagrams. Let Γ be the diagram characterizing
connections between roots of a certain set S of linearly independent and
not necessarily simple roots, o be the order of reflections in the decompo-
sition (1.2). The pair (Γ, o) is said to be a connection diagram. We omit
indicating order o in the description of the connection diagram if the order
of reflections in the decomposition (1.2) is clear. The connection diagram
determines the element w (and its inverse w−1) obtained as the product
of all reflections associated with the diagram, while the order o (resp. o−1)
describes the order of reflections in the decomposition of w (resp. w−1).
The element w is called the semi-Coxeter element associated with the
connection diagram (Γ, o), or (Γ, o)-semi-Coxeter element, see [CE72].

Connection diagrams describe connected sets that may contain cycles,
not necessarily even. Converting a Carter diagram Γ1 into another Carter
diagram Γ2 we sometimes get connection diagrams (but not Carter di-
agrams), and the “evenness”of cycles is violated during this conversion,
see § 3.

The Dynkin diagrams in this paper appear in two ways: (1) associated
with Weyl groups (customary use); (2) representing conjugacy classes
(CCl), i.e, a Carter diagram which looks like (and actually is) a Dynkin
diagram. In a few cases Dynkin diagrams represent two (and even three!)
conjugacy classes.

For the Carter diagrams and connection diagrams, we distinguish
acute and obtuse angles between roots. Recall that a solid edge indicates
an obtuse angle between the roots exactly as for Dynkin diagrams. A
dotted edge indicates an acute angle between the roots considered, see
§ 1.1.1 and Figure 1.

1.2.3. The 4-cycles in Carter diagrams and connection dia-
grams. The Carter diagram for a 4-cycle in Figure 1 determines a
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bicolored decomposition:

w = sα1sα2sβ1sβ2 .

Here, w is the D4(a1)-associated element, where D4(a1) denotes a 4-cycle,
see [Ca72]. The diagrams in Figure 1 differ in the order. In the case
of Carter diagrams, the order is trivial (related with a given bicolored
decomposition) and we do not indicate it. The connection diagram in
Figure 1 has order o = {α1, β1, α2, β2}:

wo = sα1sβ1sα2sβ2 . (1.6)

In (1.6), wo is the (G4, o)-associated element, where G4 is a 4-cycle. We
will omit the index o of the element wo if the order o is clear from the
context.

Remark 1.2. Hereafter, we suppose that every cycle contains only one
dotted edge. Otherwise, we apply reflections α 7−→ −α. These operations
do not change the element w since sα = s−α. In this case, every dotted
edge with an endpoint vertex α is changed to the solid one, the cycle with
all edges solid cannot occur, see Lemma A.1. Note also that the dotted
edge can be moved to any other edge of the cycle by means of reflections.

Figure 1. The Carter diagram D4(a1) and connection diagram (G4, o)

The semi-Coxeter elements generated by reflections sα1 , sα2 , sβ1 , sβ2

constitute exactly two conjugacy classes, w and wo being their represen-
tatives. In the basis {α1, α2, β1, β2}, we have:

w =




1 0 −1 −1
0 1 1 −1
1 −1 −1 0
1 1 0 −1


 , wo =




0 1 0 0
1 0 −1 −1
0 0 0 1
1 1 0 −1


 (1.7)
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and their characteristic polynomials are:

χ(w) = x4 + 2x2 + 1, χ(wo) = x4 + x3 + x+ 1. (1.8)

1.2.4. Transformation of 4-cycles. Denote by
u≃ the conjugation

w −→ u−1wu. Let us transform the element wo from (1.6):

wo = sα1sβ1sα2sβ2 = sα1+β1sα1sα2sβ2

sα1+β1≃ sα1sα2sβ2sα1+β1

= sα1sα2sα1+β1+β2sβ2 = sα1sα2s−(α1+β1+β2)sβ2 .
(1.9)

We have:

(α1 + β1 + β2, α1) = (α1, α1) + (β1, α1) + (β2, α1) = 1− 1

2
− 1

2
= 0,

(α1 + β1 + β2, α2) = (β1, α2) + (β2, α2) =
1

2
− 1

2
= 0,

(α1 + β1 + β2, β2) = 1− 1

2
=

1

2
.

(1.10)
Hence, the roots {α1, α2,−(α1 + β1 + β2)} are mutually orthogonal, so
in (1.9), we obtained a bicolored decomposition. Thus, the connection
diagram (G4, o1) is reduced to the Carter diagram (D4, o4), which is
also the Dynkin diagram D4, see Figure 2. That is why, in (1.8) the
characteristic polynomial χ(wo1) = x4 + x3 + x+ 1 = (x3 + 1)(x+ 1) is
equal to the characteristic polynomial of the D4-associated element, see
[Ca72, Table 3], or [St08, Table 1].

Figure 2. Eliminating of the cycle. The equivalence of (G4, o1) and (D4, o4)

1.3. Equivalence

1.3.1. Three transformations. Talking about a certain diagram Γ
we actually have in mind a set of roots with orthogonality relations as it
is prescribed by the diagram Γ. We try to find some common properties
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of sets of roots (from the root systems associated with the simple Lie
algebras) and diagrams associated with these sets. These diagrams are
not necessarily Dynkin diagrams since sets of roots we study are not
necessarily sets of simple roots and are not root subsystems. We use the
term Dynkin diagram to describe connected sets of linearly independent
simple roots in the root system. Similarly, Carter diagrams describe
connected sets of linearly independent roots, not necessarily simple, and
such that any cycle is even.

Same as Dynkin diagrams describe simple Lie algebras, Carter dia-
grams describe conjugacy classes in Weyl groups.

First of all, in this paper we will see that any Carter diagram with
cycles of any length can be transformed into an equivalent Carter diagram
with cycles of length 4. The equivalence of connection diagrams (and, in
particular, of Carter diagrams) is discussed in § 1.3.2. Below we consider
a rather natural set of three transformations operating on connection
diagrams: Similarities, conjugations and s-permutations.

Similarity. This is replacing a root with the opposite one:

α 7−→ −α. (1.11)

Two connection diagrams obtained from each other by a sequence of
reflections (1.11), are said to be similar connection diagrams, see Figure 3.
An equivalence transformation of connection diagrams obtained by a
sequence of reflections (1.11) is said to be a similarity transformation or
similarity.

Figure 3. Eight similar 4-cycles equivalent to D4(a1)

By applying similarity (1.11) any solid edge with an endpoint vertex
being α can be changed to a dotted one and vice versa; this does not
change, however, the corresponding reflection:

sα = s−α.
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Remark 1.3 (On trees). For the set {α1, . . . , αi, αi+1, . . . αn} forming
a tree, we may assume that, up to the similarity, all non-zero inner
products (αi, αj) are negative. Indeed, if (αi, αj) > 0, we apply similarity
transformation αj 7−→ −αj , consider all inner products (αk, αj) > 0 and
repeat similarity transformations αk 7−→ −αk if necessary. This process
converges since the diagram is a tree.

Conjugation. Let (Γ, o) be a connection diagram, S = {α1 . . . , αn} a Γ-
associated set. A conjugation sends all roots of a given set S to another
set by means of the same element T from the Weyl group:

α1 7−→ Tα1, . . . , αn 7−→ Tαn. (1.12)

Then

sαi
7−→ sTαi

= Tsαi
T−1 for i = 1, . . . , n, and

∏

i

sαi
7−→

∏

i

sTαi
.

If o = {αi1 . . . , αin} is an order of roots, then the conjugation T sends o
into To = {Tαi1 . . . , Tαin}. Let Γ be a Carter diagram. Since T preserves
relations between roots, T preserves Γ and the Γ-associated conjugacy
class.

s-Permutation. The ‘‘evenness”of cycles is not violated by similarities (1.11)
and conjugations (1.12). It can be violated by the transformations of the
third type, we call them s-permutations:

sαsβ =





sβsα+β = sα+βsα for (α, β) < 0,

sβsα−β = sα−βsα for (α, β) > 0,

sβsα for (α, β) = 0.

(1.13)

Relations (1.13) take place only for a simply-laced connection between
vertices α and β. In the general case, the s-permutations satisfy the
following relation:

sαsβ = sβssβ(α) = ssα(β)sα.

Clearly, the s-permutation (1.13) is non-trivial only if α and β are con-
nected. A non-trivial s-permutation (1.13) yields a new set of roots in
which α (or β) is changed to α+β or α−β according to whether the edge
{α, β} is solid or dotted. For the new set, we also draw the diagram which
is not necessarily a Carter diagram anymore but is a certain connection
diagram.
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The set of transformations (1.11), (1.12) and (1.13) operates on a
connection diagram Γ and the root subset S associated with the diagram Γ.
Similarities (1.11) change a given connection diagram to a similar one;
conjugations (1.12) preserve connection diagrams; s-permutations (1.13)
essentially change connection diagrams. However, both similarities and
s-permutations preserve the element w associated with the given diagram.
Transformations (1.11), (1.12) and (1.13) preserve the conjugacy class
containing w and also preserve the linear independence of the roots
constituting the subset S.

1.3.2. The equivalence of connection diagrams. Similarities, con-
jugations and s-permutations are said to be equivalence transformations.
The equivalence transformations preserve associated conjugacy classes.
Connection diagrams (Γ1, o1) and (Γ2, o2) are said to be equivalent if
for any (Γ1, o1)-associated element w1, there exists a (Γ2, o2)-associated
element w′

2 such that w′
2 can be obtained from w1 by means of equivalence

transformations, and for any (Γ2, o2)-associated element w2, there exists
a (Γ2, o1)-associated element w′

1 such that w2 can be obtained from w′
1

by means of equivalence transformations. In this case, we will write

(Γ1, o1) ≃ (Γ2, o2),

w1 ≃ w′
2, w2 ≃ w′

1.

Such a definition of the equivalence of connection diagrams does not
require the uniqueness of the conjugacy class associated with Γ1 (resp. Γ2).
However, if one of diagrams Γ1 and Γ2 determines a single conjugacy
class, the same holds for another diagram. Indeed, let {w1} be a single Γ1-
associated conjugacy class and w2, w′

2 be arbitrary Γ2-associated elements,
i.e., w2 ≃ w1, and w′

2 ≃ w1. Then by transitivity, we have w2 ≃ w′
2. For

example, it will be shown in § 3.1 that

E8(b3) ≃ E8(a3), E7(b2) ≃ E7(a2),

D6(b2) ≃ D6(a2), E8(b5) ≃ E8(a5).
(1.14)

Some of admissible and Carter diagram may be equivalent to a connec-
tion diagram and vice versa. In § 3, we use this fact in the process of ex-
cluding diagrams with cycles of length > 4 from Carter’s list [Ca72, p. 10],
see Theorem 3.1. We exclude a number of diagrams from possible can-
didates for the role of admissible or Carter diagram, since they have a
subdiagram equivalent to an extended Dynkin diagram, a case which
cannot be (Proposition 2.1, Lemma 2.5).
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1.3.3. Two Γ-associated conjugacy classes. There exist Γ-associ-
ated elements w1 and w2 such that w1 6≃ w2. For example, the Carter
diagram A3 determines two different conjugacy classes in Dl, see Figure 4;
for details, see [St10, B.2].

Figure 4. Elements sα1
sα3

sα2
and sαl−1

sαl
sαl−2

are not conjugate

1.3.4. Two non-conjugate Γ-associated sets. Let S1 ={ϕ1,. . ., ϕn}
and S2 = {δ1, . . . , δn} be two Γ-associated sets of roots. The sets S1 and
S2 are said to be conjugate if there exists an element T ∈ W such that
T : ϕi 7−→ δi for i = 1, . . . , n. In this case, we write

S1 ≃ S2 and TS1 = S2.

Let w1 (resp. w2) be any S1-associated (resp. S2-associated) element. If
S1 ≃ S2, then w1 ≃ w2.

There exist, however, conjugate elements w1 and w2 such that S1 6≃ S2.
Consider two 4-cycles in D6:

C1 = {e1 + e2, e4 − e1, e1 − e2, e2 − e3},
C2 = {e1 + e2, e4 − e1, e3 − e4, e2 − e3}.

These sets are non-conjugate: C1 6≃ C2, see Figure 5 and [St10, B.1.2],
but the C1-associated element w1 = se1+e2se1−e2se4−e1se2−e3 and the
C2-associated element w2 = se1+e2se3−e4se4−e1se2−e3 are conjugate.

1.3.5. Bridges. Consider Carter diagrams containing intersecting cy-
cles, i.e., cycles having a common path, see Figure 6(a). There are three
cycles in this figure, see (1.15). To speak about intersecting cycles we
choose the two shortest ones. In the case of Figure 6(a), we throw away
from consideration the cycle C3, where

C1 = {α1, β1, α2, β2, α3, βn},
C2 = {β1, α4, βm, α5, β2, α2},
C3 = {α1, β1, α4, βm, α5, β2, α3, βn}.

(1.15)
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Figure 5. Equivalence of the C1-associated element w1 and the C2-associated
element w2

Figure 6. Intersecting cycles

Then C1 and C2 have the common path {β1, α2, β2}. We denote this path
by C1 ∩ C2. It remains to consider the case, where 2 cycles have the same
length, see Figure 6(b) and (1.16).

C1 = {α3, β1, α2, β2},
C2 = {β1, α4, βm, α5, β2, α2},
C3 = {α3, β1, α4, βm, α5, β2}.

(1.16)

In Figure 6(b), lengths of C2 and C3 coincide. Then the choice of C2 or
C3 does not matter. The common path will be called a bridge. For the
pair {C1, C2} (resp. {C1, C3}), the bridge is as follows:

C1 ∩ C2 = {β1, α2, β2}, (resp. C1 ∩ C3 = {β1, α3, β2}).
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4-5

6

7

8

l > 8

Table 1. The simply-laced Carter diagrams with cycles

2. Classification of Carter diagrams

In this section, we add new arguments to obtain the list of Carter
diagrams: We use the statement on intersecting cycles, Proposition 2.3;
we exclude diagrams with cycles of length > 4, see Theorem 3.1. The fol-
lowing proposition states that any Carter diagram, or connection diagram,
without cycles is a Dynkin diagram.
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Proposition 2.1 (Lemma 8, [Ca72]). Let Γ be a Carter diagram or
connection diagram. If Γ is a tree, then Γ is the Dynkin diagram.

For the proof and examples, see § A.2.1.

Due to this proposition, to classify the Carter diagrams, it suffices to
consider only diagrams with cycles.

Remark 2.2. For G2 and Al, there are no Carter diagrams with cy-
cles. Indeed, for G2, this fact is trivial, since there at most two linearly
independent roots; for Al, see A.2.2.

2.1. For the multiply-laced case, only a 4-cycle is possible

Consider a multiply-laced diagram containing cycles. If the root system
Φ contains a cycle, then Φ constitutes the 4-cycle with one dotted edge,
[Ca72, p. 13]. This case occurs in F4, see Figure 7.

Figure 7. The 4-cycle root subset in F4. The angle (β̂, γ) is acute

If α1, α2, α3, α4 are the simple roots in F4, then the quadruple

α = α1 + α2, β = α3 + α4, γ = α4, δ = α2 + 2α3

constitutes such a 4-cycle. The values of the Tits form on the corresponding
pairs of roots are as follows:

(α, β) = (α1 + α2, α3 + α4) = (α2, α3) = −1,

(β, γ) = (α3 + α4, α4) = (α4, α4)− (α3, α4) = 1− 1

2
=

1

2
(dotted edge),

(γ, δ) = (α4, α2 + 2α3) = 2(α4, α3) = −1,

(δ, α) = (α2 + 2α3, α1 + α2) = (α2, α2) + (α2, α1) + 2(α2, α3)

= 2− 1− 2 = −1.

In § A.3, we prove that for multiply-laced cases, there are no other
Carter diagrams with cycles.
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2.1.1. Two intersecting cycles in the simply-laced case. From
the foregoing in this section, it suffices to consider only simply-laced
diagrams. First of all, we discuss Carter diagrams containing intersecting
cycles and bridges, see § 1.3.5.

Proposition 2.3 (On intersecting cycles and bridges). (i) Let Γ be
any Carter diagram, or connection diagram, containing two cycles with
bridge P. Then P consists of exactly one edge.

(ii) Let Γ be any Carter diagram. Let P1, P2 ⊂ Γ be two paths stemming
from the opposite vertices of a 4-cycle in Γ; let α1 (resp. α2) be the vertex
lying in P1 (resp. P2). The diagram obtained from Γ by adding the edge
{α1, α2} is not a Carter diagram, see Figure 8.

Figure 8. Two paths stemming from the opposite vertices of a 4-cycle

(iii) Let Γ be any Carter diagram containing two intersecting cycles.
Then one of the cycles consists of 4 vertices, and the other one can contain
only 4 or 6 edges.

Proof. (i) Every cycle contains an odd number of dotted edges, other-
wise by several reflections we get a cycle containing only solid edges, a
case which cannot happen, see Lemma A.1. Let n1 be the number of
dotted edges in the top cycle: {α1, β1, α2, β2, α3, βn}, and n2 the num-
ber of dotted edges in the bottom cycle: {α4, β1, α2, β2, α5, βm}. Both
n1 and n2 are odd. Suppose the bridge P with endpoints β1 and β2

contains an additional vertex α2 (i.e., P = {β1, α2, β2}, see Figure 6(a)
or Figure 6(b)). After discarding the vertex α2 we get a bigger cycle
C3 = {α1, β1, α4, βm, α5, β2, α3, βn}; in the generic case of the bridge P,
we discard from the bridge all vertices except β1, β2. Let n3 be the number
of dotted edges in the cycle C3; n3 is also odd. Therefore, n1 + n2 + n3 is
odd. On the other hand, every dotted edge enters twice, so n1 +n2 +n3 is
even. Thus, there is no vertex in the bridge {β1, β2} between β1 and β2.

(ii) The diagram Γ∪{α1, α2} contains the bridge {β1, γ, β2} of length 2,
see Figure 8. Thus, by (i), the diagram Γ ∪ {α1, α2} in Figure 8 is not a
Carter diagram.
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(iii) By (i) the bridge consists of one edge {β1, α2}, see Figure 9. Then
at least one of the cycles is of length 4. Otherwise, the Carter diagram
contains the extended Dynkin diagram D̃5 contradicting Proposition 2.1.
As above, the dotted edge may be eliminated from D̃5 by changing the
sign of one of the roots.

Figure 9.

The second cycle can be only of length 4 or 6 as in Figure 10. It
cannot be a cycle of length 8, otherwise the Carter diagram contains the
extended Dynkin diagram Ẽ7, see Figure 11. According to (i), we cannot
add edges {α1, γ}, {β2, γ}, where γ ∈ {α3, α4, β3, β4}.

Figure 10.

Corollary 2.4 (On impossible quintuples of roots). (i) Let an α-set
contain 3 roots {α1, α2, α3}. There does not exist two non-connected
roots β and γ connected to every αi so that the vectors of the quintuple
{α1, α2, α3, β, γ} are linearly independent.

(ii) Let {α1, β1, α2, β2} be a square in a connection diagram. There
does not exist a root γ connected to all vertices of the square so that the
vectors of the quintuple {α1, β1, α2, β2, γ} are linearly independent.
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Figure 11.

Proof. (i) This is the particular case of Proposition 2.3(i).

(ii) Suppose a certain root γ is connected to all vertices of the square.
Then we have 5 cycles: Four triangles {αi, βj , γ}, where i = 1, 2 and
j = 1, 2, and the square {α1, β1, α2, β2}, see Figure 12(b). Every cycle
should contain an odd number of dotted edges. Let n1, n2, n3, n4, n5 be the
numbers of dotted edges in every cycle, therefore n1+n2+n3+n4+n5 is odd.
On the other hand, every dotted edge enters twice, so n1+n2+n3+n4+n5 is
even, which is a contradiction. For example, the left square in Figure 12(b)
is transformed to the right one by the reflection sα1 , then the right square
contains the cycle {α1, β2, γ} with 3 solid edges, i.e., the extended Dynkin
diagram Ã2, contradicting Proposition 2.1.

Figure 12. Every cycle should contain an odd number of dotted edges, a
case which cannot happen

2.1.2. The Carter diagrams with cycles on 6 vertices. There
are only four 6-vertex simply-laced Carter diagrams containing cycles, see
Table 1. As we show in § 3.2, the diagram D6(b2) is equivalent to D6(a2),
so D6(b2) can be excluded from the list of Carter diagrams. The diagrams
depicted in Figure 13 are not Carter diagrams. One should discard the
bold vertex and apply Corollary 2.4(i), see Figure 12.
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Figure 13. Not Carter diagrams on 6-vertices

2.1.3. The Carter diagrams with cycles on 7 vertices. There
are only six 7-vertex simply-laced Carter diagrams containing cycles, see
Table 1. According to § 3.2, the diagram E7(b2) is equivalent to E7(a2).
Thus, the diagram E7(b2) is excluded from the list of Carter diagrams.
Note that the diagrams (a) and (b) depicted in Figure 14 are not Carter
diagrams since each of them contains the extended Dynkin diagram D̃4

contradicting Proposition 2.1. The diagrams (c) and (d) are not Carter
diagrams since for each of them there exist two cycles with the bridge of
length > 1, contradicting Proposition 2.3. In order to see that (e) and
(f) are not Carter diagrams, one can discard bold vertices and apply
Corollary 2.4(i) as in § 2.1.2.

Figure 14.

2.1.4. The Carter diagrams with cycles on 8 vertices. There
are only eleven 8-vertex simply-laced Carter diagrams containing cycles,
see Table 1.

The diagrams depicted in Figure 15 are not Carter diagrams. One can
discard the bold vertices to see that each of depicted diagrams contains
an extended Dynkin diagram. The diagram (a) contains Ẽ6; (b) and
(c) contain D̃5; (d) and (e) contain D̃6. Thus cases (a), (b), (c), (d), (e)
contradict Proposition 2.1. For diagrams (f) and (g), see Lemma 2.5.
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The diagram (h) is not a Carter diagram since there exists the bridge of
length > 1, see Proposition 2.33.

Figure 15. 8-vertex diagrams are not Carter diagrams

Lemma 2.5. Diagrams (f) and (g) in Figure 15 are not Carter diagrams.

Proof. In cases (f) and (g), we transform the given diagram to an equiv-
alent one containing an extended Dynkin diagram. Let Γ be the diagram
(f) in Figure 15. The corresponding roots are depicted in the diagram in
Figure 16(1). Let w be the Γ-associated element:

w = sα1sα2sα3sα4sβ1sβ2sβ3sβ4 .

Figure 16.

Since sα3sβ1sβ3 = sβ1sβ3sµ, where µ = α3 − β3 + β1, we have

w = sα1sα2sα4sβ1sβ3sµsβ2sβ4 .

Therefore, the element w is associated with the connection diagram
depicted in Figure 16(2). Discard the vertex β3, the remaining diagram is
the extended Dynkin diagram Ẽ6.

3We do not depict here the diagrams corresponding to Proposition 2.3(ii), see
Figure 8. For l = 6, they are depicted in Figure 13; for l = 7, see diagrams (e), (f)
from § 2.1.3.
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Let Γ be the diagram (g) in Figure 15. The same diagram with
corresponding roots is the diagram Γ1 depicted in Figure 17.

Figure 17. The equivalence transformation from Γ1 to Γ3

The Γ1-associated element is as follows:

w = sα1sα2sα3sα4sβ1sβ2sβ3sβ4 = sα1sα2sα4(sα3sβ1sβ2sβ3)sβ4

= sα1sα2sα4sβ1sβ2sβ3sµsβ4 ,
(2.1)

where µ = α3 − β3 + β1 + β2. The last expression of w is a (Γ2, o2)-
associated element, where the diagram Γ2 in Figure 17 is the connection
diagram, not a Carter diagram, and the order o2 is given by (2.1). Further,

w = sα1sα2(sα4sβ2)sβ1sβ3sµsβ4 = sα1sα2sβ̃2
sα4sβ1sβ3sµsβ4 , (2.2)

where β̃2 = α4 + β2. The obtained expression of w is a (Γ3, o3)-associated
element, where Γ3 it the connection diagram in Figure 17 and o3 is the
order given by (2.2). The diagram Γ3 contains the extended Dynkin
diagram D̃5 = {α1, α2, µ, β̃2, β3, β4}, but this is impossible.

2.1.5. The Carter diagrams with cycles on l > 8 vertices. The
Dynkin diagram Al does not contain any Carter diagrams with cycles,
see § A.2.2. For the Dynkin diagram Dl, we refer to Carter’s discussion
in [Ca72, p. 13]. In this case, there are the two types of Carter diagrams
(Table 1, l > 8):

(1) pure cycles Dl(b l
2

−1) for l is even, l 6 n

(2) Dl(a1), Dl(a2), . . . , Dl(a l
2

−1) for l is even, l 6 n.

In § 3.4, we will show that any pure cycle Dl(b l
2

−1) from (1) is equiva-

lent to Dl(a l
2

−1) from (2), and hence pure cycles Dl(b l
2

−1) can be excluded

from Carter’s list.
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The Carter diagram The equivalent The characteristic
with l-cycles, Carter diagram Γ, polynomial of the

l > 4 only 4-cycles Γ-associated element

1 (t3 + 1)2

D6(b2), l = 6 D6(a2)

2 (t4 − t2 + 1)(t2 − t + 1)(t + 1)

E7(b2), l = 6 E7(a2)

3 (t4 − t2 + 1)2

E8(b3), l = 6 E8(a3)

4 t8 − t7 + t5 − t4 + t3 − t2 + 1

E8(b5), l = 6 E8(a5)

5 (t
l
2 + 1)2

Dl(b l
2

−1), l even Dl(a l
2

−1), l even

Table 2. Pairs of equivalent Carter diagrams

3. Exclusion of long cycles

In this section, we show that Carter diagrams containing cycles of
length n > 4 can be discarded from the list.

Theorem 3.1 (On exclusion of long cycles). Any Carter diagram con-
taining l-cycles, where l > 4, is equivalent to another Carter diagram
containing only 4-cycles.

In all cases we construct a certain explicit transformation of the
diagram containing l-cycles, where l > 4, to a diagram containing only
4-cycles. The corresponding pairs of equivalent diagrams are depicted in
Table 2.



R. Stekolshchik 159

Note that the coincidence of characteristic polynomials of diagrams in
pairs of Table 2 is the necessary condition of equivalence of these diagrams,
see [Ca72, Table 3]. As it is shown in Theorem 3.1, this condition is also
sufficient for the Carter diagrams.

For convenience, we consider the equivalence D6(b2) ≃ D6(a2) as a
separated case, though this is a particular case of the pair Dl(b l

2
−1) ≃

Dl(a l
2

−1) with l = 6, Table 2. The idea of explicit transformation con-

necting elements of every pair is similar for all pairs4.

3.1. Equivalence E8(b3) ≃ E8(a3)

The E8(a3)-associated element w is transformed as follows:

w = sα1sα2sα3sα4sβ1sβ2sβ3sβ4 = sα1sα4 (sα2sα3sβ3) sβ1sβ2sβ4

= sα1sα4sµsα2sα3sβ1sβ2sβ4 ,
(3.1)

where µ = β3 + α3 − α2.

Figure 18. Equivalence E8(b3) ≃ E8(a3); Eµ
8 (a3) is the connection diagram

The element w is (Eµ8 (a3), o)-associated, where Eµ8 (a3) is the connec-
tion diagram in Figure 18, the order o is given by (3.1). From (3.1) we
have:

w
sβ2

sβ4≃ sα1sα4 (sβ2sβ4sµ) sα2sα3sβ1 = sα1sα4sσsβ2sβ4sα2sα3sβ1 , (3.2)

where σ = µ− β2 + β4.

4Redrawing elements of pairs as the projection of 3-dimensional cube in Figure 18–
Figure 24 may give, perhaps, a hint to a geometric interpretation of these explicit
transformations.
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So, σ = β3 + α3 − α2 − β2 + β4, and it is easy to see that

(σ, α3) = (α3, α3) + (α3, β4) + (α3, β3) = 1− 1

2
− 1

2
= 0,

(σ, α2) = −(α2, α2)− (α2, β2) + (α2, β3) = −1 +
1

2
+

1

2
= 0,

(σ, β1) = −(α2, β1) + (α3, β1) =
1

2
− 1

2
= 0,

(σ, α1) = 0,

(σ, β4) = (β4, β4) + (α3, β4) = 1− 1

2
=

1

2
,

(σ, β2) = −(β2, β2)− (α2, β2) = −1 +
1

2
= −1

2
,

(σ, α4) = (β3, α4) = −1

2
.

(3.3)

Relations (3.3) describe the Carter diagram E8(b3), Figure 18. We only
need to check that the element w is conjugate to a product of two involu-
tions:

w ≃ sα1sα4sσsβ2sβ4sα2sα3sβ1

sα4≃ sα1sσ(sβ2sβ4sα4)sα2sα3sβ1

sσ≃ sα1(sβ2sβ4sα4)(sα2sα3sσ)sβ1 = (sβ2sβ4sα4)(sα1sα2sα3sσ)sβ1

sβ1≃ (sβ1sβ2sβ4sα4)(sα1sα2sα3sσ).

(3.4)

Thus, w1 = sβ1sβ2sβ4sα4 and w2 = sα1sα2sα3sσ are two involutions,
w = w1w2, i.e., w is conjugate to the E8(b3)-associated element, which
was to be proven.

3.2. Equivalences E7(b2) ≃ E7(a2) and D6(b2) ≃ D6(a2)

These equivalences directly follow from the equivalence E8(b3) ≃
E8(a3) that we see from Figure 19 and Figure 20. For the equivalence
E7(b2) ≃ E7(a2), we discard sα1 in relations (3.1)–(3.4) as follows:

w = sα2sα3sα4sβ1sβ2sβ3sβ4

= sα4sµsα2sα3sβ1sβ2sβ4 (where µ = β3 + α3 − α2)
sβ2

sβ4≃ sα4sσsβ2sβ4sα2sα3sβ1 (where σ = µ− β2 + β4)
sα4≃ sσ(sβ2sβ4sα4)sα2sα3sβ1

sσ≃ (sβ2sβ4sα4)(sα2sα3sσ)sβ1

sβ1≃ (sβ1sβ2sβ4sα4)(sα2sα3sσ).

(3.5)
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Figure 19. Equivalence E7(b2) ≃ E7(a2); Eµ
7 (a2) is the connection diagram

Figure 20. Equivalence D6(b2) ≃ D6(a2); Dµ
6 (a2) is the connection diagram

Here, w1 = sβ1sβ2sβ4sα4 and w2 ≃ sα2sα3sσ are two involutions, w ≃
w1w2 and the element w is E7(b2)-associated, which was to be proven.
For the equivalence D6(b2) ≃ D6(a2), we discard sα4 in relation (3.5):

w = sα2sα3sβ1sβ2sβ3sβ4 = sµsα2sα3sβ1sβ2sβ4 (where µ = β3 + α3 − α2)
sβ2

sβ4≃ sσsβ2sβ4sα2sα3sβ1 (where σ = µ− β2 + β4)

sσ≃ (sβ2sβ4)(sα2sα3sσ)sβ1

sβ1≃ (sβ1sβ2sβ4)(sα2sα3sσ).

(3.6)

Here, w1 = sβ1sβ2sβ4 and w2 = sα2sα3sσ are two involutions, w ≃ w1w2

and the element w is E7(b2)-associated.

3.3. Equivalence E8(b5) ≃ E8(a5)

This equivalence is the most difficult.

Step 1. Let us transform the E8(b5)-associated element w as follows:

w = (sβ1sβ2sβ4sγ)(sα1sα2sα3sα4)
sα4≃ sα4sβ2sβ4(sβ1sγsα1sα2sα3)

= (sβ2sβ4sµ)(sβ1sγsα1sα2sα3),
(3.7)
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where µ = α4 − β2 + β4.

Figure 21. Step 1: E8(b5)⇒ Eµ
8 (b5) and Eµ

8 (b5)⇒ E1
8(b5) ; Eµ

8 (b5), E1
8(b5)

are connection diagrams

We have

(µ, α3) = (β4, α3) = −1

2
, (µ, β4) = (β4, β4) + (β4, α4) = 1− 1

2
=

1

2
,

(µ, α2) = −(β2, α2) =
1

2
, (µ, β2) = −(β2, β2)+(α4, β2) = −1+

1

2
=−1

2
,

(µ, α1) = −(β2, α1) =
1

2
.

see Eµ8 (b5) in Figure 21. Further, by (3.7)

w ≃ (sβ2sβ4sβ1)sµsα2sα3(sγsα1) = (sβ2sβ4sβ1)(sα2sα3sβ3)(sγsα1), (3.8)

where β3 = µ− α2 + α3, µ = α4 − β2 + β4. Here,

(β3, α3) = (µ, α3) + (α3, α3) = −1

2
+ 1 =

1

2
,

(β3, β4) = (µ, β4) + (α3, β4) =
1

2
− 1

2
= 0,

(β3, α2) = (µ, α2)− (α2, α2) =
1

2
− 1 = −1

2
,

(β3, β2) = (µ, β2)− (α2, β2) =
1

2
− 1

2
= 0,

(β3, γ) = (µ, γ) = −1

2
, (β3, α1) = (µ, α1) =

1

2
,

(β3, β1) = (α3, β1)− (α2, β1) = −1

2
+

1

2
= 0.

(3.9)

see E1
8(b5) in Figure 21.
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Step 2. From (3.8) we obtain

w
sβ2

sβ4
sβ1≃ sα2sα3sβ3(sα1+γsγ)sβ2sβ4sβ1 = sα2sα3sβ3sα1+γ(sβ2sβ4sβ1)sγ

= sα2sα3(sβ3sβ2sβ4sβ1)sα1+γ+β2sγ
sα2sα3≃ (sβ3sβ2sβ4sβ1)sα1+γ+β2sα2sα3sγ

= sβ2(sβ1sβ3sβ4sα1+γ+β2)(sα2sα3sγ),

(3.10)

where

(α1 + γ + β2, β3) = (β3, α1) + (β3, γ) =
1

2
− 1

2
= 0,

(α1 + γ + β2, γ) = (γ, γ) + (γ, α1) = 1− 1

2
=

1

2
,

(α1 + γ + β2, α2) = (β2, α2) = −1

2
,

(α1 + γ + β2, β2) = (β2, β2) + (β2, α1) = 1− 1

2
=

1

2
,

(α1 + γ + β2, β4) = 0, (α1 + γ + β2, β1) = 0, (α1 + γ + β2, α3) = 0.
(3.11)

see E2
8(b5) in Figure 22.

Figure 22. Step 2: E1
8(b5)⇒ E2

8(b5); E1
8(b5, E2

8(b5) are connection diagrams

Step 3. Let us transform the E2
8(b5)-associated element w from (3.10)

to a certain E3
8(b5)-associated element (where E2

8(b5) and E3
8(b5) are

connection diagrams, see Figure 23):

w ≃ sβ2(sβ1sβ3sβ4sα1+γ+β2)(sα2sα3sγ)

= (sβ1sβ3sβ4)(sβ2sα1+γ+β2)(sα2sα3sγ)

= (sβ1sβ3sβ4)(sα1+γ+β2sα1+γ)(sα2sα3sγ).

(3.12)
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By the orthogonality relations of Figure 22 we have

(α1 + γ, α2) = (α1 + γ + β2, α2)− (β2, α2) = −1

2
+

1

2
= 0,

(α1 + γ, τ) = 0 for τ = β1, β3, β4, α3,

(α1 + γ, γ) = −1

2
+ 1 =

1

2
.

(3.13)

Figure 23. Step 3: E2
8(b5) ⇒ E3

8(b5); Step 4: E3
8(b5) ⇒ E4

8(b5); E2
8(b5),

E3
8(b5), E4

8(b5) are connection diagrams

Step 4. Now, we transform the E3
8(b5)-associated element w from (3.12)

into a certain E4
8(b5)-associated element (E3

8(b5) andE3
8(b5) are connection

diagrams, see Figure 23):

w ≃ (sβ1sβ3sβ4)(sα1+γ+β2sα1+γ)(sα2sα3sγ)
sγ≃ sγsβ3sα1+γ+β2(sβ1sβ4)sα1+γ(sα2sα3)

= sβ3sβ3+γsα1+γ+β2(sβ1sβ4)sα1+γ(sα2sα3)

= sβ3sα1+γ+β2sβ3−α1−β2sα1+γsβ1sβ4(sα2sα3),

(3.14)

since β3 − α1 − β2 = γ + β3 − (α1 + γ + β2).

By orthogonality relations (3.9), (3.11) and (3.13) we have

(β3 − α1 − β2, α1 + γ) = (γ + β3, α1 + γ)− (α1 + γ + β2, α1 + γ)

= (γ, α1 + γ)− (α1 + γ, α1 + γ)− (β2, α1 + γ) =
1

2
− 1 +

1

2
= 0,

(β3 − α1 − β2, τ) = (γ + β3, τ)− (α1 + γ + β2, τ) = 0 for τ = β1, β4,

(β3 − α1 − β2, α2) = (β3, α2)− (β2, α2) = −1

2
+

1

2
= 0,
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(β3 − α1 − β2, β3) = (γ + β3, β3)− (α1 + γ + β2, β3)

= (γ + β3, β3) = 1− 1

2
=

1

2
,

(β3 − α1 − β2, α1 + γ + β2) = (γ + β3, α1 + γ + β2)

− (α1+γ+β2, α1+γ+β2) = (γ, α1 + γ + β2)− 1 =
1

2
− 1 = −1

2
,

(β3 − α1 − β2, α3) = (β3, α3) =
1

2
.

Step 5. The last step: From E4
8(b5) to E8(a5), see Figure 24. The E4

8(b5)-
associated element w from (3.14) is transformed as follows:

w ≃ sβ3sα1+γ+β2sβ3−α1−β2sα1+γsβ1sβ4(sα2sα3)

= sβ3sβ1sα1+γ+β2sβ3−α1−β2sα1+γsβ4(sα2sα3)
sα3≃ (sα3sβ3sβ1)sα1+γ+β2sβ3−α1−β2sα1+γsβ4sα2

= sβ3sβ1sα3−β3+β1sα1+γ+β2sβ3−α1−β2sα1+γsβ4sα2 .

(3.15)

By relations (3.11) we have (α3 − β3 + β1, α1 + γ + β2) = 0. Then

Figure 24. Step 5: E4
8(b5)⇒ E8(a5); E4

8(b5) is the connection diagram

w = sβ3sβ1sα1+γ+β2sα3−β3+β1sβ3−α1−β2sα1+γsβ4sα2

sβ4≃ (sβ4sβ3sβ1sα1+γ+β2)(sα3−β3+β1sβ3−α1−β2sα1+γsα2),
(3.16)

where5

(α3 − β3 + β1, α2) = −(β3, α2) + (β1, α2) = −1

2
+

1

2
= 0,

5Recall that β3 = µ − α2 + α3 = α4 − β2 + β4 − α2 + α3, see (3.7), (3.8).
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(α3 − β3 + β1, τ) = (α3, τ)− (β3, τ) + (β1, τ) = 0

for τ = α1 + γ, α1 + γ + β2,

(α3 − β3 + β1, β3) = (α3, β3)− (β3, β3) =
1

2
− 1 = −1

2
,

(α3 − β3 + β1, β1) = 1− 1

2
=

1

2
,

(α3 − β3 + β1, β4) = (α3, β4) = −1

2
,

(α3 − β3 + β1, β3 − α1 − β2) = (α3, β3 − α1 − β2)

− (β3, β3 − α1 − β2) =
1

2
− 1

2
= 0.

Thus, (3.16) is a bicolored decomposition of the E8(a5)-associated
element w, see Figure 24. The equivalence E8(b5) ≃ E8(a5) is proven.

3.4. Equivalence Dl(b l

2
−1

) ≃ Dl(a l

2
−1

)

We consider the two cases of cycles Dl(b l
2

−1) differing by length l, see

Figure 25.

Figure 25. The two cases of even cycles Dl(b l
2

−1): 1) l = 4k; 2) l = 4k − 2

Case 1) l = 4k. The opposite vertices, i.e., vertices at distance 2k, are
of the same type, for example, α1 and αk+1, see Figure 25(a).
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Case 2) l = 4k−2. The opposite vertices, i.e., vertices at distance 2k−1,
are of different types, for example, α1 and βk, see Figure 25(b).

3.4.1. The case l = 4k. Consider the chains of vertices passing
through the top vertex α1 and with endpoints lying on the same horizontal
level, see Figure 25. Let L (resp. R) be the index of the left (resp. right)
end of the chain. Then the endpoints of these chains are as follows:

{βL, βR}, L = 2k − i+ 1, R = i, 1 6 i 6 k, or

{αL, αR}, L = 2k − i+ 2, R = i, 2 6 i 6 k.
(3.17)

Consider the following vectors associated with chains (3.17):

θ(βL, βR) = α1 −
R∑

i=1

βi −
R∑

i=2

αi +
2k∑

i=L

βi +
2k∑

i=L+1

αi, R+ L = 2k + 1,

θ(αL, αR) = α1 −
R−1∑

i=1

βi −
R∑

i=2

αi +
2k∑

i=L

βi +
2k∑

i=L

αi, R+ L = 2k + 2.

(3.18)

We have the following actions on vectors (3.18):

sβ1sβ2k
α1 = θ(β1, β2k),

sα2sα2k
θ(β1, β2k) = θ(α2, α2k),

. . .

sβL−1
sβR

θ(αL, αR) = θ(βL−1, βR),

sαL
sαR+1θ(βL, βR) = θ(αL, αR+1).

(3.19)

Thus, θ(βL, βR), θ(αL, αR) from (3.18) are roots. The following orthogo-
nality relations hold

θ(βL, βR) ⊥ βi, i 6= R,L, θ(βL, βR) M βL, βR,

θ(βL, βR) ⊥ αi, i 6= R+ 1, L, θ(βL, βR) M αR+1, αL (R 6= k),

θ(βk+1, βk) ⊥ αk+1,

θ(αL, αR) ⊥ βi, i 6= L− 1, R, θ(αL, αR) M βL−1, βR,

θ(αL, αR) ⊥ αi, i 6= R,L, θ(αL, αR) M αL, αR.
(3.20)
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Lemma 3.2. The following commutation relations hold:

sθ(βL,βR)

2k∏
i=1

sαi
=
( 2k∏
i=1

sαi

)
sθ(αL,αR+1), L+R = 2k + 1, R 6 k,

sθ(αL,αR)

2k∏
i=1

sβi
=
( 2k∏
i=1

sβi

)
sθ(βL−1,βR), L+R = 2k + 2, R 6 k.

(3.21)

Proof. According to the orthogonality relations (3.20), we have

sθ(βL,βR)

2k∏

i=1

sαi
=

( ∏

αi 6=R+1,L

sαi

)
sθ(βL,βR)sαR+1sαL

=

( ∏

αi 6=R+1,L

sαi

)
sαR+1sαL

sθ(βL,βR)−αR+1+αL
=

( 2k∏

i=1

sαi

)
sθ(αL,αR+1).

Similarly,

sθ(αL,αR)

2k∏

i=1

sβi
=

( ∏

βi 6=R,L−1

sβi

)
sθ(αL,αR)sβL−1

sβR

= (
∏

βi 6=R,L−1

sβi

)
sβL−1

sβR
sθ(αL,αR)−βR+βL−1

=

( 2k∏

i=1

sβi

)
sθ(βL−1,βR).

Proposition 3.3. Let

w = wβwα =
2k∏

i=1

sβi

2k∏

i=1

sαi

be the Dl(b l
2

−1)-associated element, where Dl(b l
2

−1) is the cycle with

l = 4k, see Figure 25. The element w is conjugate to the element

( 2k∏

i=1

sβi

)
sθ(βk+1,βk)

( 2k∏

i=2

sαi

)
. (3.22)

Proof. First, we have

w =
∏

sβi

∏
sαj

sα1≃ sα1(sβ1sβ2k
)
∏

i6=1,2k

sβi

∏

j 6=1

sαj

= sβ1sβ2k
sθ(β2k,β1)

∏

i6=1,2k

sβi

∏

j 6=1

sαj
.
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By relations (3.20), the elements sθ(β1,β2k) and
∏

i6=1,2k
sβi

commute, and

we have:

w = sβ1sβ2k

( ∏

i6=1,2k

sβi

)
sθ(β2k,β1)

∏

j 6=1

sαj
=
(∏

sβi

)
sθ(β2k,β1)

( ∏

j 6=1

sαj

)
.

Further, we use Lemma 3.2 to prove the equivalences:

w =
∏

sβi

(∏

j 6=1

sαj

)
sθ(α2k,α2)

sθ(α2k,α2)

≃ sθ(α2k,α2)

∏
sβi

∏

j 6=1

sαj

=

(∏
sβi

)
sθ(β2k−1,β2)

∏

j 6=1

sαj
=
∏

sβi

(∏

j 6=1

sαj

)
sθ(α2k−1,α3)

sθ(α2k−1,α3)

≃ sθ(α2k−1,α3)

∏
sβi

∏

j 6=1

sαj
=

(∏
sβi

)
sθ(β2k−2,β3)

∏

j 6=1

sαj

. . .

=

(∏
sβi

)
sθ(βk+1,βk)

∏

j 6=1

sαj
.

The relation (3.22) is proved.

Proposition 3.4. The conjugacy class containing elements

2k∏

i=1

sβi

2k∏

i=1

sαi
≃
( 2k∏

i=1

sβi

)(
sθ(βk+1,βk)

2k∏

i=2

sαi

)
(3.23)

is Dl(a l
2

−1)-associated (as well Dl(b l
2

−1)-associated) conjugacy class for

l = 4k, see Figure 26.

Proof. For i 6= k+1, the orthogonality θ(βk+1, βk) ⊥ αi follows from (3.20).
For i = k + 1, it is easy to check:

(θ(βk+1, βk), αk+1) = (βk+1, αk+1)− (βk, αk+1) = −1

2
+

1

2
= 0.

Besides, for i 6= k, k + 1, we have θ(βk+1, βk) ⊥ βi, see (3.20). Finally, for
i = k, k + 1, we have:

(θ(βk+1, βk), βk) = (−βk, βk) + (−αk, βk) = −1 +
1

2
= −1

2
,

(θ(βk+1, βk), βk+1) = (βk+1, βk+1) + (αk+2, βk+1) = 1− 1

2
=

1

2
.
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Figure 26. The equivalent diagrams Dl(b l
2

−1) and Dl(a l
2

−1), where l = 4k

3.4.2. The case l = 4k−2. Similarly to the case (3.17), we consider
chains

{βL, βR}, L = 2k − i, R = i, 1 6 i 6 k − 1, or

{αL, αR}, L = 2k − i+ 1, R = i, 2 6 i 6 k.
(3.24)

Next, we consider the following vectors associated with the chains (3.24):

µ(βL, βR) =α1 −
R∑

i=1

βi −
R∑

i=2

αi +
2k−1∑

i=L

βi +
2k−1∑

i=L+1

αi, R+ L = 2k,

µ(αL, αR) =α1 −
R−1∑

i=1

βi −
R∑

i=2

αi +
2k−1∑

i=L

βi +
2k−1∑

i=L

αi, R+ L = 2k + 1.

(3.25)

As above in operations (3.19), vectors µ(βL, βR), µ(αL, αR) from (3.25)
are roots.

Lemma 3.5. The following commutation relations hold:

sµ(βL,βR)

2k−1∏

i=1

sαi
=

(2k−1∏

i=1

sαi

)
sµ(αL,αR+1), L+R = 2k, R 6 k − 1,

sµ(αL,αR)

2k−1∏

i=1

sβi
=

(2k−1∏

i=1

sβi

)
sµ(βL−1,βR), L+R = 2k + 1, R 6 k.

(3.26)

Proof is as in Lemma 3.2.
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Proposition 3.6. Let

w = wβwα =
2k−1∏

i=1

sβi

2k−1∏

i=1

sαi

be the Dl(b l
2

−1)-associated element, where Dl(b l
2

−1) is the cycle with

l = 4k − 2, see Figure 25. The element w is conjugate to the element

sµ(αk+1,αk)

(2k−1∏

i=1

sβi

)(2k−1∏

i=2

sαi

)
. (3.27)

Proof. As in Proposition 3.3, we have

w =
∏

sβi

∏
sαj

sα1≃ sα1(sβ1sβ2k−1
)

∏

i6=1,2k−1

sβi

∏

j 6=1

sαj

= sβ1sβ2k−1
sµ(β2k−1,β1)

∏

i6=1,2k−1

sβi

∏

j 6=1

sαj

= sβ1sβ2k−1

( ∏

i6=1,2k−1

sβi

)
sµ(β2k−1,β1)

∏

j 6=1

sαj

=

(∏
sβi

)
sµ(β2k−1,β1)

(∏

j 6=1

sαj

)
.

By Lemma 3.5, we have:

w =
∏

sβi

(∏

j 6=1

sαj

)
sµ(α2k−1,α2)

sµ(α2k−1,α2)

≃ sµ(α2k−1,α2)

∏
sβi

∏

j 6=1

sαj

=

(∏
sβi

)
sµ(β2k−2,β2)

∏

j 6=1

sαj
=
∏

sβi

(∏

j 6=1

sαj

)
sµ(α2k−2,α3)

sµ(α2k−2,α3)

≃ sµ(α2k−2,α3)

∏
sβi

∏

j 6=1

sαj
=

(∏
sβi

)
sµ(β2k−3,β3)

∏

j 6=1

sαj

. . .

= sµ(αk+1,αk)

∏
sβi

∏

j 6=1

sαj
.

Proposition 3.7. The conjugacy class containing elements

2k−1∏

i=1

sβi

2k−1∏

i=1

sαi
≃
(
sµ(αk+1,αk)

(2k−1∏

i=1

sβi

) 2k−1∏

i=2

sαi

)
. (3.28)

is Dl(a l
2

−1)-associated (as well Dl(b l
2

−1)-associated) conjugacy class for

l = 4k − 2, see Figure 27.
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Figure 27. The equivalent diagrams Dl(b l
2

−1) and Dl(a l
2

−1), where l = 4k−2

For i 6= k, the orthogonality µ(αk+1, αk) ⊥ βi follows from (3.25). For
i = k, we have:

(µ(αk+1, αk), βk) = (αk+1, βk)− (αk, βk) = −1

2
+

1

2
= 0.

For i 6= k, k+1, we have µ(αk+1, αk) ⊥ αi, and, for i = k, k+1, we get:

(µ(αk+1, αk), αk) = (−βk−1, αk) + (−αk, αk) =
1

2
− 1 = −1

2
,

(µ(αk+1, αk), αk+1) = (βk+1, αk+1) + (αk+1, αk+1) = 1− 1

2
=

1

2
.

Appendix A. More about cycles

A.1. The ratio of lengths of roots

Let Γ be a Dynkin diagram, and
√
t be the ratio of the length of any

long root to the length of any short root. The inner product between two
long roots is

(α, β) =
√
t ·
√
t · cos(α̂, β) =

√
t ·
√
t ·
(
± 1

2

)
= ± t

2
.

By Remark 1.3, we may put (α, β) = − t
2

. The inner product between

two short roots is

(α, β) = cos(α̂, β) = ±1

2
.
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Again, by Remark 1.3, we may put (α, β) = −1

2
. The inner product (α, β)

between roots of different lengths is

(α, β) = 1 ·
√
t · cos(α̂, β) = 1 ·

√
t ·
(
±
√
t

2

)
= ± t

2
.

As above, we choose the obtuse angle and put (α, β) = − t
2

.

We can summarize:

(α, β) =





−1
2 for ‖α‖ = ‖β‖ = 1,

−1 for ‖α‖ = ‖β‖ = 2, or ‖α‖ = 1, ‖β‖ = 2,

−3
2 for ‖α‖ = ‖β‖ = 3, or ‖α‖ = 1, ‖β‖ = 3,

(A.1)

where all angles α̂, β are obtuse.

A.2. Cycles in the simply-laced case

A.2.1. The Carter and connection diagrams for trees.

Lemma A.1. There is no root subset (in the root system associated with
a Dynkin diagram) forming a simply-laced cycle containing only solid
edges. Every cycle in the Carter diagram or in the connection diagram
contains at least one solid edge and at least one dotted edge.

Proof. Suppose a subset S = {α1, . . . , αn} ⊂ Φ forms a cycle containing
only solid edges. Consider the vector

v =
n∑

i=1

αi.

The value of the quadratic Tits form B (see [St08]) on v is equal to

B(v) =
∑

i∈Γ0

1−
∑

i∈Γ1

1 = n− n = 0,

where Γ0 (resp. Γ1) is the set of all vertices (resp. edges) of the diagram
Γ associated with S. Therefore, v = 0 and elements of the root subset S
are linearly dependent.

The following proposition is true only for trees.
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Proposition A.2 (Lemma 8, [Ca72]). Let S = {α1, . . . , αn} be a subset
of linearly independent (not necessarily simple) roots of the root system Φ
associated with a certain Dynkin diagram Γ, and ΓS the Carter diagram
or the connection diagram associated with S. If ΓS is a tree, then ΓS is a
Dynkin diagram.

Proof. If ΓS is not a Dynkin diagram, then ΓS contains an extended
Dynkin diagram Γ̃ as a subdiagram. Since ΓS is a tree, we can turn all
dotted edges to solid ones6, see Remark 1.3.

Further, we consider the vector

v =
∑

i∈Γ̃0

tiαi, (A.2)

where Γ̃0 is the set of all vertices of Γ̃, and ti (where i ∈ Γ̃0) are the
coefficients of the nil-root, see [Kac80]. Let the remaining coefficients
corresponding to ΓS\Γ̃ be equal to 0. Let B be the positive definite
quadratic Tits form (see [St08]) associated with the diagram Γ, and (· , ·)
the symmetric bilinear form associated with B. Let {δi | i ∈ Γ̃0} be the
set of simple roots associated with vertices Γ̃0. For all i, j ∈ Γ̃0, we have
(αi, αj) = (δi, δj), since this value is described by edges of Γ̃. Therefore,

B(v) =
∑

i,j∈Γ̃0

titj(αi, αj) =
∑

i,j∈Γ̃0

titj(δi, δj) = B(
∑

i∈Γ̃0

tiδi) = 0.

Since B is a positive definite form, we have v = 0, i.e., vectors αi are
linearly dependent. This contradicts the definition of the set S.

Example A.3 (multiply-laced cases). Let the coefficients of linear de-
pendence be as in the proof of Proposition A.2. The labels at vertices
are coordinates of the nil-root of the corresponding extended Dynkin
diagrams, [Kac80]. In all cases below, inner products are calculated in
accordance with § A.1 and (A.1). In all these calculations except for G̃21

and G̃22, t = 2.

Case F̃41. We have v = α+ 2β + 3γ + 2δ + ϕ. Then

‖v‖ = 1 + 4 + 9 + 4t+ t− 1 · 2− 2 · 3− 3 · 2t− 2 · t
= 6− 3t = 0.

6This fact is not true for cycles, since by Lemma A.1 we cannot eliminate all dotted
edges.
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Case F̃42. Here, v = α+ 2β + 3γ + 4δ + 2ϕ, and

‖v‖ = (1 + 4 + 9)t+ 16 + 4− 1 · 2t− 2 · 3t
− 3 · 4t− 4 · 2 = 12− 6t = 0.

Case C̃2. We have v = α+ tβ + γ, where t = 2. Then

‖v‖ = t+ t2 + t− t · t− t · t = 2t− t2 = 0.

Case B̃2. In this case, v = α+ β + γ. Then

‖v‖ = 1 + 1 + t− t− t = 2− t = 0.

Case C̃3. Here, v = α+ tβ + tγ + δ, and

‖v‖ = t+ t+ t2 + t2 − t2 − t2 − t2 = 2t− t2 = 0.

Case B̃3. We have v = α+ β + γ + δ. Then

‖v‖ = 1 + 1 + t+ t− t− t− t = 2− t = 0.

For C̃n, where n > 4, we have v = α1 + tα2 + · · ·+ tαn + αn+1. Any
new short edge adds t2 − t2, i.e., ‖v‖ = 0. For B̃n, where n > 4, we have
v = α1 +α2 + · · ·+αn+αn+1. Any new long edge adds t− t, i.e., ‖v‖ = 0.

Case G̃21. Here, v = α+ 2β + γ. Here, t = 3. Then

‖v‖ = 1 + 4 + t− 1 · 2− 2 · t = 3− t = 0.

Case G̃22. In this case, v = α+ 2β + 3γ. Again, t = 3. Then

‖v‖ = t+ 4 · t+ 9− 2 · t− 2 · 3 · t = 9− 3t = 0.
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A.2.2. There are no cycles in the root system An. Recall that
any root in An is of the form ±(ei − ej), where 1 6 i < j 6 n+ 1. Then,
up to the similarity transformation, α 7−→ −α, see § 1.3.1, a cycle of roots
is of one of the followings forms:

{ei1 − ei2 , ei2 − ei3 , . . . , eik−1
− eik , eik − ei1},

{ei1 − ei2 , ei2 − ei3 , . . . , eik−1
− eik ,−(eik − ei1)}.

In the first case, the sum of all these roots is equal to 0, i.e., these roots
are linearly dependent. In the second case, the sum of the k − 1 first
roots is equal to the last one, and roots are also linearly dependent. Thus,
for An, there are no cycles of linearly independent roots.

A.3. Cycles in the multiply-laced case

A.3.1. There are no 4-cycles with all angles obtuse. No root
system R containing a 4-cycle with all angles obtuse can occur. Suppose
this is possible, so a quadruple of roots {α, β, γ, δ} yields pairs with the
following values of the Tits form:

(α, β) = −1, (β, γ) = −1

2
, (γ, δ) = −1, (δ, α) = −1,

see Figure 28.

Figure 28.

Then we see that

sα =




−1 1 0 1
0 1 0 0
0 0 1 0
0 0 0 1


 , sβ =




1 0 0 0
2 −1 1 0
0 0 1 0
0 0 0 1


 ,

sγ =




1 0 0 0
0 1 0 0
0 1 −1 2
0 0 0 1


 , sδ =




1 0 0 0
0 1 0 0
0 0 1 0
1 0 1 −1


 .
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Then the semi-Coxeter element C = sαsβsγsδ in the Weyl group gen-
erated by the quadruple {sα, sβ , sγ , sδ}, and its characteristic polynomial
is as follows:

C = sαsβsγsδ =




4 0 2 −3
4 0 1 −2
2 1 1 −2
1 0 1 −1


 , χ(C) = x4− 4x3− x2− 4x+ 1.

Since the maximal root of χ(C) is λ ≈ 4.419 > 1, then the semi-
Coxeter element C is of infinite order, but this is impossible.

A.3.2. More of impossible cases of multiply-laced cycles. We
consider several patterns (of multiply-laced diagrams) that are not a
part of any Carter diagram. First of all, the arrows on the double edges
connecting roots of different lengths should be directed face to face,
otherwise we have 3 different lengths of roots, as depicted in Figure 29:

‖δ‖ > ‖γ‖ = ‖β‖ > ‖α‖.

Figure 29.

Further, two double edges connecting roots of different lengths cannot
be adjacent, as depicted in Figure 30. Otherwise, the root subset contains
the extended Dynkin diagram B̃2 or C̃2 which cannot occur.

Figure 30.
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For cycles of length 5 or more, the diagram contains the extended
Dynkin diagram of type B̃n or C̃n which cannot happen. If the acute
angle (resp. the dotted edge) lies on the part corresponding to B̃n (or C̃n),
this obstacle can be easily eliminated by changing certain roots with their
opposites; the procedure of eliminating the acute angle may be applied to
any tree regardless of whether it contains roots of different lengths or not.

Figure 31.

There are no “kites”, i.e., cycles of length 4 with an additional fifth
edge, since any such subset contains the extended Dynkin diagram C̃D2

or D̃D2 which cannot be, see Figure 32. One should note that every cycle
ins the Carter diagram contains, by definition, an even number of vertices,
so the connection like {ϕ, α} or {ϕ, β} forming a triangle cannot occur.

Figure 32.
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A new way to construct 1-singular

Gelfand-Tsetlin modules

Pablo Zadunaisky∗

Communicated by V. M. Futorny

Abstract. We present a simplified way to construct the
Gelfand-Tsetlin modules over gl(n,C) related to a 1-singular GT-
tableau defined in [6]. We begin by reframing the classical construc-
tion of generic Gelfand-Tsetlin modules found in [3], showing that

they form a flat family over generic points of C(n

2). We then show
that this family can be extended to a flat family over a variety
including generic points and 1-singular points for a fixed singular
pair of entries. The 1-singular modules are precisely the fibers over
these points.

1. Introduction

A constant theme throughout the work of Sergei Ovsienko was the
notion of Gelfand-Tsetlin subalgebras and modules introduced for sl(3,C)
in [2], then more generally for gl(n,C) in [1], finally arriving at the more
general definition of Harish-Chandra algebras and modules in [3]. He
returned several times to the subject and its applications to representation
theory, as can be seen in the articles [7–12,17,19,20]. There were also many
independent developments such as the construction of quantized versions
of Gelfand-Tsetlin modules [18], the study of Gelfand-Tsetlin algebras
and modules over orthogonal Lie algebras [14,15], and the construction
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of several new families of infinite dimensional Gelfand-Tsetlin modules,
including applications to the classification of irreducible modules over
gl(n,C) [4–6], just to name a few. It is a pleasure to contribute to the
continuing development of this subject.

The notion of a Gelfand-Tsetlin module (see Definition 2) has its
origin in the classical article [13], where I. Gelfand and M. Tsetlin gave a
presentation of all the finite dimensional irreducible representations of
gl(n,C) in terms of certain tableaux, which have come to be known as
Gelfand-Tsetlin tableaux, or GT-tableaux for shot. The action of gl(n,C)
over a tableau is given by rational functions in its entries, and the poles

of these rational functions form a nowhere dense set in C(n
2); the formulas

for this action are known as the Gelfand-Tsetlin formulas. Starting from
this observation, Yu. Drozd, Ovsienko and V. Futorny introduced a large
family of infinite dimensional gl(n,C)-modules in [3]. These modules have
a basis parametrized by Gelfand-Tsetlin tableaux with complex coefficients
such that no pattern is a pole for the rational functions appearing in the
GT-formulae (such tableaux are called generic, hence the name “generic
Gelfand-Tsetlin module”).

In [6], Futorny, D. Grantcharov and L. E. Ramírez built new GT-
modules starting from a 1-singular tableaux (see Definition 1). These
1-singular modules are given by generators and relations, and the action
of gl(n,C) is given by new explicit formulas; the proof that these formulas
indeed define an action of gl(n,C) requires long calculations. We present
a new approach, which consist of first building a “universal generic GT-
module” (Definition 2) and then finding a “universal 1-singular module”
(Definition 3) as a submodule. Thus the gl(n,C)-module structure is built
in by construction on the singular modules, and the formulas for this
action are deduced from those of the generic case.

Let us be a little more explicit. The set of poles P of the original
Gelfand-Tsetlin formulae can be described as the union of all integral
translates of a certain finite hyperplane arrangement centered at the

origin in C(n
2). Let X be the complement of P , and let A be the algebra

of regular functions defined over X, so for every point x ∈ X there is a
generic Gelfand-Tsetlin module Vx. We show that these modules form a
flat family over X by constructing a free A-module VA over which gl(n,C)
acts by A-linear operators, such that VA ⊗A Cx

∼= Vx for each x ∈ X as
gl(n,C)-modules, see Theorem 2. Now fix two entries (k, i) and (k, j),
let H ⊂ P be the set of tableaux with vk,i = vk,j and no other critical
entries, and let B be the algebra of regular functions over Y = X ∪H.
In Theorem 3 we show that the flat family over X extends to a flat
family over Y by finding a full B-lattice VB ⊂ VA which is stable by
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the action of gl(n,C). From this we immediately get for each x ∈ X
that Vx ∼= VB ⊗B Cx as gl(n,C)-modules, while for y ∈ H we obtain a
gl(n,C)-module Vy = VB ⊗B Cy. We finally show that Vy is isomorphic to
the corresponding 1-singular module constructed by Futorny, Grantcharov
and Ramírez, and recover the action of the Gelfand-Tsetlin subalgebra of
U(gl(n,C)) on it.

2. Gelfand-Tsetlin tableaux

We begin by quoting some results from [6, section 3]. We direct the
reader to that article for proofs or references.

Fix n ∈ N>2, and set N = n(n+1)
2 . A Gelfand-Tsetlin tableau of size n

(or GT-tableau of size n, for short) is an array with N complex entries of
the form

vn,1 vn,2 · · · vn,n−1 vn,n
vn−1,1 · · · vn−1,n−1

. . . · · · . .
.

v2,1 v2,2

v1,1

The set of all GT-tableaux can be identified with CN by indexing
the entries of a point v ∈ CN by {(k, i) | 1 6 i 6 k 6 n}. We fix one
particular enumeration which will be useful later. Start by λn,n, which
we denote by x1; then, looking at all entries with second coordinate
n − 1, we enumerate them by taking x2 = λn−1,n−1, then x3 = λn,n−1;
next we take the elements with second coordinate n − 2 starting by
x4 = λn−2,n−2 and moving in the northwest direction. Explicitly, setting

ϕ(i, j) = (i− j + 1) + (n−j)(n−j+1)
2 we write xϕ(i,j) = λi,j . The following

figure shows the enumeration corresponding to n = 3.

λ3,1 λ3,2 λ3,3

λ2,1 λ2,2

λ1,1

x6 x3 x1

x5 x2

x4

We will denote by T (v) the tableau corresponding to v ∈ CN .

Definition 1. We say that a point v ∈ CN , or the corresponding tableau
T (v), is:
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• integral if v ∈ ZN ;
• standard if for all 1 6 i < j 6 k 6 n the difference vk,i−vk−1,i ∈ Z>0

and vk−1,i − vk,i+1 ∈ Z>0;
• generic if for all 1 6 i < j 6 k < n the difference vk,i − vk,j is not

in Z;
• singular if it is a non-generic tableau, i.e. there is a pair of entries

in the same row differing by an integer; if there is exactly one such
pair then we say that the tableau is 1-singular ;
• critical if there are two entries in the same row which are equal; if

there is exactly one such pair then we say the tableau is 1-critical.

The enumeration of the λk,i was chosen so all the equations defining
standard tableaux are of the form xt − xs > 0 or xt − xs > 0. Drawing
a graph analogous to the one shown above with the xi as vertices, it is
clear that we only get equations xt − xs with t > s and xt and xs joined
by an edge.

We denote the set of standard points by CNstd, and the set of generic
points by CNgen. Any pair of two entries differing by an integer will be
called a singular pair, and if they are equal they will be called a critical
pair.

3. Gelfand-Tsetlin modules

In this section, we recall the general notions of Gelfand-Tsetlin algebras
and modules, and review the classical construction of generic Gelfand-
Tsetlin modules due to Drozd, Futorny and Ovsienko. Our proof follows
the outline given by V. Mazorchuk in [16, Theorem 19], but we believe
it is worthwhile to include it since it allows us to introduce and become
familiar with the main ingredients of our re-imagining of the construction
of [6].

Recall we have fixed n ∈ N and set N = n(n+1)
2 . Let Λ = C[λi,j | 1 6

i 6 j 6 n] be a polynomial algebra in N variables, and set Λm = C[λm,k |
1 6 k 6 m] for each 1 6 m 6 n. The group Sm acts on Λm permuting
the variables in the obvious way. This induces an action of the group
G = Sn × Sn−1 × · · · × S1 on Λ. Let

γm,k =
m∑

i=1

(λm,i +m− 1)k
∏

i6=j

(
1− 1

λm,i − λm,j

)
.

Although it is not obvious, the γm,k are algebraically independent poly-
nomials and ΛSm

m = C[γm,k | 1 6 k 6 m].
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For each m ∈ N set Um = U(gl(m,C)). We denote by Zm ⊂ Um
the center of Um. Also we write U for Un. We get a chain of inclusions
U1 ⊂ U2 ⊂ · · · ⊂ Un induced by the maps sending standard generators
Ei,j ∈ gl(m,C) to the corresponding Ei,j ∈ gl(m+ 1,C). The algebra Zm
is a polynomial algebra on the generators

cm,k =
∑

(i1,...,ik)∈[m]k

Ei1,i2Ei2,i3 · · ·Eik,i1 1 6 k 6 m,

and there is an embedding Zm −→ Λm given by cm,k 7→ γm,k. We write
Γ = C[cm,k | 1 6 k 6 m 6 n] ⊂ U , which is the algebra generated by⋃n
k=1 Zk. The cm,k are algebraically independent and hence Γ is isomorphic

to a polynomial algebra in N generators. Thus Γ is isomorphic to ΛG.

Definition 2 ([3, section 2.1]). The algebra Γ is called the Gelfand-
Tsetlin subalgebra of U(gl(n,C)). A finitely generated U -module is called
a Gelfand-Tsetlin module if

M =
⊕

m∈Specm Γ

M(m),

where M(m) = {v ∈M | mkv = 0 for some k > 0}.

3.1. Irreducible representations of gl(n,C)

For each 1 6 i 6 k 6 n set

p±
k,i(λ) =

k±1∏

j=1

(λk,i − λk±1,j); qk,i(λ) =
∏

j 6=i

(λk,i − λk,j).

|λ|k = λk,1 + λk,2 + · · ·λk,k.

The following is a classical result due to Gelfand and Tsetlin.

Theorem 1 ([13]). Let λ = (λ1, . . . , λn) be a dominant integral weight
of gl(n,C), and let

V (λ) = 〈T (v) | v ∈ CNstd and vn,1 = λ1, vn,2 = λ2 − 1, . . . ,

vn,n = λn − n+ 1〉C

(by convention, if v is non-standard then T (v) = 0 in V (λ)). The vector
space V (λ) can be endowed with a gl(n,C)-module structure, with the
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action of the canonical generators given by

Ek,k+1T (v) = −
k∑

i=1

p+
k,i(v)

qk,i(v)
T (v + δk,i),

Ek+1,kT (v) =
k∑

i=1

p−
k,i(v)

qk,i(v)
T (v − δk,i),

Ek,kT (v) = (|v|k − |v|k−1 + k − 1)T (v),

where δk,i is the element of ZN with a 1 in position (k, i) and 0’s elsewhere.
Furthermore, for each 1 6 k 6 m 6 n we have cm,kT (v) = γm,k(v)T (v).

It is immediate to check that with this structure, V (λ) is an irreducible
finite dimensional representation of maximal weight λ, so this theorem
provides an explicit presentation of all finite dimensional simple gl(n,C)-
modules. The formulas for the action of the generators of gl(n,C) in the
previous theorem are known as the Gelfand-Tsetlin formulas.

3.2. Generic Gelfand-Tsetlin modules

Let ZN0 ⊂ ZN be the set of vectors of CN with integral entries such
that vn,i = 0 for all 1 6 i 6 n. For v ∈ CN set

V (T (v)) = 〈T (v + z) | z ∈ ZN0 〉C.

We now quote [3, section 2.3].

Theorem 2. Suppose v ∈ CNgen. Then the vector space V (T (v)) can be
endowed with the structure of a gl(n,C)-module with the action of the
canonical generators given by the Gelfand-Tsetlin formulas. Furthermore,
for each 1 6 k 6 m 6 n we have cm,kT (w) = γm,k(w)T (w), so V (T (v))
is a Gelfand-Tsetlin module.

We will now reprove Theorem 2. We begin with a technical lemma.
Recall that we have identified CN with Specm Λ, so we identify rational
functions over CN with elements of the field C(λk,i | 1 6 i 6 k 6 n).

Lemma 1. Let W ⊂ ZN0 be a nonempty finite set and let SW =⋂
w∈W CNstd − w. Let F ∈ C(λk,i | 1 6 i 6 k 6 n) be a rational function

without poles in SW . If F (v) = 0 for all v ∈ SW , then F = 0.

Proof. Explicitly, v lies in SW if and only if

vk,i − vk−1,i + min
w∈W
{wk,i − wk−1,i, 0}+ 1 ∈ Z>0,

vk−1,i − vk,i+1 + min
w∈W
{wk−1,i − wk,i+1} ∈ Z>0,
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for all 1 6 i 6 n. With the enumeration fixed in the previous section, and
writing xϕ(i,j) for λi,j , these inequalities are all of the form xt−xs− rt,s ∈
Z>0 with t > s and rt,s ∈ Z (notice that not all pairs (t, s) appear). Thus
fixing x1(v) = 0, we can build recursively an element v ∈ SW , in particular
SW is not empty.

For each 1 6 s 6 n let ws ∈ ZN be such that xt(ws) = 1 if t > s, and
xt(ws) = 0 if t < s. Now x ∈ SW implies x + rws ∈ SW for all r ∈ N,
and applying this to the element v ∈ SW we found before, we get that
v +

∑N
s=1 v + rsws ∈ SW whenever rs ∈ N, and each of these points is a

zero of F .

For each 1 6 s 6 n let es ∈ ZN be such that xs(es) = 1 and xt(es) = 0,
and let C : CN −→ CN be the affine transformation defined by C(0) = v,
C(es) = ws. Then F ◦ C is a rational function without poles in NN and
furthermore F ◦ C(Nn) = 0. This implies that F ◦ C = 0, which in turn
implies F = 0.

LetA be the algebra of regular functions defined over CNgen. The algebra
A contains all the rational functions appearing in the Gelfand-Tsetlin
formulas. Consider the action of ZN over CN , given by vz = v + z. This
induces an action on A, given by (z · f)(v) = f(vz). We will sometimes
write f(λz) for (z · f).

Proposition 1. Let VA be the free A-module with basis {T (z) | z ∈ ZN0 }.
The A-module VA can be endowed with the structure of a U -module with
the action of the canonical generators given by

Ek,k+1T (z) = −
k∑

i=1

p+
k,i(λ

z)

qk,i(λz)
T (z + δk,i);

Ek+1,kT (z) =
k∑

i=1

p−
k,i(λ

z)

qk,i(λz)
T (z − δk,i);

Ek,kT (z) = (|λz|k − |λz|k−1 + k − 1)T (z).

Furthermore, for each 1 6 k 6 m 6 n, we have cm,kT (z) = γm,k(λ
z)T (z).

Proof. Let F be the free C-algebra generated by Xk,k+1, Xk+1,k for 1 6
k < n, and Xk,k for 1 6 k 6 n; there is an obvious map ϕ : F −→ U .
Replacing E by X in the formulas in the statement, we certainly get an
F -module structure on VA, so there is an algebra map F −→ EndA VA,
and we must show that this map factors through U .
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Let a ∈ F . Then for each w ∈ ZN0 there exists a rational function
fa,w ∈ A such that

aT (z) =
∑

w∈ZN
0

fa,w(λz)T (z + w)

for all z ∈ ZN0 . The sum is of course over a finite subset of ZN0 , which
we call W . By Lemma 1 the rational function fa,w is determined by its
values on SW =

⋂
w∈W CNstd − w.

Fix v ∈ SW and let λ = (vn,1, vn,1 + 1, . . . , vn,n +n− 1). Notice that λ
is the n-th row of v + x for all x ∈ SW since these are all elements of ZN0 ,
and this in turn implies that λ is an integral dominant weight of gl(n,C)
and we can consider the representation V (λ) as defined in Theorem 1.
By construction the set {T (v + w) | w ∈W} consists of nonzero linearly
independent elements of V (λ), and by construction

ϕ(a)T (v) =
∑

w∈W

fa,w(v)T (v + w).

Thus if ϕ(a) = 0 then fa,w(v) = 0 for all v ∈ SW , so fa(−, w) = 0. This
implies that the formulas in the statement indeed define a U -module
structure on VA. Furthermore, if ϕ(a) = cm,k for some k and m then
fa,w(v) = 0 for all w 6= 0 and fa,0(v) = γm,k(v), so again by Lemma 1 the
action of the cm,k is the one given in the statement.

Proof of Theorem 2. If v ∈ CNgen then the map f ∈ A 7→ f(v) ∈ C is
well defined, and induces a one-dimensional representation of A which we
denote Cv. Now VA⊗ACv is a U -module, with the action of U induced by
its action on VA, and furthermore it is isomorphic to V (T (v)) as C-vector
space through the assignation 1⊗AT (z) 7→ T (v+z). Thus V (T (v)) gets a
U -module structure, which by construction is given by the Gelfand-Tsetlin
formulas.

4. The construction of 1-singular Gelfand-Tsetlin modules

We will give a new construction of Futorny, Grantcharov and Ramirez’s
1-singular Gelfand-Tsetlin modules, which will follow the same spirit as the
construction of generic Gelfand-Tsetlin modules presented in the previous
section. Fix k, i, j ∈ N with 1 6 i < j 6 k < n. From now a 1-critical
point, will be a critical point v whose only critical pair is vk,i, vk,j . We
set x = λk,i, y = λk,j .
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Let B ⊂ A be the algebra of consisting of functions in A without poles
in the set of 1-critical points; for example 1/(x − y) lies in A but not
in B. The idea behind our construction is finding a B-lattice VB ⊂ VA
which is stable by the action of U . Once we have found this lattice, the
construction of the U -module associated to a 1-singular point v can go as
before: take Cv to be the 1-dimensional B-module associated to v and set
V (T (v)) = VB ⊗B Cv, which inherits its U -module structure from VB.

Let I = {(r, s) | 1 6 s 6 r 6 n}, and let τ : I −→ I be the involution
that interchanges (k, i) and (k, j), while leaving all other elements of I
fixed. By abuse of notation, we also denote by τ the linear transformation
τ : CN −→ CN given by τ(δr,s) = δτ(r,s) for all (r, s) ∈ I, and also
the algebra automorphism τ : B −→ B induced by the assignation
τ(λr,s) = λτ(r,s). In each case τ2 is the identity map.

Definition 3. For each z ∈ ZN0 we define

S(z) =
T (z) + T (τ(z))

2
, A(z) =

T (z)− T (τ(z))

2(x− y)
.

We define VB ⊂ A to be the B-module generated by {S(z), A(z) | z ∈ ZN0 }.

As stated above, we will show that VB is stable by the action of U .
Notice that T (z) = S(z)+(x−y)A(z), so T (z) ∈ VB for any z ∈ ZN0 . Notice
also that S(τ(z)) = S(z) and A(τ(z)) = −A(z); in particular if z = τ(z)
then S(z) = T (z) and A(z) = 0. It follows that aT (z) + bT (τ(z)) =
(a+ b)S(z) + (a− b)(x− y)A(z) for all a, b ∈ A.

Let D : B −→ B be the differential operator 1
2

(
∂
∂x − ∂

∂y

)
. The follow-

ing lemma can be verified by direct calculations.

Lemma 2. Let f ∈ B.
1) The rational function f−τ ·f

x−y lies in B, and is equal to 2D(f).

2) For each z ∈ ZN we have τ · f(λz) = (τ · f)(λτ(z)).
3) We have τ · p±

t,s = p±
τ(t,s) and τ · qt,s = qτ(t,s).

Theorem 3. The B-module VB is a U -submodule of VA.

Proof. We will check by direct inspection that VB is stable by the action
of the canonical generators of gl(n,C). First, since |λz|t = |λτ(z)|t for all
1 6 t 6 n, both T (z) and T (τ(z)) are eigenvectors of Et,t of eigenvalue
|λz|t − |λz|t−1 + t− 1, so

Et,tS(z) = (|λz|t − |λz|t−1 + t− 1)S(z),

Et,tA(z) = (|λz|t − |λz|t−1 + t− 1)A(z),
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and VB is not only stable by the action of the Et,t with 1 6 t 6 n, but
also a weight module.

Let us study the action of Et,t+1 on S(z). By definition we get

Et,t+1S(z) = −1

2

t∑

s=1

p+
t,s(λ

z)

qt,s(λz)
T (z + δt,s) +

p+
t,s(λ

τ(z))

qt,s(λτ(z))
T (τ(z) + δt,s).

Now since T (τ(z) + δt,s) = T (τ(z + δτ(t,s))), we can rewrite this last
expression as

− 1

2

t∑

s=1

p+
t,s(λ

z)

qt,s(λz)
T (z + δt,s) +

p+
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))
T (τ(z + δt,s))

= −1

2

t∑

s=1


p

+
t,s(λ

z)

qt,s(λz)
+
p+
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))


S(z + δt,s)

+


p

+
t,s(λ

z)

qt,s(λz)
−
p+
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))


 (x− y)A(z + δt,s).

By definition 1/qt,s(λ
z) ∈ B unless (t, s) ∈ {(k, i), (k, j)} and z = τ(z).

Hence the coefficients in the equation above lie in B, except perhaps
when z = τ(z) and t = k, in which case it is not clear that the coefficients
of S(z + δk,i) = S(z + δk,j) and A(z + δk,i) = −A(z + δk,j) lie in B.
Set q∗

k,i(λ
z) = qk,i(λ

z)/(x − y), so the inverse of q∗
k,i(λ

z) lies in B. The

coefficient of A(z + δk,i) can be written as

2

(
p+
k,i(λ

z)

q∗
k,i(λ

z)
+
p+
k,j(λ

z)

q∗
k,j(λ

z)

)
∈ B,

where the factor 2 arises from the fact that A(z + δk,i) = −A(z + δk,j).
Now considering the coefficient of S(z + δk,i), we may use Lemma 2 to
rewrite it as

2

(
p+
k,i(λ

z)

qk,i(λz)
+
p+
k,j(λ

τ(z))

qk,j(λτ(z))

)

=
2

(x− y)

(
p+
k,i(λ

z)

q∗
k,i(λ

z)
− τ ·

p+
k,i(λ

z)

q∗
k,i(λ

z)

)
= 4D

(
p+
k,i(λ

z)

q∗
k,i(λ

z)

)
.

Thus Et,t+1S(z) ∈ VB for all t and all z. A similar analysis shows that
Et+1,tS(z) ∈ VB.
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Following the same reasoning we find that

Et,t+1A(z) = −1

2

t∑

s=1


p

+
t,s(λ

z)

qt,s(λz)
−
p+
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))


 1

x− yS(z + δt,s)

+


p

+
t,s(λ

z)

qt,s(λz)
+
p+
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))


A(z + δt,s).

If z = τ(z) then A(z) = 0, so we only have to consider the case z 6= τ(z),
in which case the formula above equals

−1

2

t∑

s=1

2D

(
p+
t,s(λ

z)

qt,s(λz)

)
S(z+δt,s)+


p

+
t,s(λ

z)

qt,s(λz)
+
p+
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))


A(z+δt,s).

Since all coefficients lie in B, we see that Et,t+1A(z) ∈ VB. A similar
formula can be obtained for Et+1,tA(z) ∈ VB, which completes the proof
that VB is stable by the action of U .

The formulas obtained in the proof of Theorem 3 can be misleading.
For example, notice that for t 6= k−1, k the coefficient of each A(z+δt,s) in
Et,t+1S(z) is zero. A case by case analysis reveals much simpler formulas,
but we postponed for the sake of brevity and because we will add one
further simplification. Since we are going to study the specialization of
VB at 1-critical points, we might as well consider the coefficients not in
B but in B′ = B/(x− y). Reduction modulo (x− y) of course simplifies
the formulas.

Definition 4. Set V = B′ ⊗B VB. We refer to V as the universal 1-
singular Gelfand-Tsetlin module. Given a 1-singular point v ∈ CN with
vk,i = vk,j , we denote by Cv the one-dimensional representation of B′

induced by v, and by V (T (v)) the U -module V ⊗B′ Cv = V ⊗B Cv.

We write S(z) and A(z) for the images of S(z) and A(z) in V , re-
spectively. Also, we denote by p±

t,s, qt,s the images of p±
(t,s), qt,s in B′,

respectively. First, notice that if t 6= k or z 6= τ(z) the definitions imply
that

p±
t,s(λ

z)

qt,s(λz)
≡
p±
τ(t,s)(λ

τ(z))

qτ(t,s)(λτ(z))
mod (x− y).
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Applying reduction modulo (x− y) to the formulas obtained in the proof
of Theorem 3, we obtain that if t 6= k or z 6= τ(z) then

Et,t+1S(z) = −
t∑

s=1

p+
t,s(λ

z)

qt,s(λ
z)
S(z + δt,s),

Et+1,tS(z) =
t∑

s=1

p−
t,s(λ

z)

qt,s(λ
z)
S(z − δt,s).

Writing as before q∗
k,r(λ

z) = qk,r(λ
z)/(x− y), and setting D(f) = D(f)

we also obtain formulas

Ek,k+1S(z) = −
∑

s 6=i,j

p+
k,s(λ

z)

qk,s(λ
z)
S(z + δk,s)

− 2D

(
p+
k,i(λ

z)

q∗
k,i(λ

z)

)
S(z + δk,i)− 2

(
p+
k,i(λ

z)

q∗
k,i(λ

z)

)
A(z + δk,i);

Ek+1,kS(z) =
∑

s 6=i,j

p−
k,s(λ

z)

qk,s(λ
z)
S(z − δk,s)

+ 2D

(
p−
k,i(λ

z)

q∗
k,i(λ

z)

)
S(z − δk,i) + 2

(
p−
k,i(λ

z)

q∗
k,i(λ

z)

)
A(z − δk,i).

For the sake of comparison with the original construction, we point out
that this formulas can be summarized as

Et,t+1S(z) = −
t∑

s=1

D

(
p+
t,s(λ

z)

q∗
t,s(λ

z)

)
S(z + δt,s) +

(
p+
t,s(λ

z)

q∗
t,s(λ

z)

)
A(z + δt,s)

Et+1,tS(z) =
t∑

s=1

D

(
p−
t,s(λ

z)

q∗
t,s(λ

z)

)
S(z + δt,s) +

(
p−
t,s(λ

z)

q∗
t,s(λ

z)

)
A(z + δt,s)

In the case of A(z), reduction modulo (x− y) of the formulas already
found gives

Et,t+1A(z) = −
t∑

s=1

D

(
p+
t,s(λ

z)

qt,s(λz)

)
S(z + δt,s) +

(
p+
t,s(λ

z)

qt,s(λ
z)

)
A(z + δt,s),

Et+1,tA(z) =
t∑

s=1

D

(
p−
t,s(λ

z)

qt,s(λz)

)
S(z − δt,s) +

(
p−
t,s(λ

z)

qt,s(λ
z)

)
A(z − δt,s)

With this formulas, the following theorem is clear.
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Theorem 4. Let v ∈ CN be a 1-singular point with vk,i = vk,j. Then
the U-module V (T (v)) = VB′ ⊗B′ Cv is isomorphic to the 1-singular
Gelfand-Tsetlin module defined in [6, Theorem 4.11] through the map
1⊗B′ S(z) 7→ T (v + z), 1⊗B′ A(z) 7→ DT (v + z).

We finish by studying the action of the Gelfand-Tsetlin algebra on V .
As before, we first consider its action on VB, and in that case we get

cm,tS(z) = γm,t(λ
z)S(z); cm,tA(z) = γm,t(λ

z)A(z) (m 6= k),

and

ck,tS(z) =
γk,t(λ

z) + γk,t(λ
τ(z))

2
S(z) + (x− y)

γk,t(λ
z)− γk,t(λτ(z))

2
A(z);

ck,tA(z) =
γk,t(λ

z) + γk,t(λ
τ(z))

2
A(z) +

γk,t(λ
z)− γk,t(λτ(z))

2(x− y)
S(z).

Now γt,s is a symmetric polynomial, which implies that τ · γt,s = γt,s.
Thus reducing modulo x− y and using item 1) of Lemma 2 we obtain

cm,tS(z) = γm,t(λ
z)S(z); cm,tA(z) = γm,t(λ

z)A(z); (m 6= k),

and

ck,tS(z) = γk,t(λ
z)S(z); ck,tA(z) = γk,t(λ

z)A(z) +D(γk,t(λ
z))S(z).

From this we recover [6, Corollary 4.13].
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Igor Rostislavovich Shafarevich

(03.06.1923 – 19.02.2017)

The great Russian mathematician Igor Rostislavovich Shafarevich
died on February 19, 2017. This news grieved the whole mathematical
society, since his name was inseparably linked to so many outstanding
achievements and ideas of the modern mathematics, especially number
theory and algebraic geometry.

Igor Shafarevich was born in Zhytomyr on June 3, 1923. After the
ninth grade of secondary school he was admitted to the last year of the
Department of Mecanics and Mathematics of the Moscow State University
wherefrom he graduated in 1940. His first advisors in mathematics were
B. N. Delone, I. M. Gelfand and A. G. Kurosh. In 1942 he was awarded
his candidate’s degree (Ph. D.) for an investigation on absolute values
in topological fields (supervisor A. G. Kurosh). Just after that, inspired
by B. N. Delone, he started his work on Galois groups of fields of al-
gebraic numbers and algebraic functions. In 1946 he was awarded the
degree of Doctor of Sciences for these investigations. In particular, he
described all p-extensions of the fields of p-adic numbers and non-ramified
p-extensions of the fields of algebraic numbers. An outstanding achieve-



Igor Rostislavovich Shafarevich 195

ment of Shafarevich was an explicit, completely local formula for the
Hilbert residue symbol in the fields of p-adic numbers and, as a corollary,
the most general explicit formula for the power residues reciprocity law.

His investigations in the Galois theory led Shafarevich to a solution of
the inverse Galois problem for solvable groups. Namely, he proved that ev-
ery field of algebraic numbers has infinitely many Galois extensions whose
Galois group is any prescribed solvable group. In 1959, for his investiga-
tions in the algebraic number theory and the Galois theory, Shafarevich
was awarded the Lenin prize. In 1958 he was elected a corresponding
member of the Academy of Sciences of the USSR.

In 1964, together with E. Golod, Shafarevich proved an inequality
for the numbers of generators and relations for finite p-groups, which
implied, in particular, the existence of infinite chains of non-ramified
extensions for a wide class of fields of algebraic numbers, as well as the
existence of finitely generated infinite p-groups (thus, a negative solution
of the “unrestricted Burnside problem”) and infinite dimensional finitely
generated nil-algebras.

Starting from 1960’s, Shafarevich initiated investigations in algebraic
geometry, in particular, in birational geometry of algebraic surfaces, re-
sulted in a well-known monograph “Algebraic Surfaces” published in
1965. It led to the creation of a powerful school in algebraic geometry,
well-known by the names of S. Arakelov, I. Dolgachev, M. Gizatullin,
Yu. Manin, B. Moishezon, A. Parshin, A. Tiurin and many others. To-
gether with I. Piatetski-Shapiro he obtained important results on K3
sutfaces. Studying the structure of algebraic curves over algebraic number
fields, he invented (parallelly and independently of J. Tate) “the most mys-
terious group” related to ellitic curves, now called the Tate–Shafarevich
group and denoted by the cyrillic letter ‘Ш’ (perhaps the unique case
when cyrillic symbols are used in mathematics). He also formulated the
Shafarevich conjecture which stated the finiteness of the set of Abelian
varieties over a number field having fixed dimension and prescribed set of
primes of bad reduction. This conjecture was proved by G. Faltings as
a step in his proof of the Mordell conjecture.

Generations of mathematicians through the world studied (and are
studying) the theory of algebraic numbers and algebraic geometry by the
wonderful books “Number Theory” by Borevich and Shafarevich (the first
edition in 1964) and “Basic Algebraic Geometry” by Shafarevich (the
first edition in 1972). For the series “Modern Problems in Mathematics.
Fundamental Directions” (known in English translation as “Encyclopaedia
of Mathematical Sciences”) he wrote several issues: “Algebra. I, Basic
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notions of algebra”, “Algebraic Geometry. I, Introduction. Riemann Sur-
faces and Algebraic Groups”, “Algebraic Geometry. II, Algebraic Surfaces"
(together with V. Iskovskikh). He was also an Editor of the whole series
“Algebra” and “Algebraic Geometry.”

I. Shafarevich played an important role in the formation of the
Ukrainian algebraic school. In particular, he highly supported the in-
vestigations in the representation theory in Kyiv and Uzhgorod and
influenced significantly on their development. One of the young Kyiv
algebraists of 1960’s, Yuriy Drozd, was a Ph. D. student of Shafarevich
and picked up a lot from his study, contacts and discussions with the great
maître who combined kindness and understanding with objectivity and
sharp, though well-disposed criticism. Another student of I. Shafarevich,
Oleg Vvedenskiy, initiated investigation in algebraic geometry in Lviv
Ivan Franko University.

We will always remember Igor Shafarevich as a great mathematician
and a great person.

Yu. Drozd, V. Kirichenko, A. Petravhuk,
V. Petrychkvych, I. Shapochka, B. Zabavskiy,

A. Zhuchok, P. Varbanets
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