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In this article we introduce a new class of rings, so called avoidable rings, which are gen-
eralizations of adequate rings and neat rings while in these rings every nonzero prime ideal is
contained in a unique maximal ideal.

Á. Â. Çàáàâñêèé, Á. Í. Êóçíèöêà. Ðàçäåëüíîå êîëüöî // Ìàò. Ñòóäi¨. � 200?. � Ò.?, �?. �
C.?�?.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íîâûé êëàññ êîëåö, òàê íàçûâàåìûõ ðàçäåëüíûõ
êîëåö, êîòîðûå îáîáùàþò àäåêâàòíûå êîëüöà è àêêóðàòíûå êîëüöà, â êîòîðûõ èõ ïðîèç-
âîëüíûé íåíóëåâîé ïðîñòîé èäåàë ñîäåðæèòñÿ â åäèíñòâåííîì ìàêñèìàëüíîì èäåàëå.

All rings considered will be commutative and have identity. The adequate domains were
introduced by Helmer in [1]. A ring R is said to be adequate if for elements a, b ∈ R with
a ̸= 0 there exist r, s ∈ R such that a = rs, rR + bR = R and if a nonunit s′ divides s then
s′R+ bR ̸= R. Adequate rings have been studied by Helmer [1], Kaplansky [2] and Gillman
and Henriksen [3,4]. It is known that the principal ideal domains are elementary divisor rings
and Helmer showed that the less restrictive hypothesis that an integral domain be adequate
is su�cient. Following Kaplansky [2] a ring is said to be an elementary divisor ring if every
matrix over R is equivalent to a diagonal matrix.

Kaplansky [2] introduced for consideration the adequate rings with zero divisors by showi-
ng that an adequate ring whose zero divisors are in the Jacobson radical is an elementary
divisor ring. As a result of [5] we note the fact that the only adequate Bezout ring, whose
zero divisors are in the Jacobson radical, is either integral domain or valuation ring.

By [4] we have that every nonzero prime ideal of an adequate ring is contained in a unique
maximal ideal. In [5] the following questions is formulated: if R is a Bezout domain with the
property that every nonzero prime ideal is contained in a unique maximal ideal, then is R
necessarily an adequate ring.

A ring is a Bezout ring if every �nitely generated ideal is principal. In [6] it was shown
that there exists an elementary divisor ring which is not adequate but which does have the
property that each nonzero prime ideal is contained in a unique maximal ideal. In this paper
we introduce a new class of rings, so called avoidable rings, which are generalizations of
adequate rings.

While in these rings every nonzero prime ideal is contained in a unique maximal ideal,
these rings are closely related to a neat ring.
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We say that a ring is a neat ring if every its nontrivial homomorphic image is clean [7].
A ring is called a clean ring if every element is the sum of an idempotent and a unit [7]. All
necessary de�nitions and facts are in the papers [10,11].

De�nition 1. A commutative ring is said to be an avoidable ring if for any elements a, b, c ∈
R, c ̸= 0 such that aR + bR + cR = R there exist elements r, s ∈ R such that c = rs, where
rR + aR = R, sR + bR = R and rR + sR = R.

Theorem 1. A commutative Bezout domain is an avoidable ring if and only if for any

c ∈ R \ {0} the factor ring R/cR is a clean ring.

Proof. Let R = R/cR and a = a+ cR, b = b+ cR. Since R is a clean ring, then there exists
an idempotent e ∈ R such that e ∈ aR and 1− e ∈ bR (see [7]).

We have e+ap = s for some elements p, s ∈ R. Similarly 1−e+bα = cβ for some elements
α, β ∈ R. By substitution e = s− ap and 1− e+ bα = cβ we get apR + bR + cR = R.

Since e = e2, we obtain e(1 − e) = ct for some element t ∈ R. Let eR + cR = dR, we
have e = de0, c = dc0, where e0R + c0R = R for some elements b0, c0 ∈ R. Then e+ c0j = 1
for some element j ∈ R. Taking r = c0, s = d we obtain a decomposition c = rs where
rR+ cR = R and cR ⊂ sR. Since e = ap+ cs, we have rR+apR = R, sR ⊂ apR. Obviously
sR + bR = R, rR + sR = R and rR + aR = R.

Let aR + bR + cR = R, c ̸= 0 and c = rs where rR + sR = R, rR + aR = R and
sR + bR = R. Let r = r + cR, s = s + cR. Since rR + sR = R, we obtain ru + sv = 1 and
r2u = r, s2v = s. Let s · v = e, obviously e2 = e and 1− e = ru. Since rR+ aR = R, we have
aβe = e for some element β ∈ R.

Similarly bx(1−e) = 1−e for some element x ∈ R. We have proved that if aR+ bR = R,
then there exists an idempotent e ∈ R such that e ∈ aR and 1− e ∈ bR. By [8], R is a clean
ring. The theorem is proved.

Theorem 2. A commutative adequate Bezout domain is an avoidable domain.

Proof. Let aR + bR + cR = R and c ̸= 0. Since R is an adequate domain, c = rs where
rR + aR = R and s′R + aR ̸= R for every noninvertible element s′ ∈ R such that sR ⊂
s′R ̸= R. Obviously rR+ sR = R. Let sR+ bR = dR ̸= R. Since d is a divisor of an element
s, dR + aR = hR ̸= R. Since cR ⊂ dR ⊂ hR, bR ⊂ dR ⊂ hR and aR ⊂ hR, we have that
aR + bR + cR ⊂ hR ̸= R. It is impossible, because aR + bR + cR = R. The theorem is
proved.

A ring is called a pm-ring if every prime ideal is contained in a unique maximal ideal. A
commutative clean ring is a pm-ring [8].

A ring is called a neat ring if every its non-trivial �nite homomorphic image is clean.
Obviously, a neat ring is an avoidable ring. By Theorem 2 we obtain the following result.

Theorem 3. An avoidable domain is a domain in which every nonzero prime ideal is contai-

ned in a unique maximal ideal.

At the same time there is an open question: Is every an avoidable ring of a neat ring?
A ring is called an FGC ring if every �nitely generated module is isomorphic to a direct

sum of cyclics (information on FGC rings can also be found in [9]). An FGC domain is a
neat ring.
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Theorem 4. Any FGC Bezout domain R in which every nonzero prime ideal is contained

in a unique maximal ideal is avoidable if and only if R is an adequate domain.

Proof. Any FGC Bezout is a domain in which every nonzero element is an element of only
�nitely many maximal ideal [9]. Since in a ring R every nonzero prime ideal is contained in
a unique maximal ideal, by [9] we have that R is an adequate domain. By Theorem 3 we
obtain the proof of the theorem.

Theorem 5. Any avoidable Bezout domain is an elementary divisor ring.

Proof. Let a, b, c ∈ R and aR+bR+cR = R, c ̸= 0. Let c = rs where rR+aR = R, sR+bR =
R and rR + sR = R. Then obviously (sa + rb)R + rcR = R. By [2], R is an elementary
divisor ring.
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