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Definition 1 ([9]). A ring R is called an elementary divisor ring, if for
an arbitrary matrix A of order n × m over, there exist invertible matrices
P ∈ GLn(R) and Q ∈ GLm(R) such that

1) PAQ = D is diagonal matrix, D = (di);
2) Rdi+1R ⊆ Rdi ∩ diR for each i.

Definition 2. A right (left) Bezout ring is a ring in which every finitely
generated right (left) ideal is principal, and if both R is a Bezout ring.

Theorem 1 ([9]). Let R be an elementary divisor ring. Then every finitely
presented R-module can be represented as direct sum of cyclic modules.

In the case of commutative rings the converse statement is proved.

Theorem 2 ([10]). A commutative ring R is an elementary divisor ring
if and only if every finitely presented R-modules is a direct sum of cyclic
modules.

Gillman and Henriksen constructed an example of a commutative Bezout
ring which is not an elementary divisor ring ([5]).

Let R be a simple ring, then for every nonzero element a ∈ R we obtain
that RaR = R.

Definition 3. If for every nonzero element there are elements u1, u2, v1, v2 ∈
R such that u1av1 + u2av2 = 1 then the ring R is called a 2-simple ring.

Theorem 3 ([22]). A simple Bezout domain is an elementary divisor ring
if and only if it is 2-simple.

Theorem 4 ([23], [21]). A distributive ring is an elementary divisor ring if
it is a duo-ring.
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Definition 4. A ring R is called a Kazimirskii ring if for any nonzero ele-
ments a, b ∈ R there are elements s, t ∈ R and a unit u ∈ U(R) such that
as+ ubt = 1.

Theorem 5 ([22]). A simple Bezout domain of stable range 1 is an elemen-
tary divisor ring if and only if it is a Kazimirskii ring.

Theorem 6 ([25]). Let R be an Ore domain which is a Kazimirskii domain.
Then for any full matrix A of order n there exist invertible matrices P ,
Q ∈ GLn(R) such that

PAQ =


1 0 . . . 0 0 0
0 1 . . . 0 0 0
. . . . . . . . . . . . . . . . . .
0 0 . . . 1 0 0
0 0 . . . 0 a b
0 0 . . . 0 c d


Among all the commutative rings that are elementary divisor rings we

have a special class of adequate rings.

Definition 5 ([6]). A commutative ring R is called an adequate ring, if for
every pair of elements a, b ∈ R (a ̸= 0) there exists a pair of element a1, d ∈ R
such that

1) a = a1d;
2) a1R + bR = R;
3) for every noninvertible factor d′ of d we have d′R + bR ̸= R.

Theorem 7 ([26]). A stable range of adequate Bezout ring is 2.

Theorem 8 ([26]). Any adequate ring is an elementary divisor ring if and
only if it is a Bezout ring.

Theorem 9 ([11], [27]). A commutative Bezout ring is an adequate ring if
and only if for any nonzero element a ∈ R the factor-ring R/aR is a semi-
regular ring.

Definition 6. An element a of a ring R is called an adequate element if for
any b ∈ R there are r, s ∈ R such that a = rs, where rR + bR = R and for
any noninvertible divisor s′ of s we have s′R + bR ̸= R.
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Definition 7. A ring R is a ring of idempotent stable range 1 if the condition
aR+ bR = R implies that there exists an idempotent e ∈ R such that a+ be
is an invertible element of the ring R.

Theorem 10 ([27]). Let R be a commutative Bezout ring in which 0 is an
adequate element. Then R is a ring of idempotent stable range 1.

Theorem 11 ([27]). Let R be a commutative Bezout domain and a be an
adequate element. Then R/aR is a ring in which 0 is an adequate element
(= exchange ring = clean ring).

Definition 8. A commutative ring R is said to be of neat range 1 if for any
a, b ∈ R such that aR+ bR = R there exists t ∈ R such that for the element
a+ bt = c the ring R/cR is a clean ring.

Theorem 12. Let R be a commutative Bezout domain and let c ∈ R \ {0}.
Then R = R/cR is a clean ring if and only if for any elements a, b ∈ R
such aR + bR + cR = R there exist elements r, s ∈ R such that c = rs and
rR + aR = R, sR + bR = R, rR + sR = R.

Theorem 13. A commutative Bezout domain is an elementary divisor ring
if and only if R is a ring of neat range 1.

Definition 9. A commutative ring R is called a Gelfand ring if for any
a, b ∈ R such that a + b = 1 there exist elements x, y ∈ R such that (1 +
ax)(1 + by) = 0. In the case of commutative rings the class of Gelfand rings
is the same as the class of PM – rings [13].

Definition 10. An element a of a commutative ring is called a Gelfand
element if for any elements b, c such that bR+ cR+ aR = R, we have a = rs
where rR + bR = R, sR + cR = R.

Theorem 14. Let R be a commutative Bezout domain. An element a is a
Gelfand element iff the factor – ring R/aR is a PM – ring.

Definition 11. Let R be a commutative Bezout domain. We say that R is
a ring of Gelfand range 1 if for any a, b ∈ R such that aR + bR = R there
exists an element t ∈ R such that a+ bt is a Gelfand element.

Theorem 15. An elementary divisor domain is a ring of Gelfand range 1.
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Theorem 16. Let R be a commutative Bezout domain of Gelfand range 1.
Then R is an elementary divisor ring.

Theorem 17. [36] A commutative Bezout domain in which any nonzero
prime ideal contained in a unique maximal ideal is an elementary divisor
domain.

Definition 12. A commutative Bezout ring is a local Gelfand ring if for any
elements a, b ∈ R such that aR+ bR = R at least one of the elements a, b is
a Gelfand element.

An obvious example [36] of a local Gelfand ring is the Henriksen exam-
ple [7]

R = {z0 + a1x+ a2x
2 + ...+ anx

n + ...|z0 ∈ Z, ai ∈ Q}.

Note that the Henriksen example is not a commutative Bezout domain
in which any nonzero prime ideal is contained in a unique maximal ideal [7].

Proposition 1. A local Gelfand ring is a ring of Gelfand range 1.

Theorem 18. [37] A local Gelfand ring is an elementary divisor ring.

Definition 13. Let R be a commutative Bezout ring. An element a is said
to be an element of almost stable range 1 if the factor – ring R/aR is a ring
of stable range 1.

Set S(R) = {a|a is an element of almost stable range 1}. Obviously,
S(R) ̸= ∅, because 1 ∈ S(R).

Proposition 2. [19] The S(R) is saturated and multiplicatively closed.

Let R be a commutative Bezout domain. Since S(R) is a saturated mul-
tiplicatively closed set, we can consider a localization of R with respect to
the set S, i. e. the ring of fractions RS.

Theorem 19. A commutative Bezout domain is an elementary divisor ring
if and only if RS is an elementary divisor ring.

Let R be a commutative Bezout domain and let S(R) be the set of all
its elements of almost stable range 1. Since S(R) is a saturated multiplica-
tively closed set, by applying the transfinite induction, we construct a chain
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{Rα|α is ordinal } of saturated multiplicatively closed sets in the domain R
as follows:

We set R0 = S(R). Let α be an ordinal greater than zero and assume
that Rβ are already constructed and is a saturated multiplicatively closed
sets in R for each β such that β < α and Kβ = RRβ . Obviously Kβ is a
commutative Bezout domain and let S(Kβ) be the set all elements of almost
stable range 1 of Kβ. By Proposition 2, S(Kβ) is a saturated multiplicatively
closed set. We define Rα as

Rα =
∪
β<α

Rβ,

if α is a limit ordinal, and

Rα = S(Kα−1)
∩

R

if α is not a limit ordinal. It is clear that Rα is a saturated multiplicatively
closed set and if α and β are ordinals such that α ≤ β, then Rα ⊂ Rβ ⊂ R.
In addition, Rα = Rα+1 for some ordinal α. In the case when Rα ̸= Rα+1

for each ordinal α, we have card(Rα) > card(α). If we choose β such that
card(β) > card(R), then we obtain card(β) > card(R) > card(Rβ), which is
a contradiction. Now let α0 be the least ordinal with the property {Rα|0 ≤
α ≤ α0} is a D – chain in R.

By analyzing Theorem 19 and the D – chain of the commutative Bezout
domain, we give an answer the question whether the fact that a commutative
Bezout domain is an elementary divisor ring is equivalent to the case of a
commutative Bezout domain with trivial (unit) elements of almost stable
range 1, i. e. units and only units are elements of almost stable range 1. Let
R be a commutative Bezout domain in which any element of almost stable
range 1 is a unit, i. e. U(R) = S. We formulate the following question: when
R is an elementary divisor ring? By [34], R is an elementary divisor ring iff
for any a, b ∈ R such that aR + bR = R there exist an element t ∈ R such
that a + bt is an avoidable element, i. e. R/(a + bt)R is a clean ring. Since
every clean ring is a ring of idempotent stable range 1, a+ bt is an element of
almost stable range 1. Since U(R) = S(R), we see that a+bt is unit element,
i. e. R is a ring of stable range 1. Since any element of stable range 1 is an
element of almost stable range 1, we obtain the following result.

Theorem 20. Let R be a commutative Bezout domain such that U(R) =
S(R). Then R is an elementary divisor ring if and only if R is a field.
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Hence the problem ”is every commutative Bezout domain an elementary
divisor ring?” is equivalent to the problem does every commutative Bezout
domain contain a non – unit element of almost stable range 1.
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