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A SHARP BÉZOUT DOMAIN IS AN ELEMENTARY DIVISOR RING

B. V. Zabavs’kyi UDC 512.552.12

We prove that a sharp Bézout domain is an elementary divisor ring.

In the present paper, we assume that all rings are commutative rings with nonzero identity. Let R be the
domain of integrity and let K be its field of fractions. An overring of the ring R is defined as an arbitrary domain
of integrity that lies between R and K. A ring of fractions of the domain R is defined as an overring of the domain
of integrity R of the form RS , where S is a multiplicatively closed set from R \ {0}, We say that RS is a prime
ring of fractions of the domain R if S = R\P for some proper simple ideal P of the ring R. We use the notation
tom [7, p. 228] and, in this case, write RP = RS . By mspecR, we denote the set of all maximum ideals of the
domain of integrity R.

In [1], Gilmer introduced the notion of a sharp domain by using the “property (#).” We say that R has the
property (#) if the following relation is true for any two different subsets M and N from mspecR :

\

P2M
RP 6=

\

P2N
RP

We say that R has the QR-property if each overring of the domain R is a certain ring of fractions for R [2]. If each
finitely generated ideal of the domain R is principal, then this domain is called a Bézout domain. The following
result characterizes a Bézout domain with property (#):

Theorem 1 [2]. For a Bézout domain R, the following properties are equivalent:

(1) R has the property (#);

(2) for each M 2 mspecR, there exists a principal ideal aR such that M is a unique maximum ideal that
contains the ideal aR.

It is clear [1] that any Bézout domain with finitely many maximum ideals has the property (#). Consider the
problem of finding the conditions under which every overring of the domain R also has the property (#).

We say that the domain R is sharp if each its overring has the property (#). The following result characterizes
sharp Bézout domains:

Theorem 2 [2]. The properties of the domain R presented below are equivalent:

(1) R is a sharp Bézout domain;

(2) for every simple ideal P in R, there exists a principal ideal aR ✓ P such that the maximum ideal
containing aR also contains P.
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A nonzero element a of the domain R is called adequate if, for each element b 2 R, there exist elements
r, s 2 R such that:

(1) a = rs,

(2) rR+ bR = R,

(3) for any s

0 2 R, the relation sR ⇢ s

0
R 6= R implies that s0R+ bR is a proper ideal.

We say that the Bézout domain is an adequate ring if each its nonzero element is adequate [4].

Theorem 3. The set of all adequate elements of a commutative Bézout domain is a saturated multiplicatively
closed set.

Proof. Let a and d be adequate elements of the commutative Bézout domain R. We show that the product
ad is also an adequate element.

Let k be an arbitrary element from R. Then there exist elements r,m, t, l 2 R such that

a = rm, d = tl,

where rR + kR = R, tR + kR = R, and for any elements m

0 and l

0
, the relations mR ⇢ m

0
R 6= R and

lR ⇢ l

0
R 6= R imply that m0

R+ kR 6= R and l

0
R+ kR 6= R.

Thus, rtR+ kR = R and, for any n

0 2 R, the relation mlR ⇢ n

0
R 6= R yields

n

0
R+ kR ✓ (mR+ kR)(lR+ kR) 6= R.

Hence, n0
R+ kR 6= R. Thus, ad is an adequate element in R.

We now prove that the set of adequate elements is also saturated. Let a be an adequate element from R and let
a = dx for some elements x 2 R and d 2 R. Consider an arbitrary element c 2 R. By the definition of element
a, there are elements r, s 2 R such that a = rs and, furthermore, rR + cR = R. Moreover, if sR ⇢ s

0
R 6= R,

then s

0
R+ cR 6= R.

Let dR+ rR = hR. Then, for some elements d0, s0 2 R, the following equalities are true:

d = hd0, r = hr0, d0R+ r0R = R.

This implies that d0u + r0v = 1 for some elements u, v 2 R. Then a = hd0x = hr0s. This yields d0x = r0s

and sd0u + sr0v = s. Hence, d0(su + xv) = s, i.e., the inclusion sR ⇢ d0R is true. If d0R ✓ d

0
0R 6= R, then

d0 can be used as s0 and d0R + cR 6= R. Taking into account that R = rR + cR ⇢ hR + cR, we show that the
decomposition d = d0h satisfies all conditions of the definition of adequate elements.

The theorem is proved.

Following Kaplansky [3], we say that R is an elementary divisor ring if each matrix over R is equivalent to a
diagonal matrix.

Let R be a Bézout domain. By S = S(R), we denote the set of all its adequate elements. Since 1 2 R, the
set S is nonempty. Since S is a saturated multiplicatively closed set, we can consider a localization of R with
respect to the set S (the denominators of fractions are elements of S ), i.e., the ring of fractions RS .

Theorem 4. A Bézout domain is an elementary divisor ring if and only if RS is an elementary divisor ring.
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Proof. According to [4], it suffices to prove the statement for the matrices

A =

✓
a 0

b c

◆
,

where aR + bR + cR = R. Assume that RS is an elementary divisor ring. Then, for elements a, b, c 2 RS \ R,

we can find elements ps−1
, qs

−1 2 RS , s 2 S, such that

(aps−1 + bqs

−1)RS + cqs

−1
RS = RS .

We can now find elements r, t, k, l 2 R such that

(ak + bl)k + clt = s.

Hence, the matrix A has an equivalent matrix B of the form

B =

✓
z 0

x y

◆
,

where z is a divisor of s, z 2 S by Theorem 3, and xR+ yR+ zR = R.

Since z is an adequate element, it is easy to see that the matrix B admits the diagonal reduction. Indeed,
since the element z is adequate, there exist elements r, s 2 R such that z = rs, where rR + yR = R and
s

0
R + yR 6= R for any irreversible divisor s0 of the element s 2 R. We show that (y + rx)R + rzR = R. By

contradiction, if (y + rx)R+ rzR = hR 6= R, then rzR ⇢ hR. If hR+ rR = δR 6= R, then (y + rx)R ⇢ δR

and, hence, yR ⇢ δR, which is impossible because rR ⇢ δR and rR+ yR = R.

Therefore, sR ⇢ hR. By the definition of s, we have hR + yR = δR 6= R. Then (z + rx)R ⇢ δR and
zR ⇢ δR. Since δR + rR = rR, we get xR ⇢ δR, which is impossible because xR + yR + zR = R and
δR 6= R. Thus, we obtain

✓
z 0

x y

◆✓
r 1

1 0

◆
=

✓
zr z

xr + y x

◆
= C.

Since rzR + (xr + y)R = R and R is a Bézout domain, the matrix C and, hence, the matrix B, admit the
diagonal reduction. Therefore, R is an elementary divisor ring.

Conversely, assume that R is an elementary divisor ring. It is necessary to show that RS is also an elementary
divisor ring. Assume that we have arbitrary elements as−1

, bs

−1
, and cs

−1 from RS such that

as

−1
RS + bs

−1
RS + cs

−1
RS = RS .

Then aR + bR + cR = dR for some element d 2 S. Let a = a1d, b = b1d, and c = c1d for some elements
a1, b1, c1 2 R such that a1R + b1R + c1R = R. Since R is an elementary divisor ring [3], there exist elements
u, v, p, q 2 R, such that

(a1p+ b1q)u+ c1qv = 1.

Then

(aps−1 + bqs

−1)RS + cqs

−1
RS = RS .

According to [3, 4], RS is an elementary divisor ring.
The theorem is proved.
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Let R be a commutative Bézout domain and let S = S(R) be the set of all its adequate elements. Since
S = S(R) is a saturated multiplicatively closed set, by applying the transfinite induction, we construct a chain

{R↵ |↵ is an ordinal}

of saturated multiplicatively closed sets in the domain R as follows: We set R0 = S(R). Let ↵ be a nonzero
ordinal. Assume that Rβ are already constructed and saturated multiplicatively closed sets in R for β < ↵ and
Kβ = RRβ . Then Kβ is a Bézout domain and S(Kβ) is a saturated multiplicatively closed set by Theorem 3.
We define R

↵ as R

↵ =
[

β<↵
R

β if ↵ is the limit ordinal and as R

↵ = S(K↵−1) \ R if ↵ is not the limit

ordinal. It is clear that R↵ is a saturated multiplicatively closed set. If ↵ and β are ordinals such that ↵  β, then
R

↵ ⇢ R

β ⇢ R. In addition, R↵ = R

↵+1 for some ordinal ↵. In the case where R

↵ = R

↵+1
, for each ordinal ↵,

we have

card (R↵) > card (↵).

If we choose β such that card (β) > card (R), then we obtain

card (β) > card (R) > card (Rβ),

which is a contradiction. Now let ↵0 be the least ordinal with the property R

↵0 = R

↵0+1
. We say that

{R↵ | 0  ↵  ↵0}

is a right D-chain in R. In this case, R−1 denotes a group of identities of the ring R.

By analyzing Theorem 4 and the D-chain of the Bézout domain, we give an answer to the question whether
the fact that a commutative Bézout domain is an elementary divisor ring is equivalent to the case of domain with
trivial adequate elements.

Theorem 5. A sharp Bézout domain R is a domain of elementary divisors.

Proof. Let R be a sharp Bézout domain and let M 2 mspecR. By Theorem 1, there exists a principal ideal
aR such that M is a unique maximum ideal that contains the ideal aR. Let b 2 R. If b /2 M, then aR+ bR = R.

If b 2 M, then a = 1a and, for each s = a, the inclusion aR ⇢ s

0
R implies that s0R + bR 6= R. Thus, a

is an adequate element of R. Since a sharp Bézout domain contains a nontrivial D-chain and the Bézout domain
possesses the QR-property [2], we can conclude that R is a domain of elementary divisors.

The theorem is proved.

Theorem 6. A sharp Bézout domain R is an adequate domain if and only if every nonzero simple ideal in R

is contained in a unique maximum ideal of the domain R.

Proof. According to [5], a sharp Bézout domain in which every nonzero simple ideal is contained in the
unique maximum ideal is a semilocal Bézout domain and, according to [4], it is an adequate domain. Since every
nonzero simple ideal of an adequate ring is contained in the unique maximum ideal, the theorem is proved.

Consider an example connected with the results presented above.

Example. We denote the ring of integers by Z and the field of rational numbers by Q. Let K = Q[[x]] be a
ring of formal power series of one variable x over Q. If R is the subset of all formal power series of one variable
from K with free term, then R is a two-dimensional sharp Bézout domain [2] with nontrivial D-chain.
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An example of Bézout domain D with finitely many minimal ideals over each principal ideal but without the
property (#) can be found in [2, p. 300].

This is an example of Bézout domain [6] in the form of a domain of elementary divisors without the prop-
erty (#).
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