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EJJEMEHTAPHA PEJIVKIIISI MATPUIIH HA/JT
KIJIBIISIMHU BE3Y CTABIJILHOI'O PAHTY 1

O. M. Romaniv. Elementary reduction of matrices over Bezout ring with stable range 1, Mat.
Stud. 37 (2012), 132-135.

We prove that a commutative Bezout ring with stable range 1 is a ring with elementary
reduction of matrices and that every singular matrice over commutative Bezout ring with stable
range 1 is products of idempotent matrices.

O. H. Pomanus. Suemenmapran pedykyus mampuy, had Koavyamu Be3y cmabusvrozo panea 1
// Mar. Cryqii. — 2012. — T.37, Ne2. — C.132-135.

JlokazaHo, YTO KOMMYTATHUBHOE KOJIbIIO Be3y ctabuabHoro panra 1 BIseTCs KOJIBIIOM C dJ1e-
MEHTaPHOU PeyKIneil MaTPHIL U, YTO KaXK1asi 0co0as MaTPUIA HA/T KOMMY TATUBHBIM KOJIBIIOM
Be3y crabmipnoro panra 1 sBjsieTcst Ipou3BeIEHNEM HIEMIIOTEHTHBIX MaTPHIIL.

Y naniit crarTi J0BEJIEHO, 10 KOMYTaTUBHE Kijiblle Be3y crabinbHoro panry 1 € Kijgbiem
3 eJIEMEHTaPHOIO PEIYKIIE€I0 MaTPHILh 1 10 JIOBLIbHA 0COOIMBa MATPHUIlS HAJL KiJbIEM 3 ejie-
MEHTAPHOI PEJIyKIEI0 MaTpuIlh (&, 0TKe, HAJ[ KOMyTATUBHUM KijbileM besy crabijibHOro
panry 1) € 106yTKOM i7IEMIIOTEHTHUX MATDHIIb.

Bei kimblig, mo po3mnigialoTbed Y Il CTATTi € KOMYTaTUBHUMU 3 BiAMIHHOIO Bij HYJIS
opuuutiero. Yepes U(R) nosnaunmo rpymy ofauHAIG Kitbig R, a gepes M, (R) — MHOXKUHY
KBJIPATHUX MATPHUIb ITOPSIKY 7.

[lix eaemernmaprumu mampuyamu ([1]) 3 exementamu Kigbig R posymiemo KBapaThi
MAaTPHUIl TAKUX TPHOX THIIB: JiaroHAJIbHI MATPUII 31 3BOPOTHUMH e€JIeMeHTaMU Ha TOJIOBHIMA
JiaroHaJi; MaTpHIll, BIIMIHHI BiJT OIMHUYIHOI HAABHICTIO JI€AKOTO HEHYJIHOBOT'O eJIEMeHTa 1033
TOJIOBHOIO JTIarOHAJIIIO; MATPHIT, K& OTPUMYIOTHCH 3 OJIMHUYHOI ITEPECTAHOBKOIO PSAIKIB IU
cToBIIIB. EJjiemMenTapHi MaTpUIl MOPAJIKY N 3 eJIeMeHTaMu 3 KiJibllgd /R yTBOPIOIOTH I'PYILY,
SIKY MH Ha3WBATUMEMO 2pynolo eaemenmaprur mampuys ([2]) i mosmagarumemo GE, (R).

Kisbiie R HA3UBAETHCS KiAbUEM 3 esemenmaphoto pedykuyieto mampuys ([3]), axmo mo-
BlIbHA MATpHIld HaJ R BOJIOMIE eJleMeHTapHOIO PeAYKI€i0, TOOTO /i HOBLILHOI MaTpuIi A
3 eJIeMeHTaMU 3 Kiibllg R icHYIOTH eslemenTapHi Haj R marpuri Py, ..., Py, Q1,..., Qs Bij-
MTOBIJTHUX PO3MIpIB TaKi, 10

PP A-Q--Q, = diag(eq,...,er,0,...,0),
Jie €; € JIIbHUKOM ;41 (1= 1,2,...,r —1).
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Komyratushe Kiiblie R Ha3uBaioTh Kiavuem FEpmima, SKIO JUId JOBIIBHUX €JI€MEHTIB
a,b € R icuyiors esement d € R i 3Boporna marpuis Q € Ms(R) raxi, mo (a,b)Q = (d,0).
Komyrarushe Kinibiie R Ha3uBaeThed Kiavuem Besy, aKIo Oyib-aKuii CKiHIeHHOIIOPOIZKEeHU I
iteast Kiblist R € rosioBHUM. 3po3yMijio, mo Kiibie Epmita e kinbuem Besy ([4]).

Psnok (ay, as, . .., a,) e1eMeHTIB Kijiblist R Ha3BEMO YHIMOOYAAPHUM PAOKOM, STKIIO a1 R+
asR + -+ + a,R = R. Kinbiie R nasuBaetbest kiavuyem cmabinvrozo paney n ([5]), aximo
TSt IOBLIBHOTO YHIMOJLYJIIPHOTO Psifika (a1, . . . , Ay, Q1) €JIEMEHTIB Kiibllg R iCHYIOTBH Taki
esileMeHTd by, ...,b, € R, mo psjiok (a; + Gni1by, as + api1be, ... a4y + api1by) TAKOK €
YHIMO/TY/ISTPHIIM.

Teopema 1. KomyratusHe Kinabile be3y crabiibHOro panry 1 € KijJblleM 3 eJIeMeHTapHOIO
DEIVKITIEI0 MaTPHIIb.

Josedenns. CriogaTky IOKarxKeMo, IO KoMyTaTuBHe Kiibile R Bedy crabinbHoro panry 1
€ Kipnem Epwmira. Posrissaemo mosisibHi etementn a,b € R i mexait aR + bR = dR. Toxui
iCHYIOTB Taki eJleMeHTH ag, by, u,v € R, mo a = agd, b = byd 1 au+bv = d. 3Bijncu orpumaemo
d(1 — agu — byv) = 0. Ioznaunmo 1 — agu — byv = ¢. Toxi, oueBmIHO, 1O

ap+by+c=1 1 dec=0.

Ockinbku R — kisbie crabinbroro panry 1 (a, oTxke, i Kijgbie crablibHOrO panry 2), To
JUTST eJIeMEHTIB ag, by, ¢ ICHYIOTh Taki eJleMeHTn &, y, o, f € R, 1o

(ag + cx)a + (bg + cy)B = 1.

[Toznaummo ag + cx = aq, by + cy = by. Hecknagno nmobauntu, mo da; = a, dby = b i
arc + b1 8 = 1. JloMHOXKUBIIN OCTAHHIO PIBHICTH Ha d, OTPUMAEMO

a4+ bp = d,

3BiJKN BUILIUBAE, Mo a = a1d, b= byd.

Orxke,
wn (5 ) =@o

T0OTO Kijblie R € Kinmbiiem Epwita.

BaInnmIoch T0BECTH, IO Kijiblle R € KiJIbIleM 3 eJIeMEeHTapHOIO PEAyKINE0 MAaTpHUIlb. 3
IIOMHO JIOBEJIEHOI epMITOBOCTI KijIblld R BUILIMBAE, TO JJIA JOBEJIEHHS TEOPEMU JIOCTATHBO
OOMEXKUTHUCS MATPUIIAMU BUTJISALY

A= <Cb‘ O) € My(R),

C

ne aR+ bR+ cR = dR s gesakoro eementa d € R. O4eBuiHO, M0 iCHYIOTH TaKi eJIeMeHTH
ay, bla G € R; o

a=ad, b=bd, c=cd 1 aR+bR+cR=R.

Go)=Cr o) s

Toai maemo
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Je MaTpHUILsd (g 2) HaJIeXKUTh 110 TieHTpy Mo (R). 3Bijgcu BUILIMBAE, IO IPU JIOBEJIEHH] Teo-
PEeMH MOYKHa OOMEKUTHUCA PO3TJIAIOM MaTPHUIb BUIJISLY

B= (Z 0) € My(R),

C

e aR+ bR+ cR = R.
Ockinbkn R — KiJiblle cTabiIbHOIO PAHTy OJUH, TO I €JeMEeHTIB a,b,c € R icHyIlOTb
Taki ejiementu s,t € R, mo as+ b+ ct = v € U(R). Posruisinemo marputi Py, Py, Py Bursty

1 s 0 1 10
ae(o) me (o) ()

3posymino, mo Mmarputli Py, Py, P3 — elemeHTapHi.
Maewmo:

(1 s\ (0 1\ fa O\ (/1 O\ f(as+b+ct c\ [(u c\ _
PlP?AP?’_(o 1) <1 0> <b c> <t 1)‘( a ())_(a 0)_0'

Jlerko Gauutn, mo Marpuiss C' BOJIOIIE eIeMEeHTapHOIO PEeIyKIN€. 3BiJACH BHUILIUBAE, IO
i marpumo B (a, orxke, 1 MaTpuiio A) 3a JOMOMOIOI €JIEMEHTAPHUX [IEPETBOPEHb MOYKHA
3BECTH /10 KAHOHITHOTO /TIarOHAJIbHOTO BUTJISTY.

Orxke, Kiblle R € KiJIbIleM 3 eJIeMEeHTapHOI0 PEIYKIIEI0 MATPHUILh. ]

Hopmoto Han Kinbiem R 6e3 IUILHUKIB Hyss HasuBaloTh Taky dyHkmio N : R — Z, ais
axoi N(0) = 0, N(a) > 0 gy Gyap-sikoro menynboBoro ejementa a € R, N(ab) > N(a)
JUTs TOBLTbHEX esieMenTiB a, b € R\ 0. Ilin k-uaennum aanuyrozom nodiavrocmi (k € N) s
JIOBLIBHEX ejieMeHTiB a,b € R, b # 0, po3yMieMo MOCTIOBHICTH piBHOCTEH: a = bg + 71,
b=riq2+ 72, ..., Th2 = Th1Gk + Tk

Haszpemo kinbie R 6e3 JUILHUKIB HYJIA W-e6KA1006UM KiableM CTOCOBHO HopMu N, KO
JIUTsT JIOBLIBHUX €JIeMeHTIB a,b € R, b # 0, icHye k-wIeHHU JTAHIIOT TO/IIBHOCT s JTesIKO-

ro k raxwuit, mo N (ry,) < N (b).

Teopema 2. JloBiiibHa 0ocobJMBa MaTpHIIS HaJ[ KIJIbIEM 3 €JIeMEHTapPHOI DEJIVKIIEI Ma-
TPHIIb € JOOYTKOM 1JIeMIIOTEHTHUX MATPHIID.

Josedenns. Hexait R — Kijblle 3 eJleMeHTapHOIO PEIYKINEI0 MaTpuilh. Tomi R € w-eBKIIi10-
BUM KisbreM i kinbiiem Epwmira, a tomy R € GEy(R)-xinbuem ([6]). B miacymky orpumyemo,
mo ockiibku R € GFEy(R)-kinbieM i kigbiem Epuirta, To moBlibHA 0co0MBa MATPHUIT HAJL
KisbiieM R € 100yTKOM imemmorenTHIX MaTpuilp ([7]). O

Teopema 3. Hexaii R komyratuBHe Kijibile be3y crabiibHoro paunry 1. Tomi goBiabHA OCO-
6JIMBa MaTPHUI[S € JJOOYTKOM IJIEMITOTEHTHUX MATDHIID.

Josedenns. 3a teopemoro 1 KomyTaTuBHE Kijgblie Bedy crabinmbroro panry 1 € KijgbieMm 3
€JIeMEHTAPHOIO PEJIYKIEI0 MATPHUIlb, & TOMY 3a TEOPEMOIO 2 JOBiJIbHA 0COOIMBA MATPHUILA
HAJI TAKUM KiJIbIIEM € JIOOYTKOM 1/IEMIIOTEHTHUX MATPUIIb. O
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