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DIAGONALIZATION OF MATRICES OVER
RING WITH FINITE STABLE RANK

Bohdan ZABAVSKY
fvan Franko National Umversity of Lvw, I Unwersitetska Str. 79000 Lviv, Ukrane

[n the present work we construct a theory of diagonalizability for matrices over rings
with finite stable rank. We prove that if R is a regular ring, then every m x k and kxm
matrices, where m 2 bsr(R) + 2, admits a diagonal reduction. If R is a directly finite
regular ring, then R, is directly finite for all n > bsr(R) + 2. We obtain an affirmative
answer in greater generality to the question of Henriksen: if R is a right Bezout ring
and R/J{R) s a right Hermite ring, then R is right Hermite. An affirmative answer to
this question implies that a commutative Bezout ring is an elementary divisor ring if
and enly if RfJ(R) is-an elementary divisor ring.

Ney words: stable rank, Bezout ring, elementary transformations, Hermite ring.

1. The aim of this paper is to study the question of diagonalizability for matrices
over ring. In [1] Henriksen proved that if R is a unit regular ring, then every mats
over R admits diagonal reduction. The diagonalizability question for matrices
answered by Menal and Moncasi [2. Theorem 7], they showed that all matrices
regular ring A admit diagonal reductions if only if R is Hermite Further, the s
rank (in the sense of K-theory) of a regular ring satisflying the above condition.
most 2 [2, Proposition 8]

We construct a theory .of diagonalizability for matrices over rings with finite
rank. We provide that if H is a regular ring with finite stable rank bsr(R), then
k .« m and mn x k matrices over 7, where m > bsr(R) + 2, admit diagonal reducti
We provide an answer to a question in [4]: if R is a directly fimte regular ring,
directly finite? We prove that if R is directly finite regular ring with finite stable
bsr(R), then R, is directly finite for all n > bsr(R2) +2. We also obtain an a
answer o a question of Henriksen [6, Question 2]: if R is an right Bezout ri
R/J(R) iz a right Hermile ring, then R is right Hermite. An affirmative an
this question implies that a commutative Bezout ring is an elementary diviso
and only if 2/ J(It) is an elementary divisor ring.

All rings we consider are supposed 1o be associative with 1 # 0. By a right
ring we will mean a ring 10 which all finitely generated right ideals are princips
by a Bezout nng a ring which is both right and left Bezout. We recall that a
1s uniserial if 1ts lattice of submodules forms a chain. A ring is right serial if
module over itself, it 1s a direct sum of uniserial modules. A ring is serial
right ad left serial [5].

We shall call two matrices A and B over a ring R equivalent, if there exis
matrices P,Q such that B = PAQ. An matrix A admits diagonal reduct
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equivalent to a diagonal matrix. [f every 1 xn (n x 1) matrix over R admits diagonal
reduction, then R is n-right (left) Hermite. A right (left) Hermite ring is a ring which
is n-right (left) Hermite, for any n 2 1. A ring which is both right and left Hermite is
an Hermite ring. Obviously a right Hermite ring is right Bezout. A ring R is said to be
regular if for every a € R there exists z € R such that aza = o. It js casy to see that a
regular ring is Bezout [4]. A row (ay,...,a,) over a ring R is called right unimodular,
fa R+ - +a,R=R If (a1,...,a,)isa right unimodular n-row over arng R, then
we say that (ay, ..., a,) ifyreducible if there exists an (n — 1)-row (b1,...,bn_1) such
that the (n — L)-row (a; +a,by, .. ++n-1+apbs_1) is a right unimodular (n—1)-row.
A ring R is said to have stable rank n 2 1,1f n is the least positive integer such that
cvery right wnimodular (n 4 1)-row is reducible. This number 1s denoted by bsr(R).
Arng R is directly finite if zy = 1 implies yz = 1 for al} z,y € R,

We denote by R, the ring of all n x n matrices over R, and by GL,(R) its group
of unities. We write GE,(R) for the subgroup of GL,(R) generated by elementary

matrices. The Jacobson radical of a ring R will be denoted by J (R). Denote by U (R)
the group of unities of R,

2. Diagonalization of matrices over ring with finite stable rank.

Proposition 1. Let R be a right Bezout ring with finite stable rank bsr(R). Then
any right unsmodular row of length m over R, where m 2 bst(R)+1, can be completed
to-an invertible matrir in GE,, (R).

Proof. If ay R4 ... 4 tny1R = R, then there exists an m-row (¢, .. ., Cm ) with

(”I -+ 'U-:rn-{rlcl.)R‘}"' e (ﬂm =+ ﬂm+lcm]R: R.

There exist u,, ... ty € f such that
(a1 + amprer)uy + -+ (am + G4 1Crm )t = 1.
Set
1 0 0 0
0 1 0 0
P = ' : € GEm+I(R]r
Cp o (PO |
1 0 0 wi(l —apmy,)
0 1 0 uy(l—amqy)
Pi! = & GErn-i-i(R)-
0 0,%ws D 1
We see that for a row (@1,. .., Gmy1) PP, there exists a matrix Py € GEpyy(R)

such that (a1, . s Omp1 )Py Po Py = (1.{),._.,0]. Thus we obtain a matrix P €
GE11(R) such that (a5 S8myr) P = (1,0,. -+,0). Then (az, ... y@my1) 18 the
fitst row of the matrix P~1. For any right unimodular row of length > m 4 1 the
Tesult follows by induction.
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Proposition 2. Let R be a right Bezout ring with finite stable rank bsr(R), then R
i5.an m-right Hermate ring, for any m 2 bsr(R) +1.

Froct. Since R is a right Bezout ring, then for any a1,...,0, € R there exists
d € R such that a, R + . +am R = dR. Say ayu, + “tanuy = d, a) = db,

. @, = dby,. From these relations we get d(biu, + bt ~ 1) = 0 s6 that
bR+ - -+ bpR+cR=Rforsomece R such that de = 0. Since m > bsr(R) + 1,
we have (b +cz) R+ -+ (b + ez )R = R, where ,,... .z, € R. By Proposition
I, we can find an invertible matrix P ¢ GEn(R) of the form

P___(bl'l":ﬂ:l: cey bna‘f'f-'rm)
. * )

L

Clearly (a1,...,am)P~' = (d,0, . . -, 0), some R is m-right Hermite.

Now we are ready to prove a result which characterizes the regular rings which
have finite stable rank.

Theorem 1. Let R be a regular ring with finite stable rank bsr(R). Then for every
kx m (m x k) matrices A over R, where m > bst(R} + 2, there erist invertible

matrices P € GE(R) (P € GEm(R)), Q € GEn(R) (Q € GEx(R)) such that PAQ
18 a diagonal matriz.

Procf. In order to prove that A admits diagonal reduction, we proceed by induction

on k. If k =1, the result follows by Proposition 2. If k& > 1 it follows similarly as th
proof of Theoremn 9 [2].

Thus we provide an answer to Henriksen’s question [1], whether a regular ring ca
be an elementary divisor ring without being unit regular.

Theorem 2. Let R be a directly finite ring. If every n xn matriz over R is equivalent
to a diagonal matriz, then R, is a chrectly finite ring.

Proof. Let A,B € R, and AB — E the identity n-matrix. If

&1 0 ‘ 0
0 &9 e A

PAQ = : : , =g,
0 0 ... &

where P.Q € GL,(R), then PAQQ™'BP~! = ¢Q'BP-! = E. Since Risd
finite, we see that ® = Q~'BP—1 ig a diagonal matrix. Since R is directly
obtain e = e® = F and € GLn(R). Thus A= P-1:Q-1 ¢ GL.(R) and
and hence R, is directly finite,

Theorem 3. Let R be a directly fimte regular ring with finite stable rank
Then R, 1s directly finatf for every m > bsr(R) + 2.
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Theorem 4. Let R be directly finite separative regular ring. Then R, 1s directly
finite for all n.

Levy in [5] proved that all square matrices over serial rings are diagonalizable.
Then we have

Theovem 5. Let R be a dwectly finite serial ring. Then R, is directly finite for all
T

We obtain an affirmative answer to a question of Henriksen [6, Question 2].

Theorem 6. Let R be a right Bezout ring, and R/J(R) is a right Hermite ring.
Then R 1s right Hermite-

Proof. We show first that any right unimodular row over R can be completed to
an invertible matrix. Set R = R/J(R). Let aR + bR = R, then @R+ bR — R. Since
R s a right Hermite ring, the right unimodular row (@,b) over R can be completed

to an invertible matrix -
- a b
u v

c=1(¢ ?)_
(d g

Then ac + bd = 1 4 j, ax + by = 32, uc + vd = Jg, ux + vy = 1+ 34, for any

N2 da, Ja € J(R). Set
a & ¢ W
A_('ﬁ v)' C"(d y)'

(i B N
ac= ("7, 1 Fa)=?
Since 1 + j) € U(R), then J € GLy(R) and A € GLy(R).

Now we prove that R is right Hermite ring. Suppose that we are given a,b € R,
then aR + bR = dR, say a = dap, b = dbo, d = au + bv. From these relations we get
dlagu + bov — 1) = 0, so agR + by R + ¢oR = R for some ¢g € R such that deg = 0.
ince R is a right Hermite ring, then bsr(R) < 2 [2, Proposition 8]. Since for the
g R the following assertion hold: u € U(R) if and only if u + J(R) € U(R), then
sr{R} < 2. Thus (ap + coz)R + (bo + coy)R = R, where z,y € R. By the above
ument, we can find an invertible matrix of the form

o (a(}+801‘ bo +Cny)_

Thus AC = CA = E. Let

then

* *
early (a. b)P~! = (d,0), so R is right Hermite.

heorem 7. A commutative Bezoul ring is an elementary divisor ring if and only
RIJ(R) s an elementary divisor ring.

Prool. Obviously, every homomorphic image of an elementary divisor ring is an
entary divisor ring, so we have only to prove the sufficiency. Let R/J(R) be an
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elementary divisor ring, then by Theorem 6, B is Hermite. By [6, Theorem 3] Ris
an elementary divisor ring.
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ATATOHAJIIBAIILA MATPUALL HAA KLILIISIMHA
CKIHYEHHOI'O CTABLIIBHOI'O PAHI'Y

B. 3abaBcexun

Avsracorutt naytonaabnull yrieepcumem iseni leana P panra,
sya. Yusepcumemesra, 1 79000 Mvais, Yrpaina

[ToGy nosano Teopito glaronalisatiii MATPHIE HAA KiALIAMY CKINYEHIOro CT
Horo paury. [loseseso Take: Axio R — peryispHe Kilble, To foBiibni m x k i k; g
matTpuul van R, ae m > em.p.(R) + 2, BonogiioTs fiaronaibHoo pegykitieo. f
R npAMo ckiyveRHe peryaapHe KiJBHE, TO Kilhue maTpullb R, € npAMO cxidy
AT NoBIIbROTO 7t 2> emn.p.(R) + 2. Tlokasawo Taxe: sxuwo R npase kimsue Beay 7
mo R/J(R) e npasum kinbuem Epmira, Togi R npabe kigbue Epmita. Ogep
1o KOMYTaTUBHe Kiablie Bedy € KinbheM eeMenTapHux JIbHUKIB Togi i TUIBKH TO]
komn R/ J(R) xiibne eneMenTapHUX JiIbHUKIB.

Kaiouoet caosa: crabinbeuil paHr, kinele Beay, eleMeHTapHA PefyKIif, Kil
Epwmira.
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