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In this paper it is proved that any semilocal Bezout ring is a ring with elmentary
reduction of matrices. The conditions are found under which any Hermitian ring is
such a ring. We give necessary and su�cient conditions under which the class of
quasi-euclidean rings coincides with the class of rings with elementary reduction of
matrices.

� ¤ ­i© à®¡®âi ¤®¢¥¤¥­®, é® ­ ¯i¢«®ª «ì­¥ ªi«ìæ¥ �¥§ã õ ªi«ìæ¥¬ § ¥«¥-
¬¥­â à­®î à¥¤ãªæiõî ¬ âà¨æì. �­ ©¤¥­® ã¬®¢¨, ¯à¨ ïª¨å â ª¨¬ ªi«ìæ¥¬ õ
ªi«ìæ¥ �à¬iâ . � â ª®¦ ¤®á«i¤¦ãîâìáï ­¥®¡åi¤­i i ¤®áâ â­i ã¬®¢¨, ¯à¨ ïª¨å
ª« á ¥«¥¬¥­â à­® £®«®¢­¨å ªi«¥æì §¡÷£ õâìáï § ª« á®¬ ªi«¥æì § ¥«¥¬¥­â à­®î
à¥¤ãªæiõî ¬ âà¨æì.

�ái à®§£«ï¤ã¢ ­i ªi«ìæï õ ª®¬ãâ â¨¢­¨¬¨ § ¢i¤¬i­­®î ¢i¤ ­ã«ï ®¤¨­¨æ¥î.
�¥à¥§ U(R) ¯®§­ ç¨¬® £àã¯ã ®¤¨­¨æì ªi«ìæï R,   ç¥à¥§ Rn | ¬­®¦¨­ã ª¢ ¤-
à â­¨å ¬ âà¨æì ¯®àï¤ªã n. �®§­ ç¨¬® â ª®¦ ç¥à¥§ mspec (a) ¬­®¦¨­ã ¬ ª-
á¨¬ «ì­¨å i¤¥ «i¢, ïªi ¬iáâïâì a.

� ¢¥¤¥¬® ­¥®¡åi¤­i ®§­ ç¥­­ï i ä ªâ¨.
�i¤ ¥«¥¬¥­â à­®î ¬ âà¨æ¥î § ¥«¥¬¥­â ¬¨ ªi«ìæï R à®§ã¬iõ¬® ª¢ ¤à â­ã

¬ âà¨æî ®¤­®£® § âàì®å ­ áâã¯­¨å â¨¯i¢ [1]:
1) ¤i £®­ «ì­  ¬ âà¨æï §i §¢®à®â­i¬¨ ¥«¥¬¥­â ¬¨ ­  £®«®¢­i© ¤i £®­ «i;
2) ¬ âà¨æï, ¢i¤¬i­­  ¢i¤ ®¤¨­¨ç­®ù ­ ï¢­iáâî ¤¥ïª®£® ­¥­ã«ì®¢®£® ¥«¥¬¥­â 

¯®§  £®«®¢­®î ¤i £®­ ««î;
3) ¬ âà¨æï ¯¥à¥áâ ­®¢ª¨, â®¡â® ¬ âà¨æï, ïª  ®âà¨¬ãõâìáï § ®¤¨­¨ç­®ù è«ïå®¬

¯¥à¥áâ ­®¢ª¨ ¤¥ïª¨å ùù àï¤ªi¢ i áâ®¢¯æi¢.
�i¤ £àã¯®î ¥«¥¬¥­â à­¨å ¬ âà¨æì GEn(R) (¤¨¢. [2]) à®§ã¬iõ¬® £àã¯ã, ¯®-

à®¤¦¥­ã ¥«¥¬¥­â à­¨¬¨ ¬ âà¨æï¬¨ ¯®àï¤ªã n ¤àã£®£® â¨¯ã (â®¡â® ¬ âà¨æï-
¬¨, ¢i¤¬i­­¨¬¨ ¢i¤ ®¤¨­¨ç­®ù ­ ï¢­iáâî ¤¥ïª®£® ­¥­ã«ì®¢®£® ¥«¥¬¥­â  ¯®§ 
£®«®¢­®î ¤i £®­ ««î). � ç¥à¥§ SLn(R) ¯®§­ ç¨¬® á¯¥æi «ì­ã «i­i©­ã £àã¯ã ,
â®¡â® £àã¯ã ¬ âà¨æì ¯®àï¤ªã n, ¤¥â¥à¬i­ ­â ïª¨å ài¢­¨© ®¤¨­¨æi.

�i«ìæ¥ R ­ §¨¢ õâìáï ¥«¥¬¥­â à­® £®«®¢­¨¬, ïªé® ¤«ï ¤®¢i«ì­¨å a, b ∈ R
iá­ãîâì c ∈ R i ¬ âà¨æï M ∈ GE2(R) â ªi, é® (a, b)M = (c, 0) [2]. �ªé® ¢
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¤ ­®¬ã ®§­ ç¥­­i ¢¨¬ £ â¨, é®¡ ¬ âà¨æï M ¡ã«  «¨è¥ §¢®à®â­ì®î, â® â ª¥
ªi«ìæ¥ R ­ §¨¢ õâìáï ªi«ìæ¥¬ �à¬iâ  [3]. �à®§ã¬÷«®, é® ¥«¥¬¥­â à­® £®«®¢­¥
ª÷«ìæ¥ õ ª÷«ìæ¥¬ �à¬÷â .

�ª ¦¥¬®, é® ¬ âà¨æi A i B § ¥«¥¬¥­â ¬¨ ªi«ìæï R õ ¥«¥¬¥­â à­® ¥ª¢i¢ -

«¥­â­¨¬¨ (¢ ¯®§­ ç¥­­ïå A
e∼ B), ïªé® iá­ãîâì ¥«¥¬¥­â à­i ­ ¤ R ¬ âà¨æi

P1, . . . , Pk, Q1, . . . , Qs ¢i¤¯®¢i¤­¨å à®§¬iài¢ â ªi, é® P1 ·. . .·Pk ·A = B ·Q1 ·. . .·Qs.
� ã¢ ¦¨¬®, é® ¬ âà¨æ÷ P1, . . . , Pk, Q1, . . . , Qs ­¥®¡®¢'ï§ª®¢® ¯®¢¨­­÷ ­ «¥¦ -
â¨ £àã¯÷ ¥«¥¬¥­â à­¨å ¬ âà¨æì. � âà¨æï A ¢®«®¤iõ ¥«¥¬¥­â à­®î à¥¤ãª-
æiõî, ïªé® ¢®­  ¥«¥¬¥­â à­® ¥ª¢i¢ «¥­â­  ª ­®­÷ç­÷© ¤i £®­ «ì­i© ¬ âà¨æi
diag(ε1, ε2, . . . , εr, 0, . . . , 0), ¤¥ εi õ ¤i«ì­¨ª®¬ εi+1 (i = 1, 2, . . . , r − 1) (¯i¤ ¤i -
£®­ «ì­®î à®§ã¬iõ¬®, ¢§ £ «i ª ¦ãç¨, ¯àï¬®ªãâ­ã ¬ âà¨æî, ¢ ïªi© ¯®§  £®-
«®¢­®î ¤i £®­ ««î áâ®ïâì ­ã«i). �ªé® ¦ ­ ¤ R ¤®¢i«ì­  ¬ âà¨æï ¢®«®¤iõ
¥«¥¬¥­â à­®î à¥¤ãªæiõî, â® R ­ §¨¢ õâìáï ªi«ìæ¥¬ § ¥«¥¬¥­â à­®î à¥¤ãª-
æiõî ¬ âà¨æì [4]. �i¤ ªi«¥æì ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢ [3] ª÷«ìæ¥ § ¥«¥¬¥­-
â à­®î à¥¤ãªæ÷õî ¬ âà¨æì ¢i¤ài§­ïõâìáï â¨¬, é® ¤®¢i«ì­  ¬ âà¨æï ­ ¤ ­¨¬
­¥ ¯à®áâ® ¥ª¢i¢ «¥­â­  ª ­®­iç­i© ¤i £®­ «ì­i© ¬ âà¨æ÷,   á ¬¥ ¥«¥¬¥­â à­®
¥ª¢i¢ «¥­â­ . �ç¥¢¨¤­®, é® ª÷«ìæ¥ § ¥«¥¬¥­â à­®î à¥¤ãªæ÷õî ¬ âà¨æì õ ª÷«ì-
æ¥¬ ¥«¥¬¥­â à­¨å ¤÷«ì­¨ª÷¢. �à®â¥ ­ ¢¯ ª¨ ¯à ¢¨«ì­® ­¥ § ¢¦¤¨ (­ ¯à¨ª« ¤
ª÷«ìæ¥ R[x, y]/(x2 + y2 + 1)). [2, 4]

�i«ìæ¥, ¢ ïª®¬ã ¤®¢i«ì­¨© áªi­ç¥­­®¯®à®¤¦¥­¨© i¤¥ « õ £®«®¢­¨¬, ­ §¨-
¢ õâìáï ªi«ìæ¥¬ �¥§ã. �à®§ã¬i«®, é® ªi«ìæ¥ �à¬iâ  õ ªi«ìæ¥¬ �¥§ã.

�«ï §àãç­®áâi ¯®á¨« ­ì ¢i¤¬iâ¨¬® àï¤ ¢i¤®¬¨å à¥§ã«ìâ âi¢.

�¥®à¥¬  1 (¤¨¢. [5, â¢. 2.3]). �«ï ­ ¯i¢«®ª «ì­®£® ªi«ìæï R ­ áâã¯­i â¢¥à-
¤¦¥­­ï ¥ª¢i¢ «¥­â­i:

1) R | ªi«ìæ¥ �¥§ã;

2) R | ªi«ìæ¥ �à¬iâ ;

3) R | ªi«ìæ¥ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢.

�¥®à¥¬  2 (¤¨¢. [5, â¢. 2.6]). �¥å © R | ªi«ìæ¥ �à¬iâ  i ¤«ï ¡ã¤ì-ïª¨å a, b ∈
R (b ̸= 0) iá­ãõ â ª¥ r ∈ R, é®

mspec(r) = mspec(a) \mspec(b).

�®¤i R | ªi«ìæ¥ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢.

� ¤ «i ­ ¬ ¡ã¤¥ ­¥®¡åi¤­ 

�¥¬  1. �®¢i«ì­  §¢®à®â­ï ¬ âà¨æï ­ ¤ ¥«¥¬¥­â à­® £®«®¢­¨¬ ªi«ìæ¥¬ R
õ áªi­ç¥­­¨¬ ¤®¡ãâª®¬ ¥«¥¬¥­â à­¨å ¬ âà¨æì.

�®¢¥¤¥­­ï. �¯®ç âªã ¤®¢¥¤¥¬®, é® ¤®¢i«ì­ã §¢®à®â­î ¬ âà¨æî ­ ¤ ¥«¥¬¥­-
â à­® £®«®¢­¨¬ ªi«ìæ¥¬ §  ¤®¯®¬®£®î ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì ¬®¦­  §¢¥áâ¨
¤® ¤i £®­ «ì­®£® ¢¨£«ï¤ã. �®¢¥¤¥­­ï ¯à®¢¥¤¥¬® ¤«ï ¬ âà¨æi ¤àã£®£® ¯®àï¤ªã.

�¥å © A =
( a 0

b c

)
| §¢®à®â­ï ­ ¤ R ¬ âà¨æï. �®¤i (a, b) = 1 i ®áªi«ìª¨

ª÷«ìæ¥ R õ ¥«¥¬¥­â à­® £®«®¢­¨¬, â® iá­ãõ â ª  ¬ âà¨æï Q ∈ GE2(R), é®
(a, b)Q = (1, 0), â®¡â® (

a b
0 c

)
Q =

(
1 0
b1 c1

)
.
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�¥å © P =
(

1 0

−b1 1

)
, P ∈ GE2(R). � õ¬®

P ·A ·Q =

(
1 0

−b1 1

)(
1 0
b1 c1

)
=

(
1 0
0 c1

)
,

é® © ¯®âài¡­® ¡ã«® ¯®ª § â¨.
�â¦¥, ïªé® A | ¤®¢i«ì­  §¢®à®â­ï ¬ âà¨æï ­ ¤ ¥«¥¬¥­â à­® £®«®¢­¨¬

ªi«ìæ¥¬ R, â® iá­ãîâì â ªi ¬ âà¨æi P , Q (ïªi õ áªi­ç¥­­¨¬¨ ¤®¡ãâª ¬¨ ¥«¥¬¥­-
â à­¨å ¬ âà¨æì), é® P · A · Q = F , ¤¥ F | ¤i £®­ «ì­  i §¢®à®â­ï ¬ âà¨æï.
�áªi«ìª¨ ¢¨§­ ç­¨ª ¬ âà¨æi F ài¢­¨© ¤®¡ãâªã ¤i £®­ «ì­¨å ¥«¥¬¥­âi¢, â® ¢ái
æi ¤i £®­ «ì­i ¥«¥¬¥­â¨ õ §¢®à®â­i¬¨. �â¦¥, ¬ âà¨æï F õ ¥«¥¬¥­â à­®î (¯¥à-
è®£® â¨¯ã). �áª÷«ìª¨ A = P−1 · F · Q−1, â® §¢i¤á¨ © ¢¨¯«¨¢ õ, é® ¤®¢i«ì­ 
§¢®à®â­ï ¬ âà¨æï ­ ¤ ¥«¥¬¥­â à­® £®«®¢­¨¬ ªi«ìæ¥¬ õ áªi­ç¥­­¨¬ ¤®¡ãâª®¬
¥«¥¬¥­â à­¨å ¬ âà¨æì. □
�¥®à¥¬  3. � ¯i¢«®ª «ì­¥ ªi«ìæ¥ �¥§ã õ ªi«ìæ¥¬ § ¥«¥¬¥­â à­®î à¥¤ãªæiõî
¬ âà¨æì.

�®¢¥¤¥­­ï. �¥å © R | ­ ¯i¢«®ª «ì­¥ ªi«ìæ¥ �¥§ã i ¥«¥¬¥­â¨ a, b ∈ R â ªi, é®
aR+ bR = R. �®¤i

mspec(a) ∩mspec(b) = ∅. (1)

�à¨¯ãáâ¨¬®, é® ¥«¥¬¥­â r ∈ R ­ «¥¦¨âì ¢ái¬ ¬ ªá¨¬ «ì­¨¬ i¤¥ « ¬ ªi«ìæï R,
ªài¬ ¬ ªá¨¬ «ì­¨å i¤¥ «i¢ ¬­®¦¨­¨ mspec(a) (â ª¨© ¥«¥¬¥­â iá­ãõ, ®áªi«ìª¨
ªi«ìæ¥ R | ­ ¯i¢«®ª «ì­¥). �à®§ã¬i«®, é®

mspec(r) ∩mspec(a) = ∅. (2)

�®§£«ï­¥¬® ¥«¥¬¥­â (a+br) ∈ R. �à¨¯ãáâ¨¬®, é® (a+br) ∈ M (M ∈ mspecR).
�®¦«¨¢i ­ áâã¯­i ¢¨¯ ¤ª¨:

1) a ∈ M ÷ b ∈ M | æ¥ áã¯¥à¥ç¨âì ã¬®¢÷ (1).
2) a ∈ M ÷ r ∈ M | áã¯¥à¥ç­iáâì § ã¬®¢®î (2).

�â¦¥, ­ è¥ ¯à¨¯ãé¥­­ï ­¥¯à ¢¨«ì­¥. �®¬ã iá­ãõ â ª¥ u ∈ U(R), é® a+br =
u. �®¤i

(a, b)

(
1 0
r 1

)
= (u, b)

e∼ (u, 0),

â®¡â® ªi«ìæ¥ R õ ¥«¥¬¥­â à­® £®«®¢­¨¬. �áªi«ìª¨ ­ ¯i¢«®ª «ì­¥ ªi«ìæ¥ �¥§ã õ
ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢ (â¥®à¥¬  1) i ¤®¢i«ì­  §¢®à®â­ï ¬ âà¨æï ­ ¤
¥«¥¬¥­â à­® £®«®¢­¨¬ ªi«ìæ¥¬ õ ¤®¡ãâª®¬ ¥«¥¬¥­â à­¨å ¬ âà¨æì («¥¬  1), â®
­ ¯i¢«®ª «ì­¥ ªi«ìæ¥ �¥§ã õ ª÷«ìæ¥¬ § ¥«¥¬¥­â à­®î à¥¤ãªæ÷õî ¬ âà¨æì. □
�¥®à¥¬  4. �¥å © R | ªi«ìæ¥ �à¬iâ  i ¤«ï ¡ã¤ì-ïª¨å a, b ∈ R (b ̸= 0) iá­ãõ
â ª¥ r ∈ R, é®

mspec(r) = mspec(a) \mspec(b).

�®¤i R | ªi«ìæ¥ § ¥«¥¬¥­â à­®î à¥¤ãªæiõî ¬ âà¨æì.

�®¢¥¤¥­­ï. �¥å © ¥«¥¬¥­â¨ a, b ∈ R â ªi, é® aR + bR = R. �à®§ã¬i«®, é®
mspec(a) ∩ mspec(b) = ∅. �  ã¬®¢®î â¥®à¥¬¨, iá­ãõ ¤¥ïª¨© ¥«¥¬¥­â r ∈ R,
ïª¨© ­ «¥¦¨âì ¢ái¬ ¬ ªá¨¬ «ì­¨¬ i¤¥ « ¬ ªi«ìæï R, ªài¬ ¬ ªá¨¬ «ì­¨å i¤¥-
 «i¢ ¬­®¦¨­¨ mspec(a). �®¤i mspec(r) = mspec(0) \ mspec( ). �ç¥¢¨¤­®, é®
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mspec(r)∩mspec(a) = ∅. �®§£«ï­¥¬® ¥«¥¬¥­â (a+br) ∈ R. �iàªãîç¨  ­ «®£iç-
­® ïª ¢ â¥®à¥¬i 3, «¥£ª® ¤®¢¥áâ¨, é® ¤ ­¥ ªi«ìæ¥ õ ¥«¥¬¥­â à­® £®«®¢­¨¬. �®¤i
­  ®á­®¢i â¥®à¥¬¨ 2 i «¥¬¨ 1 ¡ ç¨¬®, é® ¤ ­¥ ªi«ìæ¥ R õ ª÷«ìæ¥¬ § ¥«¥¬¥­â à­®î
à¥¤ãªæ÷õî ¬ âà¨æì. □
� ã¢ ¦¥­­ï 1. �÷«ìæ¥, ¢ ïª®¬ã ¬­®¦¨­  ¬ ªá¨¬ «ì­¨å i¤¥ «i¢ õ ­¥§«iç¥­­®î,
  ¤®¢i«ì­¨© ­¥­ã«ì®¢¨© ¥«¥¬¥­â ¬iáâ¨âìáï ¢ ­¥ ¡i«ìè¥, ­i¦ §«iç¥­­i© ¬­®¦¨­i
¬ ªá¨¬ «ì­¨å i¤¥ «i¢, õ ª÷«ìæ¥¬ ¡¥§ ¤÷«ì­¨ª÷¢ ­ã«ï. �®¬ã ¤®¢¥¤¥­­ï ­ áâã¯-
­®ù â¥®à¥¬¨ ¬ ©¦¥ ¯®¢­÷áâî ¯®¢â®àîõ ¤®¢¥¤¥­­ï, ïª¥ ­ ¢¥¤¥­¥ ¯à æ÷ [6] (¤¨¢.
â¥®à¥¬  3), ÷ â ª¨¬ ç¨­®¬ ®¯ãáª õâìáï.

�¥®à¥¬  5. �¥å © R | ¥«¥¬¥­â à­® £®«®¢­¥ ªi«ìæ¥, ¢ ïª®¬ã ¬­®¦¨­  ¬ ª-
á¨¬ «ì­¨å i¤¥ «i¢ õ ­¥§«iç¥­­®î,   ¤®¢i«ì­¨© ­¥­ã«ì®¢¨© ¥«¥¬¥­â ¬iáâ¨âìáï
¢ ­¥ ¡i«ìè¥, ­i¦ §«iç¥­­i© ¬­®¦¨­i ¬ ªá¨¬ «ì­¨å i¤¥ «i¢. �®¤i R | ªi«ìæ¥
§ ¥«¥¬¥­â à­®î à¥¤ãªæiõî ¬ âà¨æì.

� ã¢ ¦¥­­ï 2. � [2] ¤®¢¥¤¥­® (¤¨¢. [2, â¥®à¥¬  8]), é® ª« á ¥«¥¬¥­â à­® £®-
«®¢­¨å ªi«¥æì §¡÷£ õâìáï § ª« á®¬ ª¢ §i¥¢ª«i¤®¢¨å ªi«¥æì. �®¬ã ¢ái ¢¨é¥ à®§£-
«ï­¥­i à¥§ã«ìâ â¨ ¤«ï ¥«¥¬¥­â à­® £®«®¢­¨å ªi«¥æì á¯à ¢¥¤«¨¢i i ¢ ª« ái ª¢ -
§i¥¢ª«i¤®¢¨å ªi«¥æì.
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