PO3/ILJI 1. IIIATPYIIN IIOBHOI JIIHINHOI TPYIIN

§1. Ilomua miniiiHa rpymna

Hexaii K — aconiarusae xijabie 3 ojununero, M (n, K) — kijble Bcix KBajpaTHUX
MaTpHIb HOPLAJIKY 1 HAJ Kiabiiem f<,

GL(n,K) = (M(n,K))*

— MysnbTuTikaTuBaa rpyna Kinbis M (n, K). Tpyna GL(n, K) ckaagaerbea 3 yeix 060-
POTHUX KBa IpATHUX MATPUIlb HOPSJIKY 1 HaJL KijiblieM K 1 HA3UBAETHCA NOBHON AIHITHOT0
epynoto crenenst n uaj kiibuem K. Kinbue M(n, K) € jgiBum moysiem Haj Kijibiuem K.
Haranaemo, axmo A = («;5), B = (8;;) — marpuni 3 inbig M (n, K), To

A+ B=(ay+By), AB=(yy) (1= cmb)-
k=1

[Tosnaummo wepes e;; — marpuiio i3 kiapis M (n, K), Bei exementn sikol piBHi HYITIO,
3a BUHATKOM eJIeMeHTa ¢-0T'0 pgJIKa Ta j-I'0 CTOBIYUKA, IO piBHUIl onununi. Marpumi e;;
(1 <i,j < n) HABUBAIOTHCI MAMPUYHUMU 00UHUYAMU. Mae Miciie 3aKOH MHOYKEHHSI:

0, j#r;
6ij'€rs:{ €is j:?”.
Hexait A = (o;). Toxi
A = Z ozijeij = Z eijozij.
i,j i,j
Hexaii ¢ # j i A € K. Marpuni
t”()\) = E —+ )\eij

(E — ojuHUYHA MATPUIS) HABUBAIOTHCS EACMEHMAPHUMY MAMPUYAMY. BiaMiTuMo, 1Mo
tij(a)ti;(B) = tij(a + B).

Marpui
d;(\) =diag[l,...,1,A\1,...,1]

(i-ToBe micre miaroHasi 3aifHsTe eJeMeHTOM A Kiabiist K) Ha3uBArOThC d-MampuyAmu.

Jlema 1.1. Jlobymox tjr(N) - A € mampuys, wo odeporcyemoves 3 mampuyi A, axuyo
do j-20 padka dodamu k-ud, dommoorcenutds 3aiea na X. Jobymok A - tjp(X) € mampuuya,
wo odepotcyemuves 3 mampuui A, axwo do k-20 cmosnvuka dodamu j-utl, dommoscenud
cnpasa wa A. lobymoxk d;(N)-A € mampuuys, wo odepocyemves 3 Mamputi A MHOHCEHHAM
34160 1-20 padka na A. Ananroziuno, A-d;(\) odeparcyemvpes MHONCEHHAM CNPABa Ha N 1-20
cmosnyuka 6 A.

Ilepmri api mil Hag MaTPHUIAMHM, IO BKa3aHI B JIeMi, HA3UBAIOTHCSI CACMEHMAPHUMU
NePeMeoPEHHAMU MaMPuYb. TaKuM YMHOM, ejileMeHTapHe [ePeTBOPEHHS MaTpPHIl — Ie
MHOKeHHs 11 3J1iBa a00 clipaBa Ha eJIeMeHTapHY MaTPHUILIO.

Tak s1x tj;(AN)tx(—A) = E, 10

tjk()\> € GL(n, K) 1 tjk()\)_l = tjk(_)\)‘
‘{epe3 [CL, b] IIO3HAYAETHCA KOMYMamop eJICMEeHTIB a, b rpynu G:

[a,b] = a~ b~ tab.



Jlema 1.2 (Jlema Bacca; |2]). Hezad n > 2 ma i,j,k — mpu pisnuz indexcu. Todi
[£ik(A), i (1)) = tij (Ap).
Jlosedenms.
[Lik(N), by ()] = (B = Aeir) (B = pew;) (B + Aen) (B + pex;) = E + Apes.

Bei esemenrapui marpuni ¢, (A) nopoekytors nigrpyny SL(n, K) C GL(n, K), mo
Ha3MUBAETHCA CNEULAALHON AIHITHOI 2PYNoto CTeNleHs N HaJl Kijbiem /.

Jlema 1.3. Hezat o, B — Henyavosi eaemernmu mina 1. Eaemenmaprumu nepemeo-
PEHHAMU HAO PAIKAMU MAMPULIO
a 0
(5 5)

MONHCHA 36ECU D0 KOIANCHO20 3 6ULAADIG:

(oar) (o)

Zlosederns. 3a T0MOMOTOIO €JIEMEHTAPHUX MEPETBOPEHDb HAJT PSIKAMU OJIePIKUMO:
a 0 a 0 0 —ap 0 —ap
o) \1g)7\1 5 )J7\1 ag )
1 0 1 0\
N1 ae3) N0 ap )’
a 0 a 1 a 1 1 1
0o 3) \opg) 7\ =Bao0o) \ =Bao0)”
1 1 1 0
Lo Ba — Lo fa |-

Teopema 1.1. Hexati K =T — mino. Todi xoorchuti eaemenm epynu GL(n,T) mo-

orcna npedemasumu Yy euzandi dobymry s - d(N), de s € SL(n,T), d(\) = dn(N), A
nenyavosuls eaemenm mina T .

ZJlosedernns. B 38’a3ky 3 jemoro 1.1, psiaku MaTpuilh mOTPIOHO PO3LJISIATH K €Jie-
MEHTH JIIBOTO JIHIHHOTO 1MpoCTOpy HaJi TiIOM 7', a CTOBII — $K €JeMEHTH MPaBOro Ji-
HiiffHOrO MpocTopy Ha UM Tiom. Marpuns A nopsaky n Haj Tijom 1 HaJIekKuTh IpyIi
GL(n,T) Toxi i TinbKH TOM, KOJU CHCTEMa DSJIKIB (CHCTeMa CTOBIYHKIB) I€l MATPH-
i Oy/e JiHiiiHO Hezastex)Ho Ha TitoM T’ (iHakIme KaxKydu, I cucrema Oyze 6a3ucom
Bignosiguoro npocropy). Hexait A € GL(n,T') i nexail HeHyJIbOBUII €JIeMEHT (v EPIIOro
CTOBITYUKA 3HAXOAUTBCSA B i-My PAAKY. IIOMHOXKUBINM i-if PAI0K Ha Ta ' i HOCTII0BHO
JIOJIAI0YM JI0 THIMUX PSIJIKIB, OJE€PKUMO MaTpuIo Ap, B sIKiii, OKpiM «a, Bci ejlemMeHTn 1-10
croBauka Oyayrh HysaboBumu. OueBuano A; = SA, ne S € SL(n,T). dkmo i # 1, To B
MaTpuii A; 70 mepuoro psiaka MoAaMo i-if psaaoK, a MOTIM pe3yabTaT BiaIHIMeMO Bif i-TO
paaka. B pe3ynbpraTi 01epKuMo MATPHITIO

a %
AQZ(O B)7

ne B € GL(n—1,T). Ilpu i = 1 nosnagaemo yepe3 Ay Marpurio Ap, dka BKe Ma€ BKa3a-
uuit Burss. Le mae MoKauBicTh mpoBecTH iHAYKINIO 3a n. Hexait marpurg B enementap-
HUMH TIEPETBOPEHHIAME HAJ| PSIIKAME MPUBOAUTHCS 10 MaTpurl d,_1(3). Toxi nocmigoBui
eJIeMeHTapHI TIePEeTBOPEHHS PSIIKIB

A2 ( 0 dur(®) ) - ( 0 o ) = dnlof)

MPUBEIYTH 10 d-MATPHUIIL.



Hacuainok 1.1. I'pyna SL(n,T) 6yde nopmasvroro nidepynoro 6 epyni GL(n,T).

Hosedenns. Hexaii i, j <n; a, A € T, X # 0. Toui d~*(N)t;;(a)d(N) = t;;(a). Kpim
16010, d 1 (At (@)d(N) = t,; (A a); d7H(A)tin(@)d(N) = tin(a)), mo 10BOAUTH HACTIIOK.

Hexait T* — mynprumtikatusaa rpyna tiza T, (T*)' — xomyrtanr rpymn 1%, T =
=T*/(T*)" — dakrop-rpyna rpynu 7™ 3a i komyrantom (7). O6pa3 esemenra A rpynu
T* 8 rpyni T GyaeMo mo3Ha9aTH 9epes .

Teopema 1.2 (Teopema 'enonne; |2]). Ienye dynruia det : GL(n,T) — T*, det :
A — |A| maka, wo
1) [AB| = |A] - |B| (A, B € GL(n,T));
2) |C]=1(C e SL(n,T));
3) ld(a)] =a (a € T*, d(a) = diag[l, ..., 1, a]).

Buauennst |A| dyukuii det nazsano demepminanmom JJ’edonne marpuni A Haj Tiiom
T. dxkmo T — noute, To nerepminant /’egoHHe Takuii ke, sIK 1 3BUYAiHMI JeTepMiHAHT.

dxmo A€ GL(n,T),1i A=C-d(a) (C € SL(n,T),a € T*), T0
Al = |d(a)| =@

Binobpazkenns gerepminant € romomopdisM rpymu GL(n,T) B rpyny T, a1po gKOTO
mictuth cuenjaabay rpymy SL(n,T) i Bci giaronanbni marpuni d(A), A € (7). 13 nemn
1.3 BuuBae, mo | diag[ay, ..., a,)|| =1, axkmo oy - -+ a,, € (T%)'.

Teopema 1.3. Hexati T — mino i n > 2 Todi

SL(n,T) = {A € GL(n,T) | |A] = T}.

Jlosedenns. Hexaii
AeGL(n,T), A=S-d\) (Se€SL(n,T), xeT")

i |A| = 1. Tomi \ HaIesKNTH KOMYTaHTy T* rpymn T*. JTocuTh OOMEKATHCH BUTIAIKOM, KO-
i A = [o, 3] — komyTarop. 3 jgemu 1.3 BuminBae icuyBanus takoi marpuni C' € SL(n,T),
mo Cd(B'a™t) = Cdiagl[l, ..., 1,3 'a™!] = diag[l, ..., 1,a7!57 = d(a"!'71). Tonui
d(\) = d(a~'571aB) = d(a~'-)d(aB) = Cd(F~'a")d(af) = Cd(~a~"aB) = C €
€ SL(n, T)iromi A€ SL(n,T), mo 10BOAUTH TEOPEMY.

Hacaigox 1.2. Bido6pasicenns det : GL(n,T) — T 6yde eomomopfizmom 2pyn i
kerdet = SL(n,T).

Hacaimok 1.3. Hexati T — noae. Todi
SL(n,T)={A € GL(n,T)| |A| = 1}.

Hacaimox 1.4. Hezaiin > 2 i T — mino. Todi SL(n,T) — nopmasvna nidepyna
epynu GL(n,T), daxmop-2pyna 3a akoto € isomopdna abeaesiti epyni T = T*/(T*)'.

Hacuainok 1.5. Hexatd T mino i n > 2. Beaxa nidepyna 6 GL(n,T), wo micmumo
SL(n,T), 6yde nopmasvroro nidepynoto.

Jlema 1.4. Hexati mino T micmumbs binvwe d60x eaemenmis. Todi xooscna esemer-
mapra mampuusa 6 2pyni GL(2,T) byde komymamopom 6 uiti 2pyni.

Jlosedenns. Hexait a € T, oo # 0, £ 1. Toui

(GG GG -

ey =(1-— ofl)ﬁ MOKe OYTH JOBLTBHUM efeMeHToM 3 1. 3BiAcCH CJiAye T0BEIeHHS.
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Teopema 1.4. Hezxat n > 2. Todi xomymanm epynu SL(n,T) i xomymanm epynu
GL(n,T) cnienadaromv 3 epynoto SL(n,T). dxwo miso T ne 6yde nosem 3 060 esemen-
mie, mo epyna SL(2,T) maxooc 6yde xomymanmom zpynu GL(2,T).

Zosedennsa. 3 nacninky 1.4 pumnusae, mo komyrant rpynu GL(n,T) micTurhes B
rpymi SL(n,T). Toxi mas n > 2 reopema Bumaubae 3 Jjemn 1.2) Bacca. Inmmnii Bumamok
ciaijye 3 jgemu 1.4.

Mozkna nokaszaru, mo, skimo n = 2 i |T'| > 3, To komyrautu rpyn GL(2,7T),SL(2,T)
crniBmagators 3 SL(2,T).

Konrpupukaazn. Hexait Zy — nose i3 aBox enemenris. Toni GL(n, Zy) = SL(n, Zs)

i MmaTpuii
(01 b— 01
““\11) " {10

nopoKyoTh rpyny GL(2,7Zy). KomyranT i€l rpynu cymimaerses 3 (a) # SL(2,Zs).

Kourpupukman. Hexait T = Zz — uosie 3 tprox esementis. I'pyna GL(2,Z3) 1o-
POIZKYETHCS MATPUISIMHU:

-1 1 0 —1 0 —1 -1 0
()= )= ()= (0 )
(—a*=-V==d*=Eblab=a"t clac=0b",
¢ tbe = (ba) ™', d rad = (ba)™',d'bd = b~",d"ted = (bac) ™).

Marpuni a, b, ¢ nopojxytors rpyny SL(2,T), aka € komyraurom rpynu GL(2,T). Ajne

komyTaHT rpynu SL(2,T) cymimaernes 3 rpynotwo (a,b) # SL(2,T).
Hexait, nani, ¢ = p' — creninb nmpocroro uucaa p, P — mose i3 g enementis i GL,(q) —

MOBHA JIiHiliHA Ipyla MaTpuib Mopsaaky n uajx moaem P i |GL,(q)| — nopsyiok rpymnn
GL,(q).
n—1 )
Teopema 1.5. |GL,(q)| = [[(¢" — ¢").
i=0

ZJlosedenns. Hexait A — noBiibHA MaTpHIA MOPAAKY n Ham moaeMm P i ay, as, ...,
a, — cucreMa psikis marpuii A. g roro, mo6 marpung A wamexana rpym GL,(q)
Heo0XiHo, o6 nepimii paaok a; 6yB ogauM i3 (¢" — 1) HEeHYILOBUX N-BUMIPHUX BEKTOPIB
Haj nojiem P. ko neprmmit psaaok a; ykKe BUOpanuii, To JPYruil psijioK ay MOzKe OyTH
Oy/b-gKIM, OKpiM Aa; (To6TO He mponopiiiiauii mepiomy ). Takux psaixis € (¢"—q). Takum
quHOM, icaye (¢" — 1) - (¢" — q) moxauBocTeil jyist mapu (ai, az) PAJKIB HEBUPOIKEHOT
marpuri A. dxmo napa (ai,az) mepmux JABOX psiIKiB yzKe BHOpaHa, TO 3-iff psijiok as
MOKe OyTu Oyjib-IKUM, OKPIM BEKTOPa

)\1@1 + )\2&2 ()\1, )\2 - P),
T06TO 3-iif psAoK Moke OyTn oguuM i3 (¢" — ¢°) BekTOpiB (IpU BUGPAHUX MEPIIUX JIBOX

psizikax). [TpoaoBKy 04Ul MipKyBaHHs IpHiieMo 10 dbopmy.tu s nopsaaky rpymu G L, (q).
TeopeMma s1o0BeIeHA.

q—1

n—1
Hacmigok 1.6. |SL(n, P)| = % ] (¢" — ¢).
Jj=0



§2. HopmaabHa 6ymoBa MOBHOI JIiHiMHOT rpynn
Yepes 3(G) 6yaemo nozuavatu yermp rpynu G :
3(G)={z€ G| zx =2z, v €G}.
Jlema 2.1. Hezat T' — mino. Todi

3(GL(n,T)) = {\E|\ € 3(T)}.

Hosedenns. Hexait A = (a;;) € 3(GL(n,T)) (oi; € T). Tak ax t;;(1)A = At;;(1),
TO eijA = Aeij i Ay = 0 (j §£ Z), Qi = Qg = A TO,ZLI A = \E. Tak axk aFA = AaE
(v € T*), T0o A € 3(T™). Jlema noBesena.

Hacaimok 2.1. Hexat T — mino. Todi

3(SL(n,T)) = SL(n,T) N 3(GL(n, T)).

Zlosederns. Ilpu n = 1 tBepkenns Hacaiaky odesuane. Hexait n > 1. 3posywmiso,
mo SL(n,T)N3(GL(n,T)) C 3(SL(n,T)). Hexait A € 3(SL(n, T')). 3 nosenenus jemMn

2.1l ogeprxkunvo A = AE (A € T*). Tak gk diaglay, ..., a,]A = Adiaglag, ..., ]
(o, €T*, aq ..., = 1), T0 A = ;A dKImo vy, ..., Q1 — JIOBLIBHI enementn i3 17,
TO I Q= @y, o, Ayt Qg = 1, otke, A € 3(T). Tomy A € 3(GL(n,T)).

Hacuinok nosejeno.

[Migrpyny rpynu GL(n,T), ska micturTbess B 1eHTPI miel rpynu, OyjaeMo Ha3uBaTH
yenmparvoroto nidzpynoro. OUeBUIHO, TMEHTPaJbHA IHiArpyIla € HOPMAaJbHOIO Ii/IrPYIIOIO.
Posriginemo HopMaibHi HereHTpa bl miarpymnu rpymu GL(n, T).

Jlema 2.2. Hezati n > 2 i nidepyna H 2pynu GL(n,T) nopmanrizyemoca cneyians-
1010 AiHitHo10 2pynoto SL(n,T). Sdxwo nidepyna H micmumo zova 6 00ny esemenmaphy
Mampuyto, mo us nidzpyna micmumo ecio 2pyny SL(n,T).

Jlosedenns. Sxmo h € H, g € SL(n,T), To obunsa komyraropu [h,g] = h~'g 'hg,
lg, h] mamexars migrpym H. Hexaii geska erementapHa MaTpuis t;;() HaTeKATb HOp-
masbhiit nigrpyui H rpyun GL(n,T) (n > 2). Ckopucraemocs Jjemoro Bacca. Maemo

[tij (), tji(0)] = tu(af) € H,
[tri(7), tic(aB)] = tr(yaf) € H.

BBigcu coaigye, mo rpyna H wicturs Bei esementapHi marpuni. Toxi H wmicturh BCO
cueniajibny JiHiliny rpymny. Jlema goBejena.

Jlema 2.3. Hexati mino T ne b6yde noaem xapaxmepucmuru 2 abo T — miso xapa-
KMePUCMuUKY 2, w0 He MICTUMb MPAHCUEHIEHMHUT 810HOCHO C6020 NPOCMO020 NIINOAML
eaemenmie. Hexati S(T) — nidzpyna adumuenoi epynu misa T, wo nopodocyemves do-
bymramu keadpamie esemenmie i3 T. Todi T = S(T).

oeedenns. Hexait T — uexomyrarusue tino. Toxi Ty = T\ 3(T) — nenopoxus
MHOKMHA 1 Hexail o — JOBIIbHMIT eleMeHT 1€l MHOKUHH. 3HaiigeTbcs ejgement (3 € T
TaKuii, 10

vy=af+ fa#0

(sikmo v = 0 gist Beix B € T, 1o 20® = 0,char T = 2,a3 = fa i a € 3(T)).
Tak ax v = (a + 8)? — a® — 3%, 10 v € S(T). Bimmitumo, mo agurusna rpyna S(7T)
3aMKHyTa BigHocHo fii Muoxkenns B T. Tomi v~! = yy=2 € S(T). Hdauni,

ya = afa+ faa = aBa) + (Ba)a € S(T).
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Bsigcn summuBae, mo « € S(T') i, orxe, Ty C S(T). dxmo § € 3(T), To
v0 = afd + fad = afd + féa = a(Bd) + (30)a € S(T).

Toni 6 € S(T) i, orxke, 3(T) C S(T),T C S(T). Hexait T — nose. ko charT # 2 i

acT, 1o
a+1 2 a—1\2

to6ro T = S(T'). Hexaii Tenep T — moJie XapakKTepUCTUKH 2, siKe aaredpaidHe HaJ CBOIM
npoctuM mignonem Zo = {0,1}, i v — uenynpoBuii enement moasg 1. Tomi « HaieKUTh
MYJIBTHILTIKATUBHIH Tpym F* 1edK0oro CKiHYeHHOTO po3mupenHs F' monsd Zs. Tak gk mo-
psok n = |F*| — memapue uucio, To

a=a" = (a2)2 e S(T)

i, orxxe, T'= S(T). Jlema nosenena.

BayBaxkenus. Sdxuwo T = Zy(x) — noae dpoboso-payionarvhux Gynruit 6id neeido-
moi & nad nosem Ly, mo S(T) = Zy(x?) # T.

Teopema 2.1. Hexatin > 1, T — mino + H — maxa neuenmpansvra nidepyna epyni
GL(n,T), wo H nopmanrizyemves cneyiaavnoro 2pynoto SL(n,T). Todi nidepyna H mi-
cmumo 2pyny SL(n, T). Bukaouerns ckaadaroms suwe eunadku, koiu n = 2, a miro T
€ NoAeM 13 2-T ab0 3-T esemenmie.

Hosedenns. dxmo H wopmanizyersbes SL(n,T), To ais 6ynb-skoro g € GL(n,T)
rpyna H, = g~ Hg raxox nopmanisyernca SL(n, T). slkmo H; micrurs rpyny SL(n,T),
To H takox mictuth mio rpyny. Ie jae MmoxkauBicTb 3aMinsgTu mijarpyiy H Ha crpsizke-
Hy 3 Heto niarpyny Hi. Byaemo posrusyiaru rpyny GL(n,T) gk rpymy JiBux JiHIHHEX
OIepaTopiB MpPaBOro N-BUMIPHOTO BeKTOpHOro mpoctopy L max timom 1. Tak axk H —
HelneHTpa bHa, To H micturh Heckansgpuy marpumio A. Toxai B mpocropi L icHye Takmit
BEKTOD U1, IO BEKTOPH U7, Us = Auy HENpOUOpUiiHi i Toal IX MOXKHA BKJIOYUTH B HOBUI
T-6a3uc npocropy L. B HOBOMy 0Oasuci nepmiuii croBmuuk marpuii oneparopa A Oyje
maru sursisg (0 10 ... 0). Byzemo BBaxkarTu, mo cama marpuist A Mae Takuii neprmit
CTOBITYUK.

Pozib’emo moBemeHnHd Ha IBa BUNAIKH.

1-11 sunadox: n > 2. JIng noBejeHHsT TEOPEMH JIOCUTH JOBECTH iCHYBaHHA B H meskol
ejemenraprol Marpuid t;; (i # j) (aus. jemy 2.2). Posrusinemo komyraTop

B = [t12(1>,A71] = (E — 612)A(E + 612)1471 = (E — 612)(E + AelgAil).
OueBugno B € H. BpaxoBytoun, mo Aejs = €99, HEBaXKKO IMOKA3ATH, IO

B=E—ep+(E—en)epA ' =E—epn+(eaa—ep)A' =E —ep+ Z(GQj — e15) 52,

J

ne (;; — enementn marpuni A~ Bigvitimo, mo (s = 0. Hexait C' = [t15(1), B~
HeBaxkko nepesipurtu, 1o

C = (E—e3)(E+ BeiyB™") = (E —e13)(E + (€13 — e130821 + €93601)B™") =

= (E —e13)(E + €13 — €13021 + €23021) = E + Pa1(e23 — €13).

HKHIO 621 7é O, TO t23<521) = tlg(l)ctlg(—l) € H. Hexait 521 = 0. TO,ILI [tgg(l), B_l] = (E—
—623)(E+B€23B_1) = (E—€23>(E+<—€13+623)B_1) = (E—623)(E—€13+€23> = tlg(—l),
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orxke, t13(—1) € H. Takum umnoM, y Bumajgky n > 2 rpyna H MIiCTUTH ejleMeHTapHy
MaTPHITIO, IO JOBOJUTH TEOPEMY JIJIsi IILOTO BHIIAJIKY.

2-i eunadox: n = 2, |T'| > 3. Hexait H — uenenrpanbua niarpyna rpynu GL(2,T),
sKka HopMasi3yerbes rpynoo SL(2,T). Tlokaxemo, mo SL(2,7) C H. JIjs nporo J0CUTH
josectu, mo H micturh BCi esiementapui marpuni. [Tokaxkemo crodarky icuyBanns B H
oJiHi€el ejleMenTapuol marpuii. Hexait

A:((l) g)eH.
1 Ba7t 1
=(%nh)

B = [tlg(l), A_l] = (E — 612)(E + AelgA_l) = (E — 612)<E + 622A_1) =

1 -1 10 1—a' -1
_<o 1>(a1 1)‘( a ! 1)€H'

Bci esiementn marpuni B wasiexkars noao F(a), ne F'— nenrp tisa T. Hay num nosiem
Marpuig B rnoaioHa MaTpuiri

Tomi

1—a ! —1

Bl = tlz(—Q + Oé_l)tgl(l) ( 0471 1 ) tzl(—l)tlg(Q — 04_1) ==

— to(—2+a ) ( 2 _10‘1 _01 )m(z oY= ( ! ;11 ) ,

ge 31 =2 —a ' € F(a). 3posymino, mo By € H. Hexaii 7 — HeHyJIbOBHii eJleMeHT Tija
T, axuii KomyTye 3 «, d = diag[y,v7'] i

By = 0.3 = gyl (P Yawsto 1 (9 50) = (7 TP

Tak six d € SL(2,T), To By € H. Komyrarop

[tlg(]_), BQ] = (E — 612)<E+B2_1612B2) = (E — 612)(E+’72€1QBQ) = (E— 612)(E+’}/4€12) =

(0 )G )=(a )

Oy/Ie eleMeHTapHOI0 MaTpHIeo, akmo v+ # 1.

Jlocaimmvo icHyBaHHS TAKOTO HeHYTLOBOTO eeMenTa ¥ B 1, akmit KomyTye 3 o i y* # 1.

Hexait |F| > 5. Toai B nosi F' kpim Hy/s Ta 10 4-X KOpeHiB 4-1o CTeneHs 3 OjuHUI]
iCHYIOTH iHII ejleMeHTH. 3Bi/ICH CTA€ 3PO3YMLINM iICHYBAHHSI €JIEMEHTA 7.

Hexait |F| < 5, F(«) # F. 3posywmino, mo |F(a)| > 4. dns |F(a)| =4, |F(a)*|
a#0,a%=1,a*=a#1. Toni v = a — mykanuii etement. [Lna |F(a)] =5, F(a)
i F(a) = F, mo memoxkauso. Bunanok |F(«)| > 5 amanoriunuit 1o Bunajaky |F| > 5.

Hexait |F| < 5, F(a) = F # T. Ouesuano, icuye enement 6 € T\ F. Toai noBinbuuii
enement 3 T'(6) komyrye 3 . 3posymino, mo F(0) # F i F(0) anasnoriuno sk i F(«) B
PO3TJISTHYTOMY paHille BUMAIKY MICTUTH eJIeMeHTa 7.

Hexait 3 < |F| < 5, F(a) = F = T. Bunajok |F| = 4 anajoriunuii 10 BHOAIKY
|F(«)| = 4. Bunayok |F| = 5 o3navae, mo T = Zs — 1nosie 3 5-TH eJIeMEHTIB i PO3LJis-
JaeThes gk MpukIaT. OTxke, MU TOKa3aan icuyBanusa B H enementapuoi Marpui t12(d),
(0 € T,5 #0.) Baminumo miarpyny H Ha cnpsizKeny miarpyy

31
Zs

raml

H, = diag[6, 1] " H (diag][é, 1]).
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Axmo Hy micrurs SL(2,T), to H takox micturs SL(2,T). Orke, MOXKHA BBaKATH, 110
t1o(1) = diag[d, 1] "12(8)(diag[d, 1]) € H.

Hexait A\ — Gyab-akuii HemymboBuii enement Tima 1. Tax ax o(\) = diagA\7!,\] €
€ SL(2,T), 1o t12(\?) = 0(\)"'te1(1)a(N\) € H. Hesazkko Tenep 6auntu, 1o BCi MaTpHIi
BULJISIILY

ta(p) (€ 15(T))

masiexkath Tpymi H. Hexaii tino T 3amososbuste ymosam jevu 2.3. Toni S(T') = T i, orxke,
rpyna H micrurh Bl enementapui marpuni tor(A). Hexait Tenep T — mose xapaxkrepu-
CTHKH 2, TII0 MICTUTH TPAHCHEHICHTHUN HaJl Zo esieMent 0. Hexaii

(01 (0
=(V) A= (S 8)

Ouesugno, R € SL(2,T) i marpuns t15(1) = ta1(1) Doy (1) moaibua marpuni D. HeBazxkko
Gauutu, mo [D, R] = diag[e?, 072],

[ti2(\), [D, R]] = (E4Xew)(E+\diag[o?, 0 %]ers diag[o 2, 0%]) = (E+Xew)(E4Ao'ern) =

:((1) i)(é Af‘i):(é A“T&)):tmu(ug‘*)y

Tak sk 1+ ¢* # 0, To rpyna H micTuThb Bei efeMenTapui MaTpuii f12(A). HapemTi Bi-
MiTuMO, o MaTpuig t12(A) cnpszkena B SL(2,T) 3 marpurneio to(—A). e 3aBeprrye
JIOBEJIEHHSI TEOPEMH.

Kourpnpukaazn (nus. Kourprupukiaan § 1). IMiarpyna H = (a,b) B rpyni GL(2,Zs3)
Oy/ie HOPMAJIBHOKO B IIiil rpy1i, ajge BoHa He MictuThb rpymy SL(2,7Z3) = (a,b,c) .
Hacaigok 2.2. Hexati n > 1 i npun = 2 miao T micmumbv Oilavwe Hine mpu

enemenmu. Sxwo H — neuenmpanvia nopmasvra nidepyna 6 epyni SL(n,T), mo H =
= SL(n,T).

®akrop-rpyny PGL(n,T) = GL(n,T)/3(GL(n,T)) noBuoi aiuiitnoi rpymna 3a 1i mneH-
TPOM HA3UBAIOTH NOBHON NPOEKMUBHON 2PYNoto cTeliens 1 HaJl TiioM 1, a ¢paKTop-rpyiy
PSL(n,T) = SL(n,T)/3(SL(n,T)) cueniagbHOl — CReuiasvHol0 NpoekmueHo0 2pynoio
crernens n Hag TimoMm 1.

Hacaimok 2.3. Hexatin > 1 i npun = 2 miao T micmumbs biavuie Hise mpu
eaemenmu. Todi epyna PSL(n,T) e npocmoro 2pynoto.

IIpuknan. Posrngnemo sunanok rpyuu GL(2,7Zs). Hexait H — HeuneHTpajbHA M-
rpyna rpynu GL(2,Zs), aka HOpMAaTi3yeTbes rpynow SL(2,Zs). 3po3ymiso, mo Jeska

MaTpHuIda BUTIALY
0 «
A= ( | 3 ) € H,

ne a = +1,+£2. PosrisgaeMmo TiabpKu BUIaI0K o = —1. TodTo

0 —1
jge § = 0,%£1, £2. [Tokaxkemo, 1mo uigrpyna H abo cupsizkeHa 3 HEIO Higrpyna MiCTUTb
€JIEMEHTapHY MaTPHIIIO.

1. 8 = 0. Marpuus B(0) moxiona marpuni D = diag[2, —2]. Moxkuna BBaXkaTu, 1o
D € H. HeBakKO BIEBHUTHUCH B TOMY, IIIO

[t12(1), D] = (E — e12)(E + diag[—2, 2]e1p diag[2, —2]) = (E — e12)? = t12(—1)* = t15(—2).
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2. [ = £1. HeBa:kKO BIEBHUTHCH B TOMY, IIIO
2 —1
1

—1

—1

Tomy marpwuiii [B 1),D] i [B(—l),
3. 3= +2.

(0 5%)=(0)(22)=(3 2)

]? nonitni kit ZKopmana Jo(1) = t15(1).

B (-0 =tal) (| 5 a0 = (1§ ),

ta(— 1) B(=2)t15(1) = t15(—1) ( 2 :; )tm(n . ( _11 _01 ) .

Tomy marpuni B(2) i B(—2)? noxi6ni kairni ZKopmana Jo(1) = t12(1).
B ycix Bunajikax rpymna H (abo chopsizkeHa 3 HEl0) MICTUTH €JIeMEHTAPHY MATPHITIO.

§3. OcHOBHI TIOHATTd 1 Ail HAA MATPUYHUMH I'PyHaMNI

Hexait V' — niniiinuit npoctip posmipuocti n wag noixem T, E(V) = Endy (V') — kinbue
BCiX JiHiitHUX oneparopis npocropy V', GL(V') — myasrumiikarusaa rpyna kinbig E(V).
[Is1 rpyna Takozx HA3MBAETHCS NOGHON0 ATHITHON0 2pynoto (upocropy V). Hexaii

u=(uy, ..., up) (u; €V) (1)

— 6asuc upocropy V. Koxkuomy Jinifinomy omepartoposi ¢ € F(V) mocraBumo y Bijmo-
BigmicTs foro marpumio A, B 6a3uci u(l) (crosmmi miei MmaTpumi 6y1yTh KOOPANHATHIMM
croBmIgME 06pa3iB 6asucHux BekTopiB). OmepKane BioOparKeHHs

Ta: E(V)— M(n,T)

Oyze i3omopdizmom Kijenp, a fioro oomerxkenns ua rpyny GL(V') Gyie isomopdizmom i€l
Ipynu Ha MOBHY JiHiiay rpyny GL(n,T).
Hexait v, = 7, !. dkmo

g=(a;) € M(n,T) (a;;€T),

10 1y(g) € E(V) i, sk ciijye i3 o3HaueHb
u) =Y au (j=1,...,n). (2)

HeBaxkko Gauuru, M0 MaTpuls ¢ € MaTPUIElo JiHiiiHOro oneparopa B 6asuci u (1). Pop-
myJa (2) no3Bossie Oynb-aky Marpuuny miarpyiny G rpynu G L(n,T') mepeTBopuTH B rpyILy
JiHifiHIX omepaTopis mpocropy V', To6To meperBopuTH npoctip V' B Moayab (1iBuii) Ha
rpynosoio aiarebporo T'G. Hosinbua rpyna G, odeBujuHo, jaie (31iBa) y Oyap-sikomy T'G-
MOtyJIL, & Oyb-saKkuii JTiHiitHui npoctip Haa moem 1, B skomy i€ rpyna G, € T'G-momyem.
T G-monyns 6ynemo vHazuBaru me G-npocmopom uvaa nogem 1, a itoro T'G-miamonyni — G-
nidnpocmopamu. Jlani repmin rpyna G C GL(n,T) die B ninifinoMmy mpocropi Haj mojem
T O6yneMo BUKOPUCTOBYBATHU TLIbKHU /I N-BUMIPHOTO JIiHIHOTO mpocTopy V' HaJ mojem
T 3 nieto BuzHaveHOw hopmynown (2).
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Tomomopdizmu vy, T, 3a/1exkaTh Bij Bubopy 6asucy u mpocropy V. Hexait B npoctopi
V' Bubpano 1e oanH 0Gas3muc

v=(v, ..., v,) (v;€V). (3)

Hexait S — marpurg nepexory Bijx 6asucy u (1) g0 6azucy v (3) i ¢ — aBromopdizm
upocropy V' raxwmii, mo ¢(u) = v, to6ro ¢(u;)) =v; (i =1,...,n).

Jlema 3.1. Hexati H — nidzpyna epynu GL(V'). Todi
To(H) = S™' 1 (H)S. (4)
Hezati G — nidepyna epynu GL(n,T). Todi
vo(G) = dru(G)o ™" ()

Hosedenns. (4) cnigye i3 38’43Ky MaTpHII OJHOrO i TOro K JiHIHOrO omeparopa B
pisunx Gasucax. Hexaii g € G. Tozi 3rigno (2)

¢Vu(9)¢_1(vj) = ¢Vu(9)(uj) =9 (Z 041';%) = Z@ij¢(ui) = Zaijvi = Vv(g)(vj),

3Bigku caigye (5). Jlema mosemena.

Haramaemo, migrpynu Hi, Hy rpynu G Ha3UBAIOTHCS CNPAAHCEHUMU, SIKITO ICHYE eJ1e-
MeAT ¢ € G rtaknit, mo ¢ 'Hc = H,. B posranyTiil BiIOBiHOCTI MiK MATpHIHEME
rpynamu i3 GL(n,T) i rpynamu Jiniiiaux omnepatopis npocropy V' JBi Ipymu MaTpHIlb,
0 BIANOBLIAIOTL 0Hiil rpy1i oneparopis, OyayTh cupszkenumu B rpyni GL(n,T), a asi
rpynu oneparopis i3 GL(V'), mo Bianosigaiors ogniit Mmarpuyniii rpymni, GyayTh Crupsizke-
aumu B rpymi GL(V).

[Mliarpyna G rpynu GL(n,T) Ha3uBaeThCst 36101010, SIKIIO BOHA CHPsIZKEHA 3 TPYIOI0

ManI/H_U) BI/IFJISI,ZLy
g *
) §]
(0 gz) 6)

ne g; € G; € GL(n;,T)(G; — minrpyna rpynu GL(n;,T), ny + ne = n).
[Miarpyna G rpynu GL(n,T), ska ue Oy/e 3BIIHOIO, HA3UBAETLCS HE3610HOM0 TPYTIOIO.
Hexaii nigrpyna G rpynu G L(n, T') 6yie 3Bi1HO0 i CHPSI?KEHOTO 3 JI0IIOMOI0K0 MATPHIILL
C € GL(n,T) 3 rpynoro marpuns surasgay (6), me G;(1 < j < 2) taka rpyna, mo s
KOKHOTO esieMenTa ¢; € G; 3Haiiferbcs Marpuig ¢ € G, MO COpszKeHa 3a JO0MOMOTOI0
tiei x Marpuni C' 3 marpunero (6). Hexaii V' — niniiinuit npocrip uaj mosem T B arOMY
aie rpyna G. Toai B npocropi V' icHye takuit 6a3uc

ULy ooy Upyy UL = Up 1y« oy Upy = Up, (7)
B SIKOMY KOXKHWUIiI oneparop ¢g € G mae marpuio (6). Hexaii
U=Tu+ - +Tu,, V=V/U=To,+ - +T0,, @0 =uv;+U)
— nigopocTip B nmpoctoposi V i Bianosignumii paxTop-mpoctip. Tak gk
g(ui) = gi(wi) €U (i <),

9(vj) = ga(vy) +x;(9) (z,(g9) € U),

to U — G-migmpocrip. I, okpim mporo, daxrop-mpoctip V mepersopioerses B G-pocTip
glv+U) = ga(v) + U. (8)
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G-upocrip V HaszuBaeThCst 3610HUM, SKIO B HHOMY ICHYE BJIacCHU HeHy/1bOBUH G-I
npoctip U. G-nipoctip V HazuBaeThest He36i0HuM, AKITO B HOMY Hema, (G-TiImpocTopiB,
OKPiM HYJIbOBOTO IIAIIPOCTOPY 1 Bchoro npocropy V. Hexaii siniiitauit npoctip V' B gakomy
qie rpyna G e 3Biganm i U — G-mignpocrip npocropy V (U # 0, U # V). Hexait (7)
b6asuc B V, gxkuit npoxoauts depes Oazuc mignpocropy U. Toji marpuni Beix omeparopin
i3 rpynn G B upomy 6asuci Oymyrs maru Burasag (6). Orke, rpyna G 6yme 3BigHOIO
rpynomo. Ilizcymyemo pesyibrart.

JIema 3.2. I'pyna G C GL(n,T) 6yde 36idnoto 2pynoto modi i misvku modi, Koiu
byde seidnum npocmip V 6 axomy die epyna G nad nosem T'.

Hexait V' — niniitanii npocrip Hajg moiaem T B skoMmy gie rpymna G i
O=UycU;C---CcU =V 9)

— komuosuniituuit psi T'G-mouyas V', ne U; — G-nigupocropu B V' i dbaxropu U;/U;_1 —
ue3pigui T'G-momyni (takuit psig icuye). IIposememo 6asuc npocropy V' depes Gasucn
mignpocropis B (9), momosmioioun 6azuc U; g0 6asucy Ujii. B Tak BubGpanomy Gasmuci
MATPHIA KOXKHOIO omeparopa 0yae MaTh BHIJISI

91 * B S
0 co.ox
R (10)

Jie g; — Marpuig oneparopa ¢ B Hessiguomy G-mouyui U;/U;_y (aus. (8)) npobirae gesky
He3Biany Marpuuny rpymy Gj. OTke, BCTAHOBICHO TaKHil PE3y/IbTAT.

Teopema 3.1 (Teopema mpo KauoHiYHHUIT BUTJIST MaTPUIHOL TPyNH). Bydv-aka nid-
epyna G 6 epyni GL(n,T) cnpascena 6 uit 2pyni 3 2pynoro mampuuyw suzasdy (10), axy
Ha3usamo ii KaHonivHum euzaadom, de g; npobizae deaxy wessidny nidepyny G epynu
GL(n;,T) (j=1, ..., t),n; > 1, ny+---+n =n.

Hexait

v G — GL(n;, T) (v(9) = g; € Gj)

— BiZOOpaskeHHs, sIKe CTaBUTh Y BiAMOBIIHICTH KOXKHOMY eeMeHTy ¢ rpynu G j-wii mia-
ronaspanii 670K g; Marpuni (10) B kanoniunomy Burssm rpynun G (j =1, ..., t). Toxi
7v; — 3obpazkenus rpynu G uan nonem 1 i v;(G) = Gj.

[Miarpyna G rpyun GL(n,T) HazuBaeThCst poskAadHOl0, SKIIO BOHA CIPSZKEHA 3 IPy-
HOI0 MATPUIb BUTJISLY

) 0
diaglg, go] = ( 901 o ) (9; € GL(n;,T),n1 +ny =n). (11)

I'pyna G C GL(n,T) € po3k/iaanor0 To/i i TiabKu TO/, Kou Jiniitauii npoctip V' B akomy
qie rpyna G pO3KJIAIA€ThCS B MPSIMY CyMy

V=U @l

HeHy1b0BuX G-mignpocropis Uy, Us.
I'pyna G C GL(n,T) HABUBAETBCSA UiAKOM 36i0HO10, AKIIO BOHA HE3BiTHA a00 CHpS-
JKEHa 3 I'PYIOI0 MATPHUIb BUIJISIILY

diag[gi, g2, - -, 9] = S )
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ne g; npobirae messinmy miarpyny G; rpymu GL(n;,T) (ng +---+mn, = n). I'pyna G C
C GL(n,T) 6yae niakoM 3BiHO0 TOJI i TLILKHK TO1, KOIU PocTip V' B IKOMY JIi€ Tpyna
G € uiakom 36i0HuUT, TOOTO € HE3BITHIM ab0 PO3KIATAECTHCS B MPIMY CYMY

V=Ui& ol

He3BiaHuX HeHynboBux G-mimupocropis Uy, ..., U (t > 1).

Hexait G; nigrpyna rpynu GL(n;,T) (j = 1,2). Ipamum dobymrom Gy x G2 Ha3uBa-
erbes rpyna diag|Gy, Ga] ycix marpunp Bursiyty diag(gr, go] (uus. (11)).

Hexait G; uinrpyna rpynu GL(n;,T) (j =1, ..., t > 2). Ba o3nauenusm

GlX"'XGt:(G1X"'XGt,1)XGt

HA3UBAETHCA npamum dobymrom rpyn Gi(j =1, ..., t). Hexait 7; — npoexiis npamoro
n06yTKy G X - -+ X Gy Ha j-Ty KomnoHeHTy Gj.

[linrpyna G mpsmoro mo0yTKy G X - - - X G Ha3UBaEThCA nidnpamum do6YmKkom rpyIl
Gi(j=1,...,t), axkmo v;(G) =G; (j=1,...,1).

I'pyna G C GL(n,T) € uiakoM 3BiIHOW TOMI i TIMBKU TOI, KOJIU BOHA HE3BiAHA a00
CIPSIZKEHA 3 T IPSIMUM T00YTKOM HE3BIIHUX MATPUIHUX TPyl HAJ 1mojem 1.

Hexait A = (oyj), B = (f;;) — marpuni mazg moaem 1’ nopsakis n i m Biamosigmo.
Marpung
O{HB Ce OélnB
A® B = :

amB ... a.B

HOPSAIKY 1M HA3UBAETHCS KpoHekeposum dobymkom marpunb A ta B. Hepaxkko Gauuru,

110
det(A® B) = (det A)™ - (det B)".

Hexait G; uiprpyua rpyuun GL(n;,T) (j = 1,2). pyua
G1®G2:{A1®A2 | AjEGj}

HA3UBAETHCSA meHn3opHum dobymmrom 2pyn G1, Go. OueBnano, G; ® G9 € MiArpynow0 rpynn
GL(nm,T). dxmo Gy, Gy — ckinvenni rpymuu, o |G ® Go| = |G1]|Gal.

Hexaii K — kinbie 3 oqununeo. Marpuus A € M (n, K) Ha3uBaeThCst MOHOMIANDHOTO,
SIKIIO KOXKHUI PsI/IOK 1 KOXKHUI 11 CTOBIYHMK MICTHTH He OLIbIIIe OJHOI'O eJIeMeHTa, BiIMiH-
woro Bij Hysst. [liarpyna rpynu G L(n, K') HA3UBAETHCS MOHOMIAALHON, SIKITIO BOHA CIIPSI-
x)ena 3 miarpynowo rpynu GL(n, K) Bei marpuri skoi monomiasnbui. Hexait o — migcra-
HOBKa crenens n. ITidemanosounoro marpuneo o € GL(n, K), Bianosiauoo nijgcranosmi
0 HA3WBAETHCSA MOHOMIAJbHA MATPHIS, IKA B J-CTOBITUAKY MICTUTH OJAMHHINO HaA 0 (])-My
mici (j = 1, ..., n). Koxkny MOHOMIaIbHY MaTPHIO MOYKHA MPEICTABUTH Y BUTJISI
JOOYTKY JiaroHAJIBbHOI MaTpHI Ha HiACTaHOBOUHY Mmarpuio. Marpung B ® A momibHa
MaTpuii A ® B, npudoMy MaTpHUIld MOZIOHOCTI € MiICTAaHOBOYHA MATPHIIS.

Hexait H — niarpyua rpynu GL(n,T), A — nigrpyna cumerpuanoi rpynu S;. Cnie-
minnam H U A nnx rpyn masuBaerhest miarpymna rpymu GL(nt,T), ska HOPOIKYETHCS
rpynoto H' = H X -+ x H i ycima niicTaHOBOYHUME MATPHISEMHU 0 HaJl Kigblem K =
= M(n,T), Bignosigaum migcranoskam o € A. dxkmo H — ckinvenna rpymna, to |H{A| =
— |H[1A].

I'pyna G C GL(n,T) uax nonem T HA3UBAETHCS LMNPUMIMUSHON, SAKIITO JIIS JESTKOTO
ngitbauKa d > 1 guciaa n rpyna G cupsizkera 3 rpymnoio (G; MOHOMIaJIbHUX MATPHUIlh HAT
kisbuem K = M (s, T), ne s = n/d. Hexait npu upomy C taka marpuns i3 rpynu GL(n, T),
mo C~1GC = G,. dxmo g € G, 10

—_—

C~1gC = diaglai(9). . - -, aq(g)]o(y), (12)
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e ai(g), ..., aq(g) € GL(s,T),0(g) — MaTpung Jesikol miacTaHoBKU o(g) Ha d CAMBOJIAX.
Bimoopaxkenns o : G — Sy, npu gkomy eneMeHT g € (G MepexXoauTh Y MiJICTAHOBKY
o(g) € Sa, Oyne 306pazkennsm imupumitusaoi rpyuu G uigcranoskamu (gus. (12)). Hexaii
H — ta nigrpyma rpymu GL(s,T), mo mopoKkyersest BeiMa Marpuisvmu a;(g)(j = 1,
ooy d; g € G (mme. (12)). Toxi rpyna Gy 6yme migrpynoto cruterinas H Q o(G). Orxe,
iMOpUMITHBHA MATpWYHA I'pyna HaJ mojgem 1 — 1me rpyrma, mo COpsizKeHa 3 HiArpyrnoo
CILTETiHHS MAaTPUUYHOI T'PYIH i TPYIHN MiICTAHOBOK Ha d > 1 cuMBoJIax.

Haragaemo, mo niarpyna A rpynun Sy Ha3UBAETHCS MPAH3UMUGHON, SIKIIO JJIsi Oy ib-
aknx cumBoaiB ¢ ta j (1 < 4,5 < d) B miarpyni A 3maiigerncs Takumit eseMeHT @, 10
a(i) = j.

JIema 3.3. Imnpumimuena epyna G C GL(n,T) nad noaem T 6yde neszeionoro mo-
di i miavku modi, Koau wezsidnoto byde nidepyna H 6 epyni GL(s,T) i s06pasicerins
o nidemanoskamu 6yde mpansumushum (mobmo, koau epyna nidcmanosok o(G) 6yde
MPAH3UMUBCHOI0).

Jlema 3.4. Hezati L — ainitinud npocmip 6 axomy die epyna G. I'pyna G byde im-
NPUMIMUBHO MOl & MiAbky Modi, Koau npocmip L moocna npedecmasumu y 6uzisdi
NPAMOL CYM

L=Li®---®Ls (d>1)

maxuxr nidnpocmopie Lj;, wo das koocrnozo g € G 1 K0ocH020 Homepa J icnye nomep t
makut, wo g(L;) = L.

HesBigna rpymna Ha3swBA€TbCSI NPUMIMUEHO0 TPYIOIO, SKIO BOHA He Oyae iMIpHMIi-
TUBHOIO. Dy/ib-sika He3BiJiHA rpylia Oy/ie HPUMITUBHOIO ab0 IMIPUMITHBHOIO.

§4. Ilinkom 3BimHi rpynu

Jlema 4.1. Hezxati V. — G-npocmip wad nosem T'. Ilodani ymosu € exsigareHmmi:
1) kootcnuti saachul nenyavosuts G-nidnpoemip U ¢ V' mae npame G-donosnenns U,
moomo V =U @& U’, de U' — H-nidnpocmip ¢ V;
2) npocmip V' e cymoro nessionux G-nidnpocmopie;
3) npocmip V' e npama cyma nezsionux G-nidnpocmopis.
Teopema 4.1 (Teopema [ikcona; [2]). Hexait G — maka epyna mampuys nopaoky
n nad norem T, wo micmumo nidepyny H crinvennozo indexca s = [G : H|, axui ne

diaumvca na rapaxmepucmury char T’ noas T. I'pyna G € yiakom 36101010 mMmodi i MisvKy
modi, Koau yiakom 36idna nidepyna H.

Zlosedenns. Hexaii H — minkowm 3BigHa rpyna. [Tokaxkemo, mo rpyma GG TaKoxK IIiJj-
kKoM 3Bigna. Hexait V' — mimiiiamii mpoctip B gxkomy mie rpyna G. /locuTh mokaszaTu, Imo
npoctip V' € npsma cyma He3Bigaux G-migmpoctopis. [y mboro moKazkemo 1o KOyKHHMIA
BjacHuit HeHy OB G-mianpoctip B V' mae npsime G-10mMOBHEHHS i CKOPUCTAEMOCH JIe-
moto 4.1l Hexait U — G-mignpocrip B npocropi V i U # 0,U # V. Tak gk H — nijkom
3BiHA rpyna, To H-mianpoctip U mae npsame H-nponoBuenns. Hexait p: V — V|

plutd)=u(ueUnu el
npoekTop mnpocropy V ua npsamuii goganok U. Toui
p(V)=U, p=p, ho'ph=p (he H). (1)

Hexaii g1, ..., gs — cucrema mpeACcTaBHHUKIB YCIX CYMIXKHEUX KJaaciB rpynu G 3a TiArpymon
H. TToknanemo

0: V-V, 0= s*IZgj*lpgj.

J=1
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Toui (V) = U. ko u € U, 1o g;j(u) € U i

) =573 g bl () = 57 g gplw) =5 Y u=s5T D u—u

TOOTO

0> =0. (2)
Hexait ¢ € G. Icuye mijcranoBka p Ha S CUMBOJIAxX 1 Taki ejgementu hy, ..., hy rpynun H,
111(0)

g;9="higi, i=p({) (G=1,...,5).

Tak sk gj_1 = gg; 'h; ', o Bpaxysasum (1), Gymemo mMaru

Og=s"> 0, 'pyg=>5" 99 'h; 'phig; = g0 (3)
J i=p(j)

st Beix g € G. I3 (2) 1 (3) caigye, wo (I — 0)(V) (I — oaunnunuii oneparop) 6y/e
G-nignpocropom B mpoctopi V i

o(V) (I —0)(V)=0. (4)

Tax sk V' e cymoro (V) + (I —6)(V), o B cuny (4), us cyma € upsama. Orxke, nigupocrip
U mae G-ponosuaenns (I — 0)(V'), mo g1oBoauTh Teopemy.

Hagesiemo MaTpuunuii Bapiant jgosenenns reopemu. Hexait G — 3Bigna rpyna. Orike,
MOYKHA BBazKaTH, IO Ig IPYNa CyMIIMAETHCA 3 TPYIIOI0 MATPHUIb BULJISLY

g ( L(g) Alg) )
0 Ag) )’
ne I') A nesxi T-300paxenns rpynu G crenesiB ny, ng (N +ne =n) i A: G — Ty xn, —
36°a3yroua Pynkyis 11 ux 300parkenb. Tak sk H — mMiJKOM 3BigHa Ipyna, TO MOXKHA
Beaxkaru, mo A(h) = 0 masa Beix enementis h € H. Hexaii gy, 9o, ..., gs — cucrema

IpPEeJICTaBHUKIB BCIX JIIBUX CYMiXKHEX KJaciB rpymnu G 3a miarpymnoo H. JIns KoxkHOI mapn
iHgekcis 4, j(1 < 4,7 < s) icuye enunnii ingexc k(1 < k < s), Takuii, 1o

9:9;9, " € H.

BixmiTuMmo, 1110 KoJid Ipu JaHOMY iHJEKCY J 1HJeKC ¢ mpobirae Bci 3HaUeHHd Bix 1 /10 S, TO
injeke k Takozk mpodirae BCi 1l 3HAYEHHS aJie, MOXKJ/IMBO, B IHIIOMY HOPs/AKY. I3 piBHOCTI

Algigigr') =0,

suxopucrosyroun dopmyn A(zy) = ['(x)A(y)+A(z)Ay) (z,y € G), A(g;,") = —T(g; ") x
x A(gr)A(gy '), maemo

T'(9i9;) A9y ") + Algig;)Alg; ') =0,

—T(g:)T(g;)T (95, ) Alge) Algp ") + T(9:) Ag) Algi ") + Ag:) Alg;) Algp ) = 0,
T(g:) (=T(g;)T (g ) Algr) + Algy) + T(g; 1) A(g:)Alg;)) Alg ') = 0.
3BijcH 01EPKYEMO

—T(g;)T (g5 )A(gr) + Algy) + T(g; 1) Ag:)Alg;) = 0.
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[Ipu ganomy j mpocymyemo ojiepzkaHi criBBignHomeH st 3a ¢ Big 1 10 s (npu mpomy k Gye
TaKoK 3MIHIOBATHCH B MexKaX BiJ 1 Jio s) i BuKopucTaemo Ty obcrasumy, mo s ' € T.
O 1epzxuMO

Alg;) =T(g;)B — BA(yg;), (5)

e
B=s"Y T(g5)A(g).
i=1

Hexaii h € H. JInga koxuHoro i icaye eaunuii j (1 < 4,7 < s) i rakuii enement h' € H,
mo g;h = h'g;. Bpaxosytoun npu mpomy, mo A(h) = A(h') = 0, orpumaemo A(g;)A(h) =
= T'(h')A(g;). Toni, BUKOpHCTABIHN IO PIBHICT i piBHICTD g 'h' = hgj’l, OTPUMAEMO

BA(R) = 5™ S T(g; ) AlG)AR) = 57 S D(RID (g () A(g)) =

= T()s™ ST (b g7 B)Alg;) = T(h)s™ £ Tloj ) Alg;) = T()B.

J

E, B
C‘( 0 En)

(En,, Frn, — oquHIYHI MAaTpUIIl TOPSJIKIB 1 Ta N Biamosiauo). Bukopucrosyoun (5), (6)
HEBasKKO TePECBiTUATUCE, 110

C‘lGC:{(FBg) A?g) )‘geG},

T06T0 G — pOo3KIaaHa rpymna. Teopema goBeseHa.

(6)

Hexaii

Teopema 4.2 (Teopema ILiaronosa; [2]). Hexati mampuuna epyna G nad nosem T'
mae maxy wopmanvny nidepyny H, wo daxmop-zpyna G/H € aokarvno crinvernna i no-
padku i enemenmis ve diaamoca na char T'. Hxwo epyna H € yiakom 36i0na, mo i 2pyna
G maxootc yiaxom 3610Ha.

Jloeedenns. Tlepir 3a Bce BpaxyeMO HaCTYIIHE 3ayBarkKeHHs: MATPUIHA I'PyTa € IiI-
KOM 3BiJIHOIO, KOJIU IILJIKOM 3BijiHa cucreMa TBipHuX 1iei rpynu. B kinbui M (n,T) Gyub-
dKa JHIIHO He3ajexKHA HaJ mojeM 1 MHOXKHHA MATPUIb MICTHTHL He Oiblme HixK n?
MaTpuib. Hexaii

Gis -es Ot (7)
— MaKCUMaJIbHa JIHIAHO He3a/exKHa HaJl 1’ cucrema marpuilb i3 rpyuu G i G| — uigrpyua
B (3, IO MOPOJKYETHCS G1, - .., g; 1 rpynowo H. I3 ymosu teopemu cainye, rpyna Gq/H

€ ckinyenHow migrpynoto rpynu G/H, tooro H wmae ckinvennuii ingexkc B rpymi Gy i
neil ingexc we gimmrhbea Ha char 1. I3 reopevu 4.1 BuminBae, mo (G; — IIIKOM 3BigHa
rpymna. Tomi mikoM 3BigHIMEI GyayTh MHOKHHA (7) 1 MHOXKIHA BCIX JIHIRHUX HAJI MOJEM
T xom6inariii cucremu (7)), cepen skux MictTurhes rpymna G. Otxe, rpyna G € 1LIKOM
3BijHa. Teopema joBejieHa.

Hacainok 4.1. fdxwo G — aokasvho ckinvenna nidepyna epynu GL(n, T) i nopadku
it enemenmis me dinamuvcea va charT, mo epyna G — yiakom 36i0na.

Hexait H — niarpyna rpynu GL(n,T),

[H]p = {Z Anh| A, € T}

heH

— MHO>KMHA BCIX CKIHYEHUX JiHIHHUX KOMOiHaIii wa  nojgem 1" enementis rpynu H. Ilsa
muoxkuHa [H|r € anrebporo nag nosem T'. Ilg anrebpa HA3BUBAETBHCS AIHIUTHON 000A0H-
koto rpynu H nan nonem T'. Jlerko 6auurn, mo anrebpa [H]r € romomopduum ob6pazom
rpynoBoi aiarebpu T H.
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Jlema 4.2. Hexal H — nessiona 2pyna nad nosem T. Todi epynosa anzebpa [H]|r €
nPoCcmol0 CKIHUEHHO 8UMIPHOtO aszebpoto Had nosem T .

Zlosedenns. Hexait V — niwmiitauit npoctip B sikomy i€ rpymna H. Tomi V' — npocrtuit
A-monynb (A = [H]y). dxmo x € A, 2V =0, to x = 0. Orke, V — TouHUHl A-MOJYJIb.
Tomi Rad A = 0 i, orxke, A — mamiBnpocre aprinose Kinbie. Hexaii J — aBocTopoHHIii
ineas B A. Toni J = Ae, ne e — nenrpa/ibHuii i1eMIOTEHT 1

V=eV+(E—-e)V

npsaMa cyma A-miamomynis B He3BimHomy A-momymai V. Toxi e = 0 abo E — e = 0, To6TO
A — npocre kinabie. Jlema joBeena.
Ilenmpanizamopom rpynu H C GL(n,T) uwayx nosem T HA3UBAETHCS MHOXKHUHA

3r(H)={xz € M(n,T)|zh = hx(h € H)}

BCiX MaTpHIh T, IO KOMYTYIOTb 3 KOXKHUM €/IeMeHTOM Tpytu .

Hacaimok 4.2. Hezali suxonyromoca ymosu aemu 4.2, Todi 3r(H) — crinuernno
sumipre mino wad nosem T, a aneebpa [H|r isomopdra noeHomy mampuuromy Kisvuio
nad miaom D, anmuizomopdrum miay 37 (H). Sxwo [H])r = M (s, D), mon = s-(D : T).

Hacainok 4.3. Hezati G — winkom 36idna mampuyuna 2pyna nad nosem T. Todi ii
Ainitina oboronka [Glr 6yde nanienpocmoio ckinuernno eumiphoro anzebpoio nad noaem T

Zlosedenns. Hexait rpyna G € mignpsavum 100y TKOM HE3BiIHUX HA/L ojieM 1 MaTpu-
qnnx rpyn G, ..., Gs. Hexait v; : G — G; — npoeknis rpymu G ma rpyny G (7 =1, ...,
s). Tomomopdism rpym 7; IpogoBKyeThesa 10 TomoMopdizmy anrebpu [G)r Ha HAmiBIPO-
cry mag nomeM 1 anredpy [Gjlr. fxmo = € [Glr, To x = diagin(x), ..., vs(z)]. fAxmo
x € Rad[G]r, 0 v;(z) =0 (j =1, ..., s5). Orxe, Rad[G]r = 0, mo 3aBepmurye 1oBeeHHS.

Hexait T’ — anrebpaiune posmupenns 1moss 1. Byap-aka marpuns naa nojaem 1" Gye
marpunero uaj posmupennsy 17, Tlocrae mmranns: sxmo G — He3BigHa miarpyna rpynu
GL(n,T), To au 6yxe rpyna G uessignotwo B rpyui GL(n,T")? B3arani kaxKy4u, BiIOBLIb
HeratuBHa. Hespinna marpuuna rpyna G uajg mojeMm 1 HA3HUBAETHCS abCOANOMHO HE36H-
01010, AKIIIO BOHA 3aTUINAECTHCA HE3BLIHOIO TpH Oyab-sakoMmy posmmupeni 17 mons T'. fkimo
noJjie ' — ajrebpaidno 3aMKHEHe, TO Oy/ib-sSKa HE3Bi[HA MATPUUHA Pyl HAJI UM T10JIeM
Oy/ie abCOJIFOTHO HE3BiIHOIO.

Teopema 4.3. Hessidna nidzpyna G epynu GL(n,T) 6yde abcosrommo meseidnoro
modi © MIAbKU MOdi, KOAU BUKOHYEMBCA 00HA 13 EKBIBANEHMHUT YMOB:
1)C(G)={ ENeT}=T;
2) [G]lr = M(n,T);

3) 6 epyni G icnye n? ainitino nesaresrcnuz nad nosem T mampuun.

[Toste T' HaswBaeThCs cenapabesvHum, KO OyIb-sakuilt He3BiaHWi Haa num mojaem 1’

MHOTO'JIEH BiJl HEBIJIOMOI T He Ma€ KpaTHUX KOPeHiB (B ajreGpaldHOMY 3aMHUKAHHI MOJIsT
T).

Teopema 4.4. Hexati noae T — cenapabeavne (soxpema charT =0). dxwo G —

Heasidna mampuyna 2pyna Had nosem T, mo epyna G 6yde yinkom 36101010 Had nosem
T.

Jlosedenns. Hexait
A=[Glr, A=[Glr=TorA

i K =T(0)=T[z]/(f(x)) — nenrp anredbpu A, e § — Kopiub He3BigHOrO Haj MoNEM T’
muorownena f(x). Tak gk 1eii MHOrOUJIeH He Ma€ KPATHAX KOPEeHiB, TO meHTp aarebpu A’
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OyJle OPTOrOHAILHOIO CYMOIO JEAKHMX CKiHdeHHuX posmmupenn noast 1”7, Toxi anrebpa A’
PO3KIEeThCS B OPTOTOHAJIBHY CYMY § TOBHUX MATPUYHHUX KiJelb HAJ JeAKUMHA TiJIaMH,
0 € CKIHYeHHO BUMipHHMHU HaJ moseM 17. Y BiamosigHOoCTI 3 1uM pos3kiaagoM rpymna G
Oyae cupszkena Haj mojgeM 17 3 mignpaMuM 100yTKOM HE3BIIHMX MATPUYHUX TPYIl HAT
noJjem, To6ro G — ninkom 3signa Haa noaem 17 rpyna. Hexait G — aGcosorHo nessigna
rpyna. Togi G — uessigna rpyna naj noaem 1”. 3sigcn caigye, mo

37(G) =T ®r 37(G)
nosie g Jjioboro nosts 7" D T. e moxauBo tiibku toai, komu 37(H) = T. Teopema

J0BeJIeHa.

IMpukaan. Hexait P = Z,(t) — nose npoboso panjonagbuux GyHKIiH Big 3minHOl
t HaJ moseM i3 p eseMeHTIB Z,, G — DuKJIiYHA Ipyla, IO IOPOIKeHA TaKOK MATPUIIE0
HOPAJIKY P

0 0 ¢

— 1 ...00

fo=| .0 ®)
0 ... 10

— CYIPOBIJIHOI MaTPUIE0 HE3BiAHOTO HaJ 1ojiem P muorowirena f(x) = P — t. T'pyna
G — uesBigna niarpyna B GL(p, P). Hexaii P’ = P(0), ne 6 — KopiHb 1[bOr0 MHOIOYJI€HA
f(z). Toni nan nonem P’ marpuns (8) moxiGua kit ZKopaana

6 1 00
0 6 0 0
Jp(0) = Lo
00 6 1
00 0 @0

Orxke rpyna G ue Gyae uiikom 3Bianoio Haga nosem P’ Bigvitumo, mo
A= P RadA"#0, A'/RadA =P

(auB. noszuadenns reopemu 4.4).

ITpuknan. Hexaii
Ky = <a, bla* = 1,a*> = b* ab = ba3>

— 'py1lia, KBATEPHIOHIB| HOPSIKY 8,

6 (o= (3 )= (8 EY) (= (0 ) (0)

— Hessigna miarpyna 8 GL(4,Q), isomopdua rpyni Ky. Hax morem Q' = Q(i)(i* = —1)
rpyna G Oyae 3BiIHOO i CIIPSIzKEHOI0 3 IPYIIO0

(0 a) (i) (=0 5))

Oxkpim Toro, 3g(G) i [G]g — Tina kBarepHioHiB.

O =
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§5. Teopemu mpo CKiHYEHHICTh

Teopema 5.1 (Teopema Bepucaiina; [2]). Hexati G — abcoatommo neszsiona nidzpyna
epynu GL(n,T) (T — noae) maxa, wo mmuoocuna tr(G) caidie eciz eaemenmie epynu G
e crinwenor. Todi G — cxinuenna epyna i |G| < | tr(G)[™.

osedennsa. B rpyni G MicTuThed n? JiHIHHO He3aaesKHUX MATPHIh
Ay A =), Ap (1<j<nYaygeT). (1)
Hexait X = (z;,) — 10BiIbHA MaTPUIA HOPAIKY 12 i
tr(4,X) = 5. 2)

dxmo X € G, o f§; € tr(G). Posuucyioun (2), ogepxumo
S aden =8 (G=1...0%). 3)
ik

Ha (3)) MoKHa AMBUTHCH SIK HA CHCTEMY n? miniftAnX piBHAHL 3 HeBigoMuUME T),;. Koedii-

€HTH j-r0 piBHstHHS — e Bcl psaxn marpuni A; 1 §; € tr(G). Tak sk marpuni (1) siniitro

He3aJIeXKHi, TO PAJIKUH MATPHIl cucreMu piBHsHB (3) Takox JjiHiiiHO HezamexHi. OTxKe,

npn Bubpanomy Habopi §; (j = 1, ..., n?) cucrema (3) mae equnmii po3s’a3ok. Cucrem
. n2 , ..

(3) icnye | tr(G)|™". Poss sasku geskux cucrem (3) 6yayrs marpuni i3 rpynn G. Teopema

JIOBE/ICHA.

Hacaigok 5.1. fxwo nopadku esemenmie nepioduunoi abcosommo we3sionoi nio-
epynu G epynu GL(n,T) obmesceni wucaom m, mo G — ckinuenna epyna, nopador axoi
HE nepesuwye 0eako20 YuUcAl, W0 3aAAEHCUMD AuULe 610 N 1 M.

Zosedennsa. Hexait A € Gi A" = E. Toui cain tr A marpuni A € cymoro n Kope-
HiB crenens T i3 ogumauni. Tak gk r < m, To uncao | tr(G)| Gyae ckinuenne i HACTIIOK
BUILJIMBAE 13 TeopeMu . 1.

Hacaigok 5.2. Hexati charT = p i G — abcoatomno nessidna p-nidepyna 2pyni
GL(n,T). Todin =11 G — odunuuna 2pyna.

Hosedenns. dxmo A € G, 10 tr A =n. Orxe, |tr(G)| =11 roai aie reopema 5.1.

Teopema 5.2 (Kpurepiit Bepucaiina; [2|). Hexati G — nepioduwna nidepyna epynu
GL(n,T) (T — dosiavhe noae), nopadku esemenmic axoi ne diasmucs na char T i obme-
otceni deaxum wucarom m. Todi G — crinuenna 2pyna, nopador AK0i 0OMEHCEHUT YUCAOM,
WO 3ANEHCUMD AUWE 610 N T M.

Zoeedennsa. Hexait T' — anrebpaiune 3amukanus noast 1. Hag nosem T” rpyna G
Oy/le CIIpsizKeHa, 3 I'PYHOI0 MATPUILb BULJISILY

g1 S e *
0 g
g— . . (9 € G), (4)
0 0 ... gs
Je g; upobirae abcosmorno mHessinmy rpyny G max moaem T'(j = 1, ..., s). Brigmo

Hacaiaky 5.1, G; — ckinuenna rpymna. Hexait

v:G — Gy x - X Gy
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romomopdism rtakuii, mo y(g) = diaglgi, ..., gs] (mus. (4)). Toxi v(G) — ckinvenna
rpyma. fapo romoMopdizmy 7y CKIaIa€ThCS 13 YHITpUKYTHUX MaTpuilb. ko char 7' = 0,
TO HEOAWHWYHA YHITPUKYTHA MATPUIA HAJ 1mojaeM ' € eleMeHT HeCKIHYEeHHOTO MOPSIKY.
Orxke, B mpoMy Bunaaky Ker~y — ogmanuna rpyna i Toai G — ckindenHa rpyna. Hexaii
charT'=p > 0. Toui Ker v — p-rpyna. Ajie B rpyni G mema ejiementiB nopsiikis p. Orxe,
i B ibomy Bunajky Kery — oaunudna rpyna. Teopema jioBejieHa.

JIema 5.1. Ab6comomno wessiona nepioduuna mampuuna 2pyna G C GL(n,T) nad
nosem T 6yde A0KANOHO CKINYEHHOI0 2DPYNOIO.

ZJlosedenns. Hexait M — ckindyenHa MHOXKHHA eneMeHTiB rpynu G i G| — rpyma mo-
poszkeHa MHOKUHOIO M . TToTpibHo jgoBectu, o G; — ckindenHa rpyna. MoxKHa BBazkaTu,
mo M — abcosIoTHO He3BiHA MHOXKMHA (IIPU HEOOXITHOCTI MOKHA TPHEIHATH eJIeMEHTH
10 M). Hexait P — npocre mignose B T'1 P’ — posmmpenns moist P 3 10momMorown Beix
MATPHYHUX €JEeMEHTIB BCIX Marpunb i3 MHoxkuaun M. Ilone P/ — ckiHdeHHO mOpOIZKeHe
po3mnperHs npoctoro moag P i rpyma G € abCcoJIOTHO HE3BIIHOK MiANPYIOR TPYIN
GL(n, P’"). Hexait P" — anrebpaiune 3amukanust nosis P B noii P'. Toni P — ckinuenne
posmupenns noast P. KoxkHe BiacHe 3HadenHs « Oyjab-skol marpuni A i3 rpynu G e,
no-nepiine, KOpeHeMm i3 OJWHMIN a, MO-Apyre, € Kopenem crernens n Haja P’ xapakrepuc-
tranoro Muorowiena marpuni A. Creninb agrebpaidnocti exeMmenrta « Hag nogseMm P me
nepesuiiye n. Toai creminb aaredbpaldtHOCTI HOIO e1eMeHTa HaJl 1mojieM P He TepeBUIye
nm, ne m = (P” : P). IcHye nume cKiHUeHHe YHCI0 TAKAX KOPeHiB « i3 oxuuuti. O1ike,
muoxkuna tr(G1) € ckinuennow i rpyna (G; TakoxK CKiHYeHHA. Jlema j0BeeHa.

Teopema 5.3 (Teopema Illypa; [2]). Ilepioduuna mampuuna epyna G C GL(n,T)
Had nosem T 6yde A0KANOHO CKINYEHHO010 2DPYNOT0.

Zlosedenns. Moxkua BBakaTu, 1o moJsie 1 — anrebpaiuno 3amkHeHe. Hexait v —
roMoMopdizmM, po3ragnyTuii npu gosejesi reopemu 5.2l 13 nemu 5.1 cainye, mo v(G) —
JIOKasIbHO ckinvenna rpyna. Hexaii char 7' = 0. Toxi Kery = {E} i 7(G) = G — sqo0kaib-
HO ckinvyenHa rpyma. Hexait charl = p. Toxi Kery — miarpyma JiokaabHO CKiHY€HHOT
yuirpukyTHol rpyuu UT(n,T) i, orxke, Kery — jiokanbio ckinyenHa rpyna. Toi rpymna
GG € po3IMIpeHHs JIOKAILHO CKIHYeHHOI IPYIH 3 JTOIOMOIOK JTOKAJTHHO CKIHUYeHHOI IPYIIH
7(G). e 3HaunTh, MO rpymna G TAKOK JIOKAJIBHO CKiHYeHHA. TeopeMa JoBejieHa.

Hacainok 5.3. Cuaoscvra p-nidepyna epynu GL(n,T) nad nosem T 6yde aokasvro
CKIHYEHHOI0 2PYNOI0.

Hacuinok 5.4. Hexadi char T # p. Cunoscoka p-nidepyna epynu GL(n,T) nad nosem
T 6yde yinkom 36101010 2pYnoio.

JloBejienns BuiLIMBae i3 Hacjaiaky 0.3 i o3naxku [LiaroHosa mijikom 3BiIHOCTI I'pyII.

IIpob6aemu Bephcaiiga.

1. Yu Gyze CKiHYEHHOIO CKIHUYEHHO MOPOJZKeHa TepioudHa rpyna (HeoOMerKeHa mpo-
6ema Bepucaiiza)?

2. Hexait nano marypajphi uuciaa n > 11 k > 1. Uu Oyjie cKiHIEeHHOIO TPyIIa €KCIo-
HEeHTH 1 1 3 9uCJIOM TBIpHEX He Ginbine HiXK k (0O6Mmexkena npobiaema Bepucaiiga)?

3. Hexait B(k,n) = Fy/(Fy)" — daxrop-rpyna sinbnoi rpynu Fj, 3 k TBipHUME 32
HiI'PYTIOI0, TTOPOJIZKEHOIO N-MHU CTeleHsIMu BCix ejieMenTiB rpymnu Fy. [Turanns 2 ekBiBa-
JIEBHTHO NMATAHHIO PO CKiHdeHHicTh rpynu B(k,n).

Jlesxki Binnosigi. CKiHYeHHUMH € IPYIIN:

B(k,2), B(k,3), B(k,4), B(k,6).

[1. C. HoBikoB aHOHCYBaB HeraTHBHY BiIMOBiIbL Ha obMexkeny mpobsemy, a €. C. [omox
JIOBIB HEraTWBHY BiJIMOBiAb HA HeoOMerKeHY mpobsiemy BepHcaiina.
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3 pobit II. C. Hosikosa, C. 1. Axgna, O. . Kocrpukina BumimBae icHyBaHHS J1JTst
JIOCUTh BEJIMKWAX MPOCTUX P CKIHIYEHHO MOPOYKEHOI HECKIHIYEHHOI MTPOCTOl P-TPYNN TOKa-
3HHKa' p.

O. I. Kocrpukin J0oBiB icHyBaHHs Takol KoHCTaHTH 7(k,p), MO MOPSAIOK JHOOOT CKiH-
YEHHOI P-I'PyIH MOKA3HUKA P 1 3 k TBIpDHUMH HE IIEPEBUINYE IO KOHCTAHTY.

§6. Teopema Kuaiddopaa
Hexait G — rpyna, H — HopmaJsibHa miarpymna rpynu G i
A:H—GV(dT)
300paxkennst rpynu H wag nmonem 1. Hexait g € G. Toxi BigoOparkenHs
AY:H — GV(d,T), A%h)=A(g 'hg) (he€ H) (1)

Oyze TakoxK 300pazkendstm rpyuu H naj nosem T'. Bono nasuBaerbcs cnpsascerum 10 A
3a J0moMoromo ejgementa ¢. Hexait gani G — mHe3Bigna rpyna, V — jiHiitauit npoctip B
KoMy jie rpyma G.

Jlema 6.1. Hexati M — nenyavosuti nessidnut H-nidnpocmip ainitnozo npocmo-
py V. Todi dasn woocnozo g € G nidnpocmip g(M) npocmopy V' 6yde nessidnum H-

nidnpocmopom i V.= > g(M) e yirkom 36idnum.
geG

Zlosedenns. Hexait h € H. Toni

h(g(M)) = hg(M) = g(g~"hg)M = g(M),

Tak axk ' = g thg € Hi W (M) = M. Orxe, g(M) — H-uiampocrip mpocropy V.
HeBazkko Gauuru, 1o 1e He3siguuit H-mignpoctip. Hexaii Vi = > (g(M)). Toxi
geG

g(Vi) =g (Z(l’(%)) = (ge(M)) = (y(M)) = W,

zeG zeG yeG
to6To Vi — G-nignmpoctip mesBimnoro G-nmpocropy V. Otxe, Vi = V i H-npoctip V' 6yme
HUIKOM 3BiHuMu sik cyma HesBiauux H-nignpocropis g(M) (g € G). Jlema nosenena.

Teopema 6.1 (Teopema Kuiddopua; |2]). Hopmaavia nidepyna H nessidinoi mampu-
unot epynu G C GV (n,T) nad nosem T € uinkom 36101010 2pynoio.

Joseiennst BurimBae i3 jemn 6.1.

Hexaii Bukonytorhes ymosn jievu 6.1 Beegemo B posrisig muoxkuny St(M) Beix ese-
MeHTIB ¢ rpynu G takux, mo H-mianpoctip g(M) € isomopdunii H-nianpocroposi M.
Muoxkuna St(M) wasuBaerbes cmabinizamopom H-mignpocropy M B rpymi G. Tak gk
h(M)=M (h € H), ro HC St(M).

Jlema 6.2. Cmabinizamop St(M) e nidepynoro epynu G.
Hosedenns. Hexaii g1, go € St(M) i
p1: M — gi(M), p2: M — go(M)

isomopdizmu H-npocropis. Tomi ¢ = g1pa2g; 01 6yne Bimobpamennsam M — g1go(M).
Hexait h € H. Toxi h™'ph = h™ g102g; "hor = h™'g1pahig7 o1 = gihy Yoahigr e = .

! Tokasnuk nepionndHol TPyIH — HaMMEHIIe CIiIbHe KpaTHe TOPAIKIB
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3Bijcu ciijuye, 1mo ¢ — isomopdizm H-tpocropy M wa H-npocrip g1g2(M). Orxe, g1g2 €
€ St(M). Jlema nosejieHa.
Baenemo npoctip

L= Y z(M)

zeSt(M)

Hesazkko Gauuru, mo L — St(M)-npoctip i L — ninkom 3Bigauit H-npocrip, npuaoMy
L= Mi- M.

Hexait G/ St — MHOXKMHA BCIX NPEJACTABHUKIB JIIBUX CyMiKHUX Kjaacis rpynu G 3a mij-
rpymoto St(M) (6yaemo BBazKaTH, 0 OJAWHUIA BXOAUTH B 110 MHOXKHUAY) i g € G/ St. Toxi
g(L) — uinkom 3BigHuit H-npoctip i

g(L) = g(M)+---4g(M).

Bigmitimvo, mo M = g(M) (ak H-mpocropu) Toxi i Tinbku Tomai, kKoau g € St(M). I3
CKAa3aHOT0 BUILIUBAE, IO KOJIU 1, Jo PisHi esqementn i3 G/ St, To cyma g1(L) + g2(L) Gyne
npsmoio cymoro H-npocropis. Hexait

Vo= Y z(L).

zeG/St

Hesazkko 6auntu, mo Vo — G—mignpoctip B V. Otxke, Vo = V. Hexait HaTypabHe 9HCIO
t € HaliOLIbIIe Take, MO ICHYIOTh €JIeMEHTH 1, - .., §; (91 = 1) Muoxkuuu G/ St, nis arux
cyma

Vs=gi(L)+ -+ a(L)

Oyse upsamoro cymoio H-nianpocropis. dxmo icaye g € G/ St (9 # g1, .-, § # g¢), TO
He3BijHl npsivi gopanku B H-nignpocropi g(L) (Boun i3omopdni) e Gymyrh i3omopdHui
He3BlHUM npsamuM Jogankamu B H-mignpocropi V. Toxi cyma Vi + g(L) Gyae npsimoro
cymoro H-migmpocropi. e cynepeunts Bubopy uuncia t. Orxke, V3 = V| To6TO

V=g(L)® - &gL) (2)
— mpsma cyma H-migmpocropis i, okpim msoro, G/ St = {¢1, ..., ¢} Ta t = [G : St(M)].
Hexait g € G. Jlna koxkuoro nomepa i € {1, ..., t} icuye exunmii nomep j € {1, ...,
t} raxwnii, mo
9; '99: € St(M). (3)
Tomi
9(giL) = g;L. (4)

Hexaii L¢ = TG®gsya) L — inaykosannit T'G-moayap. 13 (2)-(4) Bumiusac isomopdizm
G-npocropis V = LE.
[TincymoBy10oUm cKazaHe, 0JIepzKyeMO aeTasizalio Teopemn 6. 1.

Teopema 6.2 (Teopema Kribdopaa; [2]). Hexati G — neseidna nidepyna 2pynu
GV (n,T) nad noaem T, H — nopmasvna nidepyna epynu G, V' — ainitnud npocmip
Had nosem T, 6 axomy die epyna G, M — nenyasvosut nessidnut H-nidnpocmip 6 npo-
emopi V., St(M) — emabinizamop H-nionpocmopy M 6 epyni G i L= >  x(M). Todi

x€eSt(M)
BUKOHYMOMBCA YMOBU.:

1) V' — wiakom seidnuti H-npocmip;

2) H-npocmip L e 00nopiono winkom seidnuti, mowniwe L = M+ - -+ +M:;

3)t =[G :St(M)] < oo;

4)V = LY,

5) n = (dim M)st, de s = (dim L) /(dim M) — wucro npamux dodankie M 6 H-npocmopi
L.

25



Hacaimok 6.1. Hexatli A — nessione T-306pasicenns epynu H, wo eidnosidae npo-
cmoposi M, I' — T-zo6pastcenns 2pynu St(M), wo eidnosidae npocmoposi L. Todi

F'=A+---+A.
————

T'pyna G cnpasicena 3 2pynoro T'9(G), de T — indyxosane sobpasicenns epynu G.
IIpu yvomy epyna H cnpasicena 3 2pynoto mampub

{diag[T® (h), ..., T%(h)]|h € HY.

Hacaimok 6.2. fxuo t > 1, mo epyna G — iMnpumimueHa.

§7. TpukyrtHa i yHITpUKYyTHa rpynu

Hexait F' — nose, T'(n, F') — uigrpyna B GL(n, F') Bcix BepxHIX TPUKYTHUX MATPHUIH
nopsiiky n Hag nojem 1, UT (n, F') — nigrpyna B T'(n, F) BCIX yHIimpukymmux mampuyo
(TO6TO TPUKYTHUX MATPUIb 3 OJUHUIAME HA jiaronaui). I'pymu

T(n,T), UT(n,F)

HA3UBAIOTHCS MPUKYMHOIO 1 BIATOBLIHO YHIMPUKYyMHOo0 TPYIIAME CTeIIeHs n HaI moieM F.
Hesazkko Gauntu, mo yuirpukyrna rpyna UT(n, F') € HOpMaJIbHOIO i ArPYNOI TPUKYTHOT
rpyuu T'(n, F) i
T(n,F)=UT(n,F)D(n,F),

ne D(n, F') miarpyna BCiX JiarOHAJbHUX MATPHIb CTeleHs 1 Haja nojiem F. Bimmitn-
Mo, 1m0 yHiTpukyTHa rpyna UT(n, F') MOpOIZKYETHCA TUMHU €JTeMEHTAPHUMU MATPUIISIMU
tij(A) (A € F), st sikux j > i.

Haramaemo neski osuadennst. Hexait G — posinbua rpyna, A, B — migrpynu rpynu G.

Yepes [A, B| nosnagaerbes miarpyna B G, M0 MOPOJZKYEThCS BCiMa KOMyTaTopamu [a, b]
(a € A,be B). Pan

GOG > --->G%W (¢"=1]G,G),G" = [G* D, G k> 1)

HA3UBAETHCA padom Komymanmie rpynu G, G' nasusaerbesa komymarmom rpynu G. I'py-

na G € po3B’sI3HOI Ipymo ToAi i Tiapkn Tomi, kKomn G — onmHmuma migrpyma s
neaxoro k. SIkmo G — poss’asma rpymna, To maiimenmre k = k(G) 3 G = 1 nasubae-
ThCsl do6otcuH010 psiay KomyTanTiB rpynu G. fkmo G — nerpusiaibHa abeseBa rpymna, To
k(G) = 1.

Pan

lczZiCc...CZ,_1CZ,C...,
ne 7y = 3(G), Z, — maka miarpyna B G, mo

Zi)Zy—1 = 3G/ Zk-1) (k>1),

HA3UBAETHC 6EPTHIM yehmpaavhum padom rpyiu G. pyna G Oyjie HiJIBIOTEHTHOIO TPY-
IIOI0 TOJI 1 TIIBKU TOJI, KOJIK 11 BEpXHIN MEHTPAJIbHUNE Psi J0X0AUTh 10 rpymu G, ToOTO
Zy = G st jeskoro k, mpu 1iboMy, HaliMeHIe kK Ha3WBAETHCSA CMENEeHeM HIAbNOMEHMHO-
cmi rpynu G. HinbmorenTHa rpyna cremens k = 1 Oyje abeieBoro IpyIoro.
Pan
GOoOItD...DIw1 DI D ...,

e
[ =[G,G], Tw=[G. il (k>1),

HA3UBAETHCSI HUNCHIM yermparvorum padom rpynn G. Ipyna G € HITBIOTEHTHOIO I'PYIIOID
crenensa k ToAi i TIMbKU Toi, Kou 'y, — oauHUYHA TpyNa i mpu mboMy k — HaliMeHrIe.
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Teopema 7.1. Yuimpuxymna epyna UT(n, F') (n > 1) € nisvnomenmna 2pyna cme-
nensa wiavnomernmmuocmi n — 1. Jlosorcuna pady xomymanmie epynu UT (n, F) piena d =
= [logy(n — 1)] + 1. Tpukymmua epyna T(n,F) € pose’asna epyna 3 doescunoro pada
komymarmie d + 1.

osedennsa. Ilosnaunmo uepes b; — j-By OiuHy aAiaroHasb, mapasejbHy TOJOBHil
Jiaronasii marpunp i3 rpyun UT (n, F) (j =1, ..., n—1). fdkmo A = (o), 10

bl (A) = (0412, s 7an—1n)a
bJ<A) = (a1j+17 ey an—jn)v

bn—l - (aln)'

Buaiigemo Bepxuiit nenrpanbuuit pag rpynu UT(n, F). Tlpu npoMy CKOpUCTAEMOCH
TAKOIO BJIACTUBICTIO: MATPHUILA

ti (1) Ati;(1) = ti5(—1) Ati5(1)

OJEPIKYETHC 3 MaTpuIl A, gKIO J0 j-ro CTOBIYMKA JOJATH -Wii Ta BiJ i-ro psaka Bij-
HATH J-uil psijioK. [locTymoBo ymeBHIOEMOCH B TOMY, IO Y BEPXHBOMY IEHTPAJIBHOMY PsiJii
rpymu UT' (n, F') nepiuii wien Z; CKIaJA€ThCs 3 THX MATPUIlb, Y AKUX BCi GiuHi giarona-
7i b; € HyaBpOBi, OKpIM Aiaronasi b,_i; Apyruit 4ieH Zy CKIAJA€TbCd 3 MATPUIb, Y AKHX
HYJILOBUMU € BCl GivHi giaronasi, okpim giaronasei b, o, b,_1; 1T 1. (n—2)-uit wien Z, o
CKJIQJIAETHCS 13 THX MATPUIlh, Y SKUX TepHIa Jiaroanb by € nyavosa; Z, 1 = UT(n, F).

Bokpema, komytant G’ rpynu G = UT'(n, F') cymimaersest 3 Z,,_o 1 HUXKHIN [eHTPab-
HUM P €] TPYIH CYMITMAETHCSA 3 BEPXHIM, 3allICAHOMY Y 3BOPOTHBOMY MOPAIKY. Takum
auroM, rpyna UT(n, F') € HibmoTeHTHA cTeneHs HiibmoTeHTHOCTI N — 1. Ipyruii Komy-
raur G” rpynu UT (n, F') cknagaerhes i3 Tux MaTpuilp, y skux nepui 142 6iuni giaronasi
€ HyaboBi; rpyna G"” ckinanaerbes i3 Tux Marpuip, y skux nepir 1+ 2+ 4 6iaui giaronasi
€ HyshoBi i T. ;1. Teopema joBejieHa.

Jlema 7.1. Hezxati U = [UT(n, F)|r — ainitina oboronka epynu UT(n, F) i R =
={A—-FE|AcUT(n,T)}. Todi

R=RadU, R"=0, U/R>F.

Jlosedennsn. Muoxkuna R € gocTopoHHIM igeasom aaredbpu U nana nosem F. Marpn-
qmHi ofuHHIi e;;(j > i) yTBOPIOIOTH Gas3uc mporo imeana max momeM F. JIoOYTOK € - - - €45
VIOPSAIKOBAHOT MHOXKHHH 7" IUX OJMHUIL TLTbKH TOMI MOXKe OYTH BiAMIHHUN Bif HYyJIs,
KOJIK § — 1 > 7. 3BIJICH CJIIYE, 10 J00yTOK N Oyab-sakux ejgemeHTiB i3 R € nyavosuii. Lle
JIOBOJIMTH JIEMY.

Hacainok 7.1. Hexa' T = [T (n, F)|rp — ainitina obosonka mpuxymmoi epynu T (n, F).
Todi
RadT =R, T/R=T®---dT.
—_—
Bigmitimo, mo 6yab-aka marpuns A € UT(n, F') 6yne noxibua nopmasbhiii dhopmi
2Kopjiana:
J(A) = diag[Js(1),..., Ji(1)], (1)

ne J.(1) — kuitka 7ZKopana nopsiiky 7 3 OJUHUIEIMU HA JIIarOHAI.

Jlema 7.2.

1) Hezat char F = p > 0. Todi ywimpukymna epyna UT (n, F') 6yde p-epynoto. Hexadi
AeUT(n,F), r — natbiavwui i3 posmipis kaimor 2Kopdana ¢ J(A) (dus. (1 )) Todi
nopadox eaemenma A dopiewroe pF, de nokasnur k natimerwut maxud, wo pF >

2) Hezati char F' = 0. Todi epyna UT(n, F') 6yde 2pynoto 6e3 kpyuerna.
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Hosedenna. 1) (A— FE) = 0,A"" — F = (A — E)pk = 0 roxi i TIAbKKM TOJII, KOIU
p* > r. 3piacu sunmsae Trepkenna 1). Y sumaxy 2) kaitka 2Kopaana J,.(1) — enement
HecKinueHHoro nopsaaky B rpymi UT (n, F'). 3siacu summsac 2). Jlema noBejieHa.

Hexait xapakTepuctuka nosga F' piBaa p > 0. Po3riigaemo p-miarpynu moBHOL JiHIKHHOL
rpyuu GL(n, F).

Jlema 7.3. Hexaw char F' = p > 0. fArxwo H — abcomommno wessiona p-nidepyna
epynu GL(n, F), mon=1, H=1.

Zlosederns. fximo A — p-eqeMeHT Ipynu, TO BCi BJacHI 3HaYeHHS MaTpuii A piBHI
onuaui. Tomi tr A = n i, otxke, |tr(H)| = 1. I3 Teopemu 5.1l Bepucaiina cainye, mo H —
OJIMHUYHA Ipyla i Toji, B cuiiy He3sianocti H, Oyjge n = 1. Jlema joBejieHa.

Teopema 7.2. Hezxaii char F' = p > 0. Byodv-saxa p-nidepyna epynu GL(n, F') cnpa-
orcena 3 dearoro nidepynoto epynu UT(n, F). T'pyna UT(n, F) e cunroscoka p-nidepyna
epynu GT (n, F'). Cunoscoki p-nidepynu epynu GL(n, F) 6ydymuv cnpastceni miore coboro.

Jlosedennsa. Hexaii F' — anrebpaiune 3amukanng nouas I, Hexait G — p-uiarpyna
rpyuu GL(n, F). I3 reopeMu 11po KaHOHIUHMI BULIsii MATpUIHUX rpyll i jiemu 7.3 ciiiye,
mo rpyna G cupsizkena B rpyui GT'(n, F') 3 gesxoro niarpynoro rpynu UT (n, F'). Hexait
A = [G]p, B = (g — Flg € G) — ninanrebpa B A 3 BKa3aHUMU TBIDHUMH €JIEMEHTAMH.
Toxi B cupsizkena 3 mijanreGporo inbnorentnoi anrebpu [UT(n, F'|p (nus. nemy [7.1)
i, orke, B — wuibnorentHa ajsredbpa. Okpim Toro, B — aBocTOpOHHIH ijeas B ajaredpi
Ai A/B = F. Hexaii V — niniitauii npocrip, B saxomy i€ rpyna G i § — naiimenrre
HaTypaJbHe Ynucjio Take, mo B® = 0. Po3ristnemo psii niinpocTopis

VOBV D---2>B W DBV =0
i mpoBezemMo 6a3uc npocropy V depes 6asucu nux mignpoctopis. Tak sk
(9—1DV C BV, (- 1)B'V C BV (j > 1),

TO y BuOpaHoMmy 6aswuci Bci omeparopu i3 rpynu G OyayTh MaTH YHITPUKYTHI MATPUIL.
Orxke, Oyap-sika p-miarpyna G (B Tomy 4ducii i cuioBebka p-miarpyna) B rpym GL(n, F)
CHpsiZKeHa B IMiil rpymi 3 miarpymnoto B yuirpukyTHiilt rpym UT(n, F'). Teopema jnoBe/ieHa.
[Ipusejiemo iU BapianT JJOBEJIeHHs TeopeMu [7.2, 33CHOBAHU HA TAKOMY pe3yJibTaTi
B TeOpil 300parkeHb CKIHYEHHUX I'PYIl HAJI MOJISIMU: CKIHYEHHA P-IPyIa Ma€ TLIbLKU OJHE
He3BiIHe 300pakeHHs HaJI MOJIEM XapaKTePUCTUKU P — 1€ OJUHUIHE 300parKeHHs .
Hexaii G — Oyap-gka Hespigua p-miarpyna B rpym GL(n,T), ne F — mose xapa-
KTePUCTHKH p. ICHye CKiHUYeHHA He3BiJHA cHCTeMa MATpHIp i3 rpynun G Taka, M0 KOXKHA,
MaTpulid i3 rpynu G Oyzae miHiiiHO0 KOMOiHaIieo Ha L moteM F' i€l cucremu. Tak ax G —
JIOKAJIbHO CKiHYeHHA I'pylia, TO Hijarpymna H, 1o nopo/KyeThCcs BUOPAHOIO CHCTEMOIO Ma-
TpuIlb Oy/Ie CKIHYeHHOIO He3BiHOO nijarpynot rpynu G L(n,T). I3 BkazaHoro pesysbrary
Teopil 300pazkeHb IPyIl BHILTHBAE, 10 rpyna H — € omuanana. Toxi n = 1 1 G — onunu-
4yHa rpyna. Temep Teopema 7.2/ BUILINBA€ 3 TeOpeMH PO KAHOHIYHUN BUIJISA MATPUUHOL

TpYIIH.
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§8. ITpumiTuBHi po3B’a3Hi rpynu

Jlema 8.1. Hexati 2pyna A 6yde poswupenmam ceozo uenmpa F' = 3(A) sa donomozoro
ckinuennoi abeaecoi epynu i komymanm A" = [A, A] epynu A e yukaiuna 2pyna nopadky
m. Todi e 2pyni A icnyroms maxi napu (a1, b1), ..., (a,,b) esemenmis, wo ukoHyOMbCA
YMOBU:

1) eaemenmu pisnuT nap nepecmaHo80uHi;
2) axwo m; — nopadox Komymamopa [a;,b;l, mo my = m, miyq diaumo m; (i =1, ...,

t—1), nput>1;

3) AJF =@ x by X --- X @y X by, de @ noznavae cymiocnut xrac aF (a € A);
4) nopadow eaemenma @; dopienioe nopadsy b; i dopiswoe m; (i =1, ..., t).

Hosedenns. dxmio a, b, ¢ € A, To BpaxoBytoun, mo A/F abenesa m = [a,c] = 1.

Otxe, [a,c] € F = 3(A) i [a,c]’® = [a,c]|. Tomy

[ab, c] = [a,c]’[b,c] = [a,c][b, ], amamoriuno [a,bc] = [a,b][a,c]. (1)
Komn b € F, 1o [b,c] = [a,b] =11
[ab, ¢] = [a, bc] = [a, c].
Hexait a € A1 @, : A — A’ Take BimoOpazKeHHs, 110
vo(z) =[a,z] x € A.

Toxi i3 (1) cainye, mo @, — romomopdism rpynu A B komyrant A’

Hexaii a Takwuii elemenT rpynu A, 10 @ € eJIleMeHTOM HaWBHIINOTO TIOPSAJIKY M1 B IPyIIi
A/F. Bigmitumo, mo m; — HaiiMeHIIe crijibHe KpaTHe MOPS/IKIB BCIX eJIeMeHTIB CKiHYeH-
Hoi abenesoi rpynmu A/F. I3 (1) sumnusae, mo [a, A] — niarpyna nukaiunoi rpynn A’
Hexaii b raknii eemenr B A, mo € = [a,b] € tBipnuii enement rpynu [a, A]. Tak sk

1=[a™,b] =™,

TO TMOPSIZIOK T eJIEeMEHTa € JILIUTh M. 3 Apyroro 60Ky, sikimo = € A, To [a”, x] = [a, z]" =
= ()" = 1, sBigmkm BummmBae, mo a” € F i toxi my aimare r. OTxe, 7 = my. Jaii,
MOPSIOK § eeMenTa b B rpymi A/F mimurs my. A Tax ax 1 = [a, b*] = £°, To m, mimuts s.
Ot2ke, BCi TpHU €JIEMEHTH @, b, [a, b] MmatoTh OHAKOBHUiT OPsiOK M. Hexaii x, y — noBiabai
eneventn rpymu A. Tak ax 2™ € F, 1o 1 = [x,y]™, T06T0 mopsag0k KomyTaropa [z, y]
JimuTh nopsaaok miarpynu [a, A] mukmiunoi rpynmun A'. Ile 3uaunts, mo [z,y] € [a, Al.
Orxe, A" C [a, A], To610 A" = [a, A] i 3HaunTs my; = m. 3a nepiry napy (aj,by) MoxkHa
B3sTH napy (a,b).
Heaxkko 6auuru, 1mo @4, pp — enimopdizmu i

A = (b,Ker ) = (a,Ker p,) = (a,b, A1),

e Ap = Ker p, [ Ker .

Ko g 1edKux HATypaJbHUX YUCET 7', S BUKOHYETHCS PIBHICTD @ = BS, TO 1 =
= [b°,b] = [a"f,b] = [a",b] = €", ne f € F, 1110 MOKJIUBO TLILKY TOJI, KOJH 7" JILTUTHCS HA
my. Orxe, @ = b = 1. 3sigcu Bummsae, wo 106yToK (@) <l_)> € upsaMuii.

Ientp 3(A;) rpynu A; cymimaernes 3 rpynoto F. dkmo A; # F, To komyranrt (A;)
rpynu A; Oye DHKIIYHOI0 IPYIOK, TOPAIOK Mo SKOI JAUIATEL M i B IIbOMY BUNAJIKY TPy
A, 3a/10BOJIBHSIE THM zKe yMoBaM, 1o ii rpyna A. Hexait A; # F i A} = Ay /F. dxmo
@b € Ay, To a*b" € Kerp, i Toni 1 = [a,a®b"] = [a,b]", 3BiiKM BUILTUBAE, IO T JLIATHCS
Ha M7. AHAJOTIIYHO JOBOAUTHCH, MO S TAKOXK JALIMTLCA Ha Mp. Takum dmHOM, 100yTOK

!/
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((6} X <b>) A1 € npsamuii i cymimaerbes 3 rpynoto A. Okpim nporo, 10 rpynu A; MOXKHA
3aCTOCOBYBATH 1HAYKTHBHE PUITYINeHHs. [le JoBOauTh jeMy.
Haramaemo, rpyna G Ha3UBAETHCSA P036 A3HONW, KO 11 pad

NnOCALIOBHUL KOMYMAHIMLE TOXOIUTH 0 OJUHAYHOL MIITPYIH Yepe3 CKIHIYeHHe YHCJI0 dJie-
HiB psaay. ['pyna G € po3B’sa3HO0 TO/I i TIMBKH TOMI, KOJH SKINO iCHYE HOPMAJIbHII PsT

1=GyocGiCc...CcG,1CG;C...CcGs=0GG,

Bci dakropu G;/Gi—y (i = 1,2,...,5) aKkoro € abeyneBi rpynu. k-010 KOMYmMamopHor
0Y21cK010 HA3UBAETLCS 1HIYKTUBHO BU3HAYeHA (DYHKIIis

Dk(I17...,x37y17-"7y8)

Bin 25 = 2% enementis rpymu G-

D'(z,y) = [z,y);

Dk(ml, e T YLy Ys) = Dl(Dk_l(arl, o ,xs),Dk_l(yl, ceyYs))-

I'pyna G 6yme po3B’si3HOIO TOI 1 TIIBKK TO/, KON JJIsI I€SIKOTO HATYPAJBHOTO Yucjia k
JOBiTbHA KOMyTaTopHa jay:kKa DF Toroxkuo piBra oxmmumi rpynu G.

Hexait nani G — po3s’a3ua npumitusHa miarpyna rpymu GL(n, T') wax nonem T'; F —
MaKCuMaJ/IbHa HOpMaJjbHa abejeBa niarpyna rpynu G; V = 34(F) — uenmpanizamop
uiarpynu F' B rpyni G (ne cykynnictsb Beix Tux ejgeMentiB rpynu G, ski KOMyTYIOTH 3
KOKHUM eJieMeHTOM rpynu F'); A — Taka MakcuMasabHa HOpMaJsbHa miarpyna B rpymi G,
mo A micrurbes B rpymi Vi dakrop-rpyna A/F € abesieBoto rpyuoro.

BimmiTumo, mo rpyma V' e HopMasbHoto miarpymnoto rpynun G. i 4 rpynn yTBOpoOOTDH
s

FCACVCQG,

HopMaJibux uigrpyn rpyuu G. Leit psg Oyaemo nasusaru psadom Cynpyrenko.

akomy epyna A me cymiwaemocesa 3 epynoro F.

Hosedenns. Hexait V/F — weogunuana rpyna i Ay — raka miarpyna B rpymi V', mo
F C Ay irpyna Ay/F — ocrawuiii HeouHUYHUI wieH psiy KoMmyTanTis rpynu V/F. Toxi
Ay /F — aBenesa miarpyna B rpyni V/F, ska 3aMuliaeThest HE3MIHHOIO IPH JIil JTOBLTHHOTO
asromopdizma rpynn V/F | 30kpema, A; — nopmaibua niarpyua rpynu G. Taui rpymy A
Bubupaemo rak, mob A; C A. Jlema jposegena.

Beejiemo 1ie jeski nosnadenns. Hexaii nose K — posmupenns crenens d = (K : T)
nonst T 1 {ey, ..., eq} — neskuii T-6azuc mong K. [lo3Haunmo 4epe3s & — MaTPUIO
omeparopa MHOXkKeHHs Ha « € K y BKazaHomy 06a3uci (j-uil CTOBIYHK MATPHUIL O 1€
KOOD/IMHATHUIT CTOBIYUK esieMenTa ae; 10/s K). Hepes K Oy/1eMO J1aJj1i Ho3HAYATH 110JIe
{ala € K}. OueBnano, mo K = K, sokpema, T =T = {aF,|a € T}.

Bupunmo BractuBocti pany Cynpynenka, B skomy A # F.

Jlema 8.3. Ichye maxe moune nessione sobpascenns A : F — GL(d,T) epynu F,
cmenins d AKx020 diaums n, U0
1) epyna F cnpasicena 3 2pynoto mampuis

diag[A(a),...,A(a)] (a € F);
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2) ainitina oboaonka [A(F)|r € nosem }?, de noae K — deaxe poswupenns cmenens d
noas 1 _

3) epyna V' enpascena 3 nidepynoto epynu GL(r, K), de r = n/d;

4) epyna G|V izomoppra desxit nidepyni epynu Taaya G(K,T) noss K nad nosem T.

Jlosedernns. 3po3ymino, mo F' € HopMaabHOoO miarpymnoo He3sigal rpymu G. I3 Teo-
pem Kiiddopaa Bumnuae, 1mo rpyna £ € 0dnopiono yiakom 36101010 2pynoto, TOTHIIIE,
icaye Take Toune He3BimHe T — 300pazkenus A rpynu F, mo rpyna F' cupszkeHa 3 TPYIIO0
MaTpHUIb

Ala) 0 0
0 Afa) 0
L (a € F),
0 0 ... Aa)
3BIJIKM, 30KpeMa, CJIiIY€, 10 cTeninb d 300pazkenus A gigmrh n. 3a HacaigkoMm 4.2 riniiina,
obonouka [A(F)|r = M(s,K), ne K — d/s-umipne Tino maj nomem 1. Ockinbku F

abenesa rpyna, To [A(F)]r 6yae KoMyTaTHBHOIO anrebporo, a, otxke, s = 1, K — none,
110 € d-BuMipaum postupertsim moJist 1. Ockinbku [A(F)|r = K, to [A(F)|r = K. 'pyna

V Gyne cupsizkeHa 3 rpynoo MaTpulb Hajl nearpasizaropom noas K B xiabui M(d,T).

Brigao teopem Cronema-Hborep, meit menTpasizatop cymimmaerbes 3 camum mojaem K.

Orxe, rpyna V cnpsizkena 3 mnigrpynoto rpymu GL(n/d, K). Bayrpiniit aBromopdizm

I 2 — grg™t

Bijuosinuicts ¢ — o0, (g € G) 6yae romomopdizmom o @ G — G(K,T) rpyun G B

rpynmn G ipykye peskumit aBroMopdism o, nmonsa K man mosmem 1.

rpyny lanya mona K majg monem 1. fnpo romomopdismy o cywmimaerses 3 rpymnoio V.
[le moBOIUTEH JEMY. B
Hani 6ynemo seazkaru, mo rpynu F, A, V e nigrpynamu rpymu GL(r, K).

Jlema 8.4. I[enmp 3(A) epynu A cymiwaemovces 3 epynoto F. Komymanm A’ epynu
A e yurkaiuna 2pyna, nopadok axoi disums wucao v = n/d. Ienmpanizamop 3y (A) epynu
A 6 epyni V' cymiwjaemuves 3 epynoto F.

Hosedennsa. F C 3(A). I'pyna 3(A) 3aqumaerbcs HE3MIHHOK mpu il JOBLILHOTO
asromopdizma rpymu A. Tomy 3(A) Gyae nopmaabuoo niarpynoio B rpyni G. pumyie-
uns F' # 3(A) Bezne no nporupivus 3 ubopom rpymu F. Orxe, F = 3(A). Hexait [a,b] —
KOMYTATOp JOBLIbHUX ejneMenTiB a,b rpynu A. Toxi [a,b] € F i, axkmo o = A([a,b]), To
la,b] = aF,. Tlepexoasun B piBHOCTI

ab = aF,ba

JI0 TeTepMIHAHTIB HA/I IIOJIEM K , ofepxkuMo o = 1 B moJi K. Tak sx A’ € abesnena rpymna
(A" C F), to xoxumii enement rpynu A’ € xopenem pisusuus x” = 1 Hajg nomem K.
Orxe, rpyna A’ € niarpyna nukaiunol rpynu nopsiaky r. Ouesnano, FF C C = 3y (A)
i C' wopmasibra uigrpyna rpynu G. Hexait F' # C' i ¢ — rmaka nigrpyna B rpymi V,
mo abesesa rpyna C1/F € nepuuM HEOAMHUYHUM 4jIeHOM psiy KomyTauTis rpymu C/F
(robro Cy # F). Toni Cy — uopmanbha miarpyna rpynu G i rpyna AC) € Takor HOp-
MasibHOIO migrpynowo B rpymi G, mo AC, C Vi (AC))/F — abenesa rpyna. Toxi C) C A,
B cuty Bubopy rpynu A, 1o6ro, C; C 3y (A) (VA = 3(A) = F, inakme kaxyuu, C; = F.
[Iporupiuus. Orxke, C = F. Jlema jioBejieHa.

Hani mouinbro BBazkatu, mo rpynu F, A,V e migrpynamu rpymu GL(r, K) (mocuth
saMinuTH enementn nons K Ha Bianosiani eneventn noig K). dxmo f € F, a € A, 10
f = aE, nna peskoro « € K i fa = aa. Jusa a, b € A [bya] € F i nnga gesxoro § € K
a® = b~tab = alb,a] = a3 = Pa.

posmiprocmi dimg[A] g ainitinoi obosonku [Alk epynu A nad nosem K.
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osedenns. Hexaii t = dimg[A]x i
A1y ..., 0y (2)

— Gasuc obononkn [A]x wanx nomem K, suOpanwmii i3 esementis rpymm A. Toxi cymixmui
Kjacu rpynu A 3a migrpymnowo F
a F, ... aF (3)

¢ nomapuo pizui (sakmo a,F = a;F, 10 a; = aa;j(a € K)). [Ipunycrumo, mo (3) ne
BHUYepIye Bei cymizkHi Kiacu rpynu A 3a miarpymoro F'. Toxi icaye cymizkunii kitac B = bF
(b € A) Takuii, mo

b= piay + -+ By (@EK) (4)
Hexaii B (4), nanpuxya, 5 # 0. Tak ax b~ 'a; ne nanexxkurs F = 3(A), To icuye eement
a € A, akuil He mepectanoBounmii 3 b~ 'a;. Hexait
a'ba = b, a 'aja = yja; (7,7 € K). (5)
Toxi B (5) v # 71 113 (4) BunuBae, 1o

b= fy*l(ﬁl’ylch + -+ Byay). (6)

I3 onHO3HAUHOCTI PO3KIAIB 3a 6A3MCOM BUILIUBAE, IO

B =~""Bim,

O CYMepednTh YMOBi v # 7. OTiKe, NPUMYITEHHS PO iICHYBAaHHS CYMiXKHOTO KJjaacy B,
SKUiT He BXOJMB Ou B cucremy cymikuuX Kiacis (3), nesipue. Jlema nosejena.
I3 jtem 8.1} 18.4) 8.5 BuninBae Takuii pe3ysibTar.

Teopema 8.1. B 2pyni A ichye maka cucmema nap

(a1,b1), ..., (agby) (t>1)

ENEMEHMIB OAA AKOT BUKOHYIOMBCA YMOBU:

].) A/anl Xl_)l X .. xdtxl_)t;

2) nopadku eaemenmis G, by, [a;, b;] piemi;

3) easemenmu PIBHUL Nap NepecmaHro8oyHi;

4) my diaums r, miyq diaums m; (m; — nopadok ;).

Jlema 8.6. Ilewmpanizamop 3v/r(A/F) epynu A/F 6 epyni V/F cymiwaemocs 3
epynoro A/ F.

Zlosederns. Hexait ¢ Takmii erement rpynu V', mo ¢/’ KOMyTye 3 KOXKHUM €JIEMEHTOM
rpyuu A/F. Toni [c,a] € F (a € A). Torpi6uo mosectu, mo ¢ € A. s nporo modyryemo
Taki eJeMEHTH Cy, ..., ¢; € CA, IO eJeMeHT ¢; KOMyTye 3 ejgeMentamu map (a;,b;) ms
Beix i < 7 (1 =0, ..., t(ap,by) = (1,1)). OueBuano, ¢y = ¢. Hexait ¢ > 11 mug j < @
eJleMeHT ¢; yzKe BHOpaHo. 3Haiinemo ¢;. Ilepmr 3a Bce BiamiTumo, 110

[cio1,a;]™ = [bs, ¢;i—q]™ =1,

3BIIKH CJIIIYE, IO
[ci—h ai] — [bu a’i]s7 [bl7 Ci—l] — [bm a/i]r

JUIsL IesIKUX HATYpaabHuX S, 7. Tomai exement a; "c;_1b; ° Gyjie 3a10BOIBHIATH BEMOTAM JIIsI
enementa ¢;. OcraHHiil e1leMeHT ¢; KOMyTye 3 eJleMenTamu Beix map (a;, b;) (i =1, ..., t),
T06TO HaMeKuTh Jy (A) = F. Orke, ¢ € A i nema JoBejieHa.
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Teopema 8.2 (Teopema Cynpynenka; [2|). B kootcnit npumimueniti po3e’asnid nio-
epyni epynu GL(n,T) (T — nose) ichye abeaesa mopmasvha nidepyna, iHOEKe K0T He
nepesuwyye deaxoi konemanmu c(n) < n - (n?)l.

Josedenns. Hexaii G — npumitusaa poss’ssua nigrpyua rpynu GL(n, T'). Po3ris-
nemo paa Cynpyunenka niei rpynu. Hexait v € Vi ¢, : A/F — A/F take BigoGpazxkenus,
110

oo(aF) =v(aF)v™" (a € A).
Toxi ¢, — aBromopdism rpynu A/F, a Bignosianicrs v — ¢, (v € V) — Gyae roMmoMop-
dizmom @ rpynu V' B rpyny Aut(A/F) asromopdizmis rpyuu A/F. dapo romomopdizmy
¢ cymintaernes 3 rpynoo A (aus. semy 8.6). Toxai nopsaiok |G : Al me nepesuiye nopsi-
Ky | Aut(A/F)|, mo B cBOW0 Wepry He MePeBHUINYE YHCIA BCIX THX B3a€MHO OJHO3HAYHUX
BijloOpazkenb Muokuuu A/ F Ha cebe, 1m0 36epiraoTsh oquHndHuil ki1ac F. BpaxoByoun,
mo [G: V] < n (aus. nemy 8.3) i [A: F] < n? (qus. gemy 8.5), oTpuMyeMo

G:F=[G:V]-[V:A-[A:F]<n-(n* -1 n*<n-(n?),

IO JIOBOJIUTH TEOPEMY.

Teopema 8.3. B kootchitli neasionit pose’ aznit nidepyni epynu GL(n, T) ichye abene-
60 HOPMAALHA NI02PYNG, THOEKC AKOT HE NEPesuUWYE Jeakoi Konemanmu ¢1(n), 3aieHcHoi
MiAbKU 610 M.

Hosedenns. Hexait G — imnpumitupHa po3s’s3ua niarpymna rpynu GL(n, T'). ns me-
SAKOTO JIbHUKA T 9UC/IA N ICHY€E Taka npuMiTuBHA po3B’si3na miarpyna H rpynu GL(r, T)
i Taka po3B’si3Ha miarpyna S cumerpuanoi rpynu Sy (t = n/r), mo rpyna G 6yje niarpy-
noto citerinag W = H ! S. Hexaii Fy — rtaka abeseBa HOpMaJibHA Hmiarpyma B rpymi H,
mo [H : Fy] < ¢(r). Toxi F{ — abenesa nHopMmaibHa miarpyna B rpymi W, iHgekc gkoi He
nepesumtye (c(r))t-t!. Hexait F' = G F{. Toni F' — aGesieBa HOpMasIbHA HiArpyna TpymIn
Gi

G:F|=[G F,: F}]<[W:F}].

Ockinbku ¢(r) < ¢(n), 7 < n, 10
G F] < (e(n)" - nl,

IO JIOBOJIUTH TEOPEMY.

Teopema 8.4 (Teopema [accenxaysa; [2]). Jlokaavho pose’asna nidepyna epynu GL(n,T)
€ P036 A3H0I0 2PYNoIo.

Hosedenns. Hexait G — poss’szua niarpyna rpymu GL(n,T) i [(G) — nosxunna
psiy KomyTanTis rpynu G. Bigmitumo, mo [(G) — MiHIMYM JOBXKUH PO3B’S3HHUX PsIiB
(HopMabHUX psAIiB 3 abeseBumu dakropamu) rpynu G. I3 Teopemu po KaHOHIYHUN BH-
/1)1 MATPUUHOL rpynu| ¢aiaye, mo rpyna G € posmupenns gesxol nigarpyuu U B UT (n, T)
3 JIOOMOTO0I0 JIesaKOol niarpymu H B npsMomomy 100yTKy G X ... X Gy JesIKuX He3BiIHuX
PO3B’SI3HUX TPy

GQCGL(nZ,T) (izl,...,t;n1+-~~+nt:n)_

Toni
" UG) < UU) + U(H) < LUT(0,T)) + 1) -+ 1(Gy) <
< (e1(ng) + 1)+ (e1(my) +1) KUUT(n, T)) + (c1(n) + D)™ = ca(n).

3Bijcu ciaijuye, mo c(n) = r-oBa KoMyraTopHa JyKka D' piBHA TOTOXKHO OJUHHIN HA
Oyib-saKiii po3s’s3uiit miarpymi rpymu GL(n,T). Tak gk Gyab-gKka CKiHUEHHA MHOKHUHA
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eJIEMEeHTIB JIOKaJIbHO PO3B’si3HOI rpynu M 1OpOIKY€E PO3B'sI3HY IPYILy, TO KOMyTaTOpHA
ayxkka D" piBHa ojmHuNi Ha Oyab-sskoMmy HaOopi 2" enementis rpynu M C GL(n,T).
Orxke, Oyab-gKka JIOKaJbHO po3B’a3ua migrpyna M rpynu G(n,T) € po3s’s3Ha rpymna.
TeopeMma, 0BeieHA.

[Miarpyny H rpynu GL(n,T) nazseMo mpuan2yib06an01o, SKIIO Ig MiArPyIa Cups-
kena 3 niarpynoro rpyuu 1'(n,T') TpUKYTHUX MaTPUIb.

Teopema 8.5 (Teopema Kosrauna, Masbuesa; |2]). Hexat T — aneebpaiuno 3amrnere
noae. B 0ydv-axit poss’asnit nidepyni epynu GL(n,T) ichye nopmasvha mpuanayivo-
eana nidepyna, thdexc AKoi He nepesuwiye JeAKOT KOHCIMAHIMU, 3AAEHCHOT MINDKY 610
YUCAQ .

Hosedennsa. dxmo G — npumitusha poss’s3ua migrpyna rpyuu GL(s,T), To ma-
KCHMaJIbHa HOpMaJibHa abeseBa miarpymna F rpynun G cKIa1a€ThCs 3 CKAISIPHUX MATPHILh
(muB. mema 8.3). dxmo G — He3BinHA po3B’si3Ha miarpyna, 7o B G icHye HOpMaTbHA TIi/I-
rpyna F' miaromanbuux Marpurpb taka, mo (G : F) < ¢i(s) < ca(n) (nus. Teopemy 8.3
MOCh TEOPeMOI0 po KaHoHiTHMIT Bu 1. Icaye romomopdiszm vy rpynu G B npsimuit 106y TOK
Gy X - +- x Gy mwespiguux migrpyn G; C GL(n;, T) i3 kery C UT(n,T). Hexaii F; — HOp-
MaJIbHA MiArpyna AiaroHaJIbHUX MATpHIb B rpymi G; 1 iHAeKC i€l miarpynu BiJIIOBiIHO
obmezkennit. Tozi rpyma N = G (7 }(F X -+ x F}) Mae obmexkennii ingexc B G i 6yze
TplaHry/JIbOBaHOI0. Teopema JioBejieHa.

Ha zakindennsi iboro nmaparpada HaBeaeMo e OJWH Pe3yJIbTarT.

Teopema 8.6. Hezxati T' = R — noae diticnuz wucen i n — nenaphne wucro. Byov-axa
nea3siona pose’sana nidepyna G epynu GL(n,R) e monomiarvha.

Hosedennsa. Tocurs nokasaru, mo upu n > 1 B rpyni GL(n, R) ne icuyors npu-
MiTuBHI po3B’st3ui miarpynu. Hexait e me tak i G — npuMiTuBHA PO3B’si3HA MiATPyNa B
GL(n,R),n > 1. Posrasgnemo psaj Cynpysenka rpynu G. dxkmo K # T, to (K : T) = 2,
[0 HEMOXKJIMBO B cuity HemapHocTi unciaa n i ymosu: (K : T) minute n. Orxke K =T i
G=V.dkmo V # F, o rpyna A/F — cKiHYeHHA HEOJAUHUTHA, HOPSIKA €JIEMEHTIB €T
Irpyny JadTh 1 i JIaTh nopsagok Komyranta A — niarpynm nopsiaky 2 B rpyni R*) mio
HEMOXKJIUBO B cuiry Henapuocti n. Orxke, V = F,n = 1 i Teopema j0oBejieHA.

§9. Bmpasu

Byab-axy Marpuitio Haj KibIlieM Z MOXKHA BBaXKaTH MAaTPHUIICIO HAJT JOBLILHIM MOJIEM
F. dkmo char F' = p > 0, 1o wose F' wmicrurs Z, = Z/pZ — nosie KJjiaciB JMIIKIB 3a,
pocTUM Mo tysieM p. Tosi miji 9ucsa — 1e nIpeJICTaBHUKY CYMIKHUX KJIACIB 3a MOJLYJIEM D,
MPUYIOMY, Pi3HI MUT @ Ta b MOXKYTH MPECTABISTH OJWH KJIAC 1 TOJI CJIi] BBAYKATH, 10 G =
b. B posrusiyBanoMy BUNAJAKY ¢ = b Toai i Tiibku Toi, kKo a = b (mod p). 3okpema,
SIKIO @ He JIIUTHhCA Ha P, TO ICHYE TIMTbKHU OJUH CYMIXKHHUI KJIac 3 TPeICTaBHUKOM b,
taxuit, mo ab =1 (mod p), 1060 a~! = b B mouxi F.

Bunpasa 1. Hexait T — nosie, GL(n,T) — nosua Jjiniiina rpyna crenens 1 HaJi noJem
T, SL(n,T) — BiguoBigHa cueniajabHa JiHiliHA I'pyla crenens n Hajl mojem 1.
a) TTokaszarn, 10 Taki AiaroHaJ bHI MATPHIL TTOPSIKY 71

d()\) = diag[L,...,1,A] (A eT")

(T* — myapruLikaTHBHA Tpyna noss 1') OyayTh HpejICcTABHUKAMHI BCIX sK JIBHX Tak i
npaBux cyMikuux kiacis rpynu GK(n,T) 3a niarpymnowo SL(n,T).

6) Hexait A € GL(n,T) i a = det A. Tlokazaru, mo icHyIOTh TLIBKHK 110 OHIil MaTpuIli
Cy, Cy 3 rpynu SL(n,T) raki, mo

A= Cd(a) = d(@)Cs.

34



SHallTH i MaTpuIL.

B) Hexait
1 2 0
A=12 -1 1
3 1 —1

[Mokazaru, mo A € GL(3,Q). Buaiitu marpuni Cy, Cy mig marpuni A (qus. 6)). SuaiiTu
XapakTepucTuku Beix nosis T, takux, mo A € GL(3,T). Tlokazaru, mo A € GL(3,7) =
= GL(3,7Z7) i 3uaiiru marpuni Cy, Cy gy A.

Bopasa 2. Hexait T" — noJie i3 ¢ eleMeHTiB. 3HANTH MOPSAKA TPYII

GL(n,q) = GL(n,T), SL(n,q), PGL(n,q), PSL(n,q).

Buopasa 3. Hexaii F' — noBiibHe 1moJie,

E- = ( (1) [1) ) i O (2, F)={Aec M2, F)|ATE-A=FE"}.

[TokazaTn

a) mo O~ (2, F) 6yue rpynowo. st rpyna Ha3uBaEThCs 0PMO20HAALHON 2DYNOI0 Cme-
nemnsa 2 muny minyc Haa noaem F;

6) akmio char F' =2, 1o O~ (2, F) = GL(2, F);

B) akiio char F' # 2, 10

O‘(2,F)=<<(g Oﬁl) (a € F¥), (? (1))>

30kpema, gkmo F = Z,, to rpyna O (2,Z,) i3omopdua rpymi mieapa D, 1 HOpaiaxy
2(p — 1). Biamirumo, mo mag rpynu O~ (2,Z,) Bxusatorh nosHadenus O~ (2, p).

Buopasa 4. Ilokazaru, 1mo Taka MHOXKHHA MaTPHIb TOPAJIKY 1 HaJI mojaem F' .
[A|ATA = B
oyae rpymoio. Llg rpymna Ha3WBAETbCA 0PMO20HAALHOI 2PYNOI0 CMENEeHA N MUNY NANC

naJ nosieM F' i nosnauaerbes wepes O (n, F) abo Ot (n,q) y Bunaaky |F| = q.
IToxazaTn

a)

6)

1)



onan=((42). (2 D)oo
0+(2,4):<(1i9 “59), (? é)>z02><02 (67 =0+ 1);

O+(2,9)_<(_iz. Z) (i = —1), (? [1)>>§D8.

Buopasa 5. Yu icuytors mossa 3 64, 100, 169, 625 enementiB? ¢Iki B HUX XapakTepu-
cruku?

)

Buopasa 6. B rpyni GL(2,7) po3s’s3aru piBHsaHHS

() ()

Bopasa 7. B GL(2,7) 3naiiTu nopsiiok KJacy CHPSIZKEHUX €JEMEHTIB, IKOMY HaJle-

KUTh MaTpUId
(0 —4
a = 1 9 .

Bupasa 8. 3naiitu kiacu cupsizkenux ejaeMentis B GL(2,5).

)
Brasieka: ckoprcratucs dopmymoro Ny(n) = L3 (d)gd mns amcna Ny(n) mpmi-
dln
TUBHWUX HE3BIIHUX MHOTOUJICHIB CTEIEHsd 1 HaJl MOJeM i3 ¢ egeMeHTiB. (i — dynkyis
Mwvobiyca, u(n) = 0, gk1mo n GiAUTHCA HA KBaAPAT TPOCTOro uucia, i(n) = (—1)°%, axmo
n — 106yTOK s pizuux mpocrux aucen i p(l) =1).

Bupasa 9. J/losectu, mo ckindenna marpuuda rpyna G € GL(n,T) nanx nosem T
XapaKTepPUCTHKHU HYJIb € He3BiIHA, gAKMo 11 nentpatizatop 3r(G) € Tino (mose).

Bunpasa 10. Hexaii C,, = (0) — rpyma, o HOpo/zKy€EThCs i ICTAHOBOTHOK MATPUITEIO
nuksa o = (12...n). Buaiitu nenrpasizaTop uiel rpynu Hal JIOOUM 10JIeM.

Bupasa 11. Hexaii G — rpyna migcranoBounux MaTpuib. JloBectu, mo G — 3BigHa
rpyna.

Bunpasa 12. [Tosectn, mo skmo G — me3signa abesnesa niarpyna rpynu GL(n, C), to
n=1.

Bupasa 13. [losectu, mio sikio G — Hessigna abesesa nigrpyna rpynu G L(n, R), To
n < 2.

Bupasa 14. Hexait 7' — mosne. /loBectn, mo sxmo ckindenHa abesesa migrpyna G
rpynu GL(n,T) € ue3pigua, o rpyna G Oye MUKIidHA.

SayBaskeHHs: AKINO CKiHYeHHA abe/ieBa IPyIia HEMUKIIIHA, TO 11 TOPSI0K CTPOTO OiJib-
MUt HATMEHTIIOTO CIJIBHOTO KPATHOTO TOPSIKIB BCIX €JIeMEHTIB 1€l Tpy.

Buopasa 15. [losectu, mo B rpyui GL(n, Q) icuyoors He3BiaHI nuKIi9HI HArpyTIA.

(5 2))

Jlosectn, mo rpyna G € He3BiaHA HAJ HOJIEM JHCHIX YHCeT i 3BigHA HAJ IMOJeM KOMILTe-
KCHHUX YHCE].

BunpaBa 16. Hexaii
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Bopasa 17. /losectu, mo rpymna
-1 0 0 0 01

G:<a— 0O 1.0], b=1 0 0 >CGL(3,Q)
0 01 010

€ abCOJIIOTHO He3BiIHA.

Bupasa 18. 3uaiitu nopsijiku rpyn

GL(2,p), SL(2,p), PGL(2,p), PSL(2,p)

ngap=2,3,5,7.

Bopaga 19. [Tokazaru, 1o

o =(om (3 )13 o= (1 D)oo (3 0

SL(2,3) = (a,b,c);
rpyna H = (a,b) 6yae HopMmasibHOO Tarpynoio B rpynax SL(2,3) i GL(2,3).

Bnpasa 20. Hexaii ¢ — ysasua oguuung: > = —1 i P = (i). 3naiitu cuierinus
G = P (5. dki nopaaku rpyn P, G7 Ilokazarn, mo rpyna GG 0yzae abCOTIOTHO HE3BITHOTO

nigrpymnoto rpymnun GL(3,C).
Bopasa 21. Hexaii

G:<a:((1) j),b:((l’ (1))>CGL(2,T)

(T — wosie). 3uaiitn 6asuc anrebpu [G]r.

Bupasa 22. JloBectu, mo cupszkeni marpuddi rpynu G i G Ha momem 1T’ i3oMopdi.

Bopasa 23. Hexaii
0 -1 01 v 0 01
G e (V) o (Vo)) e (6 5) 0= (00))

— i migrpynu rpynu GL(2,C). Tlokasaru, 1110 BOHU CIIPSIZKEH.

Buopasa 24. [lokazaru, mo rpymna

G:<a:<_11 _01> b:(_ll (1)>>CGL(2,R)

npuMituBHa 9K miarpyna rpymu G L(2, R), ane imnpuvitusaa gk niarpyna rpynu GL(2, C).

Bupasa 25. 3uaiitn mopsiaKu e/1eMeHTiB

€ GL(2,5).

O O N
O N =
N = O

a) (g o ) € GL(2,7); 6)

Buopasa 26. IlokazaTu cupsgkeHICTh eJ1eMeHTIB
2 —1 . 0 —1
a)a:(3_1>1b—<1 1)

37



B rpyni GL(2,Q);

1 2 . 0 -2
6)a:(31)1b:<1 2)
B rpymi GL(2,7).

Bunpasa 27. Hexaii f(t) — npumituBauii MEOrowIien uaj nojiem 71
f(t) =" - Olnfltnil — Oélt — (Oéj € T)

Cynposiona mampuua fMHOFOqJIeHa f(t) me MaTpurg MOpsIAKY N BUTTIAIY:

0 0 0 «ap

10 0 (5]
f: O 1 0 (0]

00 ... 1 (077

[Mokaszaru, mo Oyap-ska nukaidaa nigrpyna G rpynu GL(n,T) cupsixena 3 nijrpymnoro
<f>, ne f(t) — MHOrO4IeH, BiIbHUIT WIeH (v AKOrO BiaMmiHHWN Bix mysa. losectu, 1mo

rpyna G € me3Bigna Toai i TiabKK TOAI, KoM MuEOUIeH f(t) € me3Biauuit waa nogem 7.

BnpaBa 28. Hexaii

0 01 0 01
G1:<a: 1 00 >, G2:<b: 1 01 >
01 1 010

— siBi nuksiuHi oigrpynu rpynun GL(3,2). Tlokaszaru, 1m0 BOHH HE3BiHI i CIpsKeHi.
Brpasa 29. Muorouien

O, (z) = [J(2* = 1))

dln

HA3UBAETHCA NOAHOMOM N0diny Kkpyaa Ha n dactuH. CTemiHb IHONO MHOTOYIEHA PiBHA
w(n), ne ¢ — dbyukuia Einepa. Muorowren @, (x) nespignuii nag nosem Q. Kopensmu
muorowiena O, (z) € mepBicHi KOpeHi cTemeHst 1 i3 OJAUHHUILL.

a) 3uaiiTn

Qi (x) (p — mpocre wncao); Pro(x); Pis(x); Poo(x).

6) 3uaiiTi Bei ckinvyenni ve3Biaui nukiuHi miarpynu rpynu G L(n, Q) mua seix n < 10,

Bunpasa 30. Hexait G — ckinuenna He3Bigna abenesa p-miarpyna rpymnu G'L(n, Q).
Hosecrn, mo rpyna G Gyje npuMiTUBHOIO TOAL 1 Tinbku Toai, ko |G| =pin=p— 1.
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